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Abstract A model also known as multi-agent systems, namely the multi-
star model is considered. In a multi-agent system, a two-level game is played,
the first-level is the external game, and the second-level is the internal game.
An approach is proposed how to distribute the benefits to players in the
first-level game and the second-level game. The characteristic functions are
constructed for the multi-star model. Based on the proposed characteristic
functions, the combination of the Shapley value and the proportional solu-
tion as natural optimal principle to distribute the benefits in the first-level
game and in the second-level game is proposed.

Keywords: multi-agent system, the Shapley value, the proportional solu-
tion.

1. Introduction

In (Petrosyan and Bulgakova, 2015) and (Bulgakova, 2019), the star model is
proposed, and the Shapley value formula is given to study its distribution of income.
(Petrosyan and Bulgakova, 2020) is dedicated to the study of multi-stage games
with pairwise interactions under the consideration of complete graphs, constructing
characteristic functions, and calculating Shapley values. In (Bulgakova, 2019) and
(Pankratova, 2018), studies on the construction of the characteristic function are
carried out. (Hernandez, Munoz-Herrera and Sanchez, 2013) considered the inter-
action model between cooperation and coalition in network games. In (Petrosyan
and Sedakov, 2019), a two-level structure of player exchanges is considered and a
procedure for assigning value in two steps is proposed, demonstrates how to use
Shapley values to assign values in two steps and shows the differences from the clas-
sic one-step assignment procedure. The second-level game theory is illustrated in
(Zhonghao, 2012) by taking the study of the China-Korea FTA negotiation scheme
as an example. In (Shapley, 1998), the Shapley value formula for n-person games is
explained.

2. The Model

Define a nonzero-sum game I on the multi-star network G, where the vertices
of the network are players and the edges of the network are connections between
players. The game I' is a family of pairwise simultaneous bimatrix games {v;;}
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Fig. 1. The connections of the Multi-star model

between the neighbors i,5 € N, ;é j. Denote by N the set of players and we
divide N into n coalitions Si,...,Sy,...,S, where S = {i},...,i},...,il },..., Sp =
{7, iy ety boeey S = {37, iR, il . Sp(r = 1,2, ..., n) denotes any coalition,
and |S,| > 2.

Given the connections of each coalition S, as Figure 1. Each coalition can cut
the connection. The player who is connected to all players in his coalition and
connected to players in other coalitions like player i1,i2, called "hub’. In a coalition,
satellites other than the ’hub’ are only connected to the ’hub’. And in network G,
any coalition S, is connected through the ’central players’ to form a circle.

Define the elements of the set N; = {j € N\{i},ij € G} the neighbors of player
i, where ¢j denotes the direct connection between the player ¢ and j. Let player
i € N play with his nelghbor J € N; a bimatrix game +;; with non-negative payoff
matrix A’Lj = [amjy]x 1,....p;y=1,..., 1 and Bzg = [ijy]x 1,....p;y=1,..., l of player + and ]7
respectively.

Define [P(i, j), L(, j)] is the strategy profile of player i and his neighbor j, where
x € P(i,7), y € L(4, j) are the strategies of player ¢ and j, respectively. K;;(x,y) > 0
is the sum of the payoff of players ¢, 7 in ;.

And P51ULST = P(i},i3)UP(il,i3)U...UP(i}, il YUP(ii, i2)UL(i}, i3 )UL(i}, 43)U
U L(i},ik) U L(i},i7) is the strategy profile for coalition S, and P U L% =
P(iT, i) UP(T, i) U...UP(T, i YU P, i ™Y UL, i5) UL(i, i) U...UL(, i7, ) U
L(zl,zY 1)) is the strategy profile for coalition S,, and PS» U LS = P(i},4i3) U
P(if i) U... UP(if, i )UPGT, i) ULGY, i8) UL (i, 5)U...ULGY i) ULGT, "))
is the strategy profile for coalition S,. Where X; € P51 U L, X, € PS5 U LS
X, € P% U L% are the strategy profile of player S;, S, and S, respectively.
Wsl ()(1,)(27 ) WS (Xrer 1,Xr+1) and Wsn ( ns Xn 1,X1) are the payoﬁ
of coalition Si, S, and S,, respectively.
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3. Cooperation at the Game

Divide the game into two levels, the first level is the external game, and the
second level is the internal game. Define the game inside of any coalition S, as the
second level game, and the game between coalitions as the first level game, and we
call them level — IT and level — I, respectively.

In this section, we consider cooperation at level — I'I and level — I, respectively.

3.1. Cooperation at level — I'1

Consider the first cooperation method in level — I1, for each coalition M C S,
the value V(M) is the maxmin value of a two-person zero-sum game, of coalition M
against its complement S, \M. We call the function V(M) characteristic function.
Denote maxmin value of player i(j) in game ~y;; with his neighbor j(7) as,

2 r=1..py=1 .1

i

Wij = MATLMIT, L
1
CEy7

Wji = MaATyMIN, S z=1,...,p,y=1,...,1.

Following, we can obtain the characteristic function V(M) for each coalition
MC S,

% ZiESr ZjeNer maxxy(oz%]y + ﬂ%]y)v M= ST?
v(M)=1{ 2 Diem 2jen;am MATay (g + BF) + e nr Zpenim Wik, M C S?"v

> jeN, Wiis M = {i},

0, M= .

(1)
Suppose player ¢ and his neighbor j choose strategies T and 7 respectively to
maximize their joint payoff in game ~;;, i.e.,

Consider the second cooperation method in level — II, V(M) is n(n € (0,1))
times the payoff of M under the strategy that maximizes the joint payoff, coalition
M against its complement S,.\ M, we call the function V(M) characteristic function.
And denote value of player i(j) in game 7,; with his neighbor j(7) as,

{gij = Oé%a
0ji = By

Following, we can obtain the characteristic function V(M) for each coalition
M c S,

% Zies,. ZjeNmS,. maajwy(a% + ;Jy)? M=25,,
V(M) = 3 Dient Ljeninnt MaTay (08, + BY) +1 Ve Lpenoar ik M C Sf"v

angNi aij» M= {Z},

0, M= o.

(2)
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3.2. Cooperation at level —

Denote coalition S; play a bimatrix game vs, s, with his neighbor S; as level — I
of the game.

Consider cooperation in level — I. Because we define that each coalition S, can
cut the connection, we consider only one cooperative method in level — I.

Following, we can get the value of characteristic function V(M) of coalition
M C N as follows,

1 ij ij _
v = | 32 Tgen mosn(og, £ 0), - M=No
2 2ieM 2ujemnn; MaZzy (g, + B ), M CN.

4. The Shapley Value

In this section, we consider how to distribute the payoff in level — I and level — I
respectively.

4.1. The Shapley Value of level — I

For level—I (N = {S51,..., Sy, ..., Sn}), we consider only one cooperative method
in level — I, we denote the Shapley value by Sh = [Shs,, ..., Shs,, ..., Shg, ], where,

shs, = S W=V Mty n _vangs .

n!
MCN,S,eM

Let fixed player S, € M, and consider its limiting contribution V(M )—V (M\{S,})
in coalition M. Take into account formula (3) for characteristic function V (M), we
can get,

VO = VONSH =VS) + Y Y mazy(ad, +83). (5

i€S, JEMNN;

From formulas (4) and (5), we can get the Shapley value Shg, for any player S,
as follows,

PR SR LD LTTIPINE Sl e
0

MCN,S,eM i€S, jEMNN;

4.2. The solution of level — IT
For level — IT of the game (i, € S, = {3}, ..., 1}, ..., i1, })), we define the benefits
assigned to each player in the multi-star model as L = [L;r, Liz, ..., Lir |, where,
L‘T == 712 X ShS,.- (7)
j=if h;
We define Sh;r to be the Shapley value when only coalition S, is considered,
where,

shy = S WD IMD Gy - v i), ®

n!
MCS,,ieM
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Following(Petrosyan, Bulgakova and Sedakov, 2019), we can get the Shapley value
Shir of any player 7 in the first cooperation method as follows, where j is a neighbor
of player .

Shyr =
k

[Z]EN Wzly + Zﬁ% (mafzy(afﬂlyj +Ba) — wji’i)]’ k=1,
[maxw(axyk + Bay*) + EjeNiz wigj — wigir ], e 1.

N= Nl

Following (Petrosyan, Bulgakova and Sedakov, 2019), we use the same method
to derive the Shapley value Sh;r of any player 7} in the second cooperation method,
where j is a neighbor of player i},

Shiz = 5> jen, 0 i1 +Zm (maxwy(axy + B — 0;i0)), k=1, 10)
Shiy = é[mammy(a;y’“ + ﬂz lk) +nbirir — nbiri ] k # 1.

From formulas (6),(8) and (9), we can get the benefit L;; of any player 7}, in the
first cooperation method as follows,

o <‘;>+z#i;<mawwy<am +62)-V ()
B Imans, (@ 8 )V () mwig g 1V ()5, ip (mazay (o0 +824) =V (0))]

[V(Sy) + ZZGST ZjGMﬁNi mamajy(a% + ﬁ%)]}a k=1

ik gk ir
I marzy(amy +Bay ")+ V (i) —wirir
Y B

b Imawsy (i B2 )4V () —wig 1V (D H 5, g (mazay (o0 +824) -V (7))
[V(S:) + ZZGST ZjEMﬁNi mama:y(a;]y + ﬁa?y)]}a k# 1.

(11)
From formulas (6),(8) and (10), we can get the benefit L;r of any player i} in
the second cooperation method as follows,

L: (AI)JFZj#i{(mawwy(aﬂ/ +,8T1 )* (4)) %
W Sy mazay (o) +82Y V() =n0sg ] +V (i D+, ig (mazey (ark +6:4) =V ()]
V() + Eies, Zjemnn, matay(0g, + B}k =1
maxry(awyk"rﬁz k)+v(7‘k) 7]011 k

X
W Z; lr[m‘“:avy(o‘ﬁw +ﬂr7 )+V(J)*n0i{j]+[v(l1)+E]‘¢ii (ma$my(ary +ﬁ:m )*V(J))]

[V (S:) + ZzGST Z]GMﬂNi maxwy(a% + B;c]y)]}, k#1.

(12)

5. The Proportional Solution

In this part, we consider the proportional solutions (Youngsub Chun, 1988) in
the second cooperative method of level — IT and level — I respectively.
5.1. The Proportional Solution of level — I

In the multi-star model, we denote the Proportional Solution by Pr = [Prg,, ...,
PTSM
.., Prg_ |, where,

V(S,)

5, = ————— xXV(N), N={S1,...,5,...,5}. 13
Z}Zsi V() 19)
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According to (2), (3) and (13), we can get proportional solution Prg, for any
coalition S,.(r = 1,2,...,n) as follows,

1 ij
P’)"S = 2 ZzES Z]EN NS, maxﬂ?y(a J + L Z Z maxwy ;jy)
>t 2 ZzES deN NS, maxzy(azy + 5 ZENJGN
i , max, —I— B L L
_ Z €S, Z]EN NS, 1/( L Z Z Maz,, aUy + ;]y)
21 2i€s, 21jEN:NS, maxzy(oz +/B ZENJEN
(14)
5.2. The Proportional Solution of level — IT
For level — IT of the game (i}, € S, = {i},...,i},...,i,})), we denote the Pro-
portional solution by Pr = [PrZl s Priz, Prm] where,
V(i
Prizz.(ik)xPrgr. (15)

S V)

Following (2), (14) and (15), we can get the Proportional solution Pr;r for player
1}, in the second cooperation method as,

i
Z] 1 ]+ZJENT\S,9
PTiZ = o X
Zj:ig(eng"'_eﬂz)+ZJ€N¢1~\S',~ ll_]
2ics, 2ajeN;nS, mammy(a;]y‘f?;]y)” w1 $ D max (aij + ij) k=1
2ro1 Yies, 2ajeN;nsy Maz ey (Qgdy+Biy) 2 i€EN £ujEN; Ty ey Yy ’
S o
P’I"iz = kT X
ZJ 17‘(0 ’]+0]z7 )+Z7EN1‘,71‘\ST eii'j
ZiEST Z_;eN NSy mamzy(azyJFB;y)

1 i @J
E:L:l Zies ZJeN ns maw”(am%@’w) x 2 ZieN ZjeNi maxmy(azjy + 5:&%;)7 k 7é 1.
(16)

6. Mixture of Shapley Value and Proportional Solution

In this part, we only consider the benefit distribution under the second coopera-
tion method. First, we consider distributing benefits using Shapley value at level —I
and proportional solution at level — II. Then, we distribute benefits using propor-
tional solution at level — I and Shapley value at level — I1.

6.1. The First Mixture

In this section, we consider using the Shapley values at level — I to distribute
benefits, and the proportional solution at level — I1 to distribute benefits.

The Shapley Value of level —I For level—I (N ={S1,...,Sr, ..., Sn}), we denote
the Shapley value by Sh = [Shg,, ..., Shs,, ..., Shg, ], where,

shs, =y WHEDO M von —vorngs an

n!

Let fixed player S, € M, and consider its limiting contribution V(M )—-V (M\{S,})
in coalition M. Take into account formula (3) for characteristic function V (M), we
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can get,

V(M) =V(M\{S,}) =V(S))+ > > maze,(al, +53). (18)

€S, jJEMNN;

From formulas (17) and (18), we can get the Shapley value Shg, of any player
S, as follows,

ShST: Z (|M‘*1)( |M| Jrz Z ma:z:w :chrﬁ )]

n!
MCN,S,.eM i€S, JEMNN;,

(19)

The Proportional Solution of level — II For level — I of the game (i}, € S, =
{i%, i}, s i, 1)), we denote the Proportional solution by Pr = [Pryr, ..., Prir,
-y Prir |, where,

i

V(@i)=n) 0. (21)

JEN;

(IM] = D!(n — [M])! i g
Shs, = Z oy )+ Z Z mazqy(al, + B2,
MCN,S,eM ’ i€S, JEMNN;
(22)
Following (20), (21) and (22), we can get the Proportional solution Pr;r of player
i}, in the second cooperation method as,

ir
p E]‘Zig eiZJ+EjGNi71~\S7v 91‘{3‘
Tir = —7 X
k m
Zj:ig (912j+9jiz)+zjeNir\Sr 9«{7‘

1
M|—1)!(n—|M|)! i y
ZMCN,STGM W[V(Sﬁ + ZiGST ZjeMnNi maxzy(a:gy + 51:%;)}» k=

PTiT = k'L X
k Z (97' +9JLT)+ZJ€N1\ST0,
M|—1)(n—|M
ZMCN,STEIM (271 1)77,(1 A [V(Sr) + Xies, 2jemnn, mazgy (o, + B3 k # 1.

(23)
6.2. The Second Mixture

In this section, we consider using the proportional solution at level — I to dis-
tribute benefits, and the Shapley value at level — IT to distribute benefits.

The Proportional Solution of level — I In the multi-star model, we denote the
Proportional Solution by Pr = [Prg,,..., Prs,, ..., Prg, |, where,

V(S,)

s, =—————xV(N), N={5,..,5,..,5.} (24)
Zfﬁsi V()
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According to formulas (2), (3) and (19), we can get proportional solution Prg,
of any coalition S,.(r =1,2,...,n) as follows,

1 ..
Pro — 2 Zies ZjeN s, MaTzy (g, + i .
S = 5 Z Z Matqy (o gy T ﬁwy)
2r-13 Zzes dieNins, maxmy(a "‘6 ) iEN jEN;
ZlES ZjEN NSy maxTy( Ty + 53"3/ 1 'j ”
- X320 3 mavey(ad, + 53)
ZT 1 ZzES Z jEN;NS,. maxry(awy + B ZGNJGN

(25)
)

The solution of level —I1 For level—II of the game (i}, € S, = {i], ...}, ..., 1, })),
we define the benefits assigned to each player in the multi-star model as L =

[Lir, Liz, ..., Li |, where,
1 2 m
L i op
it = —7—— X Prg,. 26
* jir Shy (26)

Shiy = %[V(Zl) + Z]#z (mazxy(ary + Bllj) Vi, k=1, (27)
Shy = %[maxmy(aly" + 511 k) + V(i) = nBiyir ], k# 1.

Following (26) and (27), we can get the benefit L;r of any player i} as follows,
where j is a neighbor of player ;.

o V(11)+Ej¢lr(ma$zy(a +/6:L ) V() %
L ZJ 12[7"'&3711/((111]"1‘/81_ )+V ()~ 7]91{]]+[V(’1)+2j¢i7{(maxm/(()‘Ly +BJ: ) V()]

2ies Z]EN g, Maay (o ""»31“ ) 1 i

=" . s> N MaT g, (¥ YN, k=1

[Z:L:l 2ies, E./GN NSy malzy(azy‘f‘ﬁu ) 2 ZZGN ZJGN‘ wy( Yy + Bmy)L ’
maa:zy (O‘Iy k+5z1 )JFV(%) 719111

W Z;iﬂg [mazay (D‘Ty +ﬁr1 )+V(J)_770i{j]+[v(l1)""Ej#i{'(ma$my (O‘Tz/ +B:m ) V(J))]

2ics, Z_‘eNms m‘w:cy(‘lm]; +ﬁ?] ) 1
[27:1 e 727@,;3 mammy(;g;ﬁ%) X 322N 2jeN; maay (ol + 8] k # 1.
(28)

7. Example

Consider the case, each coalition S, has m players, when m; players in any
coalition S, play the Prisoner’s Dilemma game with their neighbors, ie., A;; =
A,B;; = Bforalli € S,, j € N;. And ms players in any coalition S, play the Battle
of the Sexes game with their neighbors, i.e. A;; = C,B;; = D for alli € S,, j € N;.
And mi1+my = m+1. We define that each coalition S, plays the Prisoner’s Dilemma
game with his neighbors. Given the set of players playing Prisoner’s Dilemma game
in each group S, as M; and the set of players playing the Battle of the Sexes game
as Ms. Where

a+ba

d0 c0
o= (1), p-(5). v<e<a

A:BT=< b O), 0<a<b.
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For coalition M C S,.: we define that in each coalition M, there are mg players
playing the Prisoner’s Dilemma game, and m4 players playing the Battle of the
Sexes game. Where mgz + my = |[M| + 1,i7 € M and ms +my = |M|,if ¢ M .

For coalition M C N: we define that there are ms pairs of neighbors in coalition
M. And any group S, € M has mg neighbors in coalition M.

1. Consider the first cooperation method
To find the shapley value, we fist determine charscteristic function V(M) for all
M CS,.

e M CS,
2b(my — 1)+ (d+c)(me—1), M=S5,,
20(mg — 1)+ (d+ ¢)(mg — 1)+
V(M) =< +(my —m3)a+ 2a, McCS, ifeM,
ams, McS, if¢M,
0, M=, MC M CS,.

We use formula (3) to find the characteristic V(M) of coalition M C N, N =
{51,.,8r, ..., Sn}

e M CN
2bn(my — 1)+ (d+ e)n(mg — 1) + 2bn =
V(M) = =n(2bmy + (d + ¢)(m2 — 1), M= N,
) 20| M|(my — 1) + (d + ¢)|M|(mg — 1) + 2bms, M C N,
0, M= 2.

We use formula (6) to find the Shapley values Shg,_ of any group S;.

Shg, = Z (1] - 1)7!1(? — |M])! [2b(m1 — 1) + (d + ¢)(ma — 1) + 2bmg]
MCN,S,eM ’

We use formula (9) to find the Shapley values Sh; of player j.

Shj = %[ZieNj wji + Zi;ﬁj(mamxy(a% + ﬁ%;) — wij)]
= 1la(mi — 1) +2a+ (2b — a)(mq — 1) + (d + ¢)(ma — 1)]
=a+blmi — 1)+ 3(d+c)(ma — 1), j =1,
Shj = lmazs, (0 + i) + Dien, Wi — Wil
=1[2b+a—d
= b, jeM; CS,,
) 1 j# 1,
Shj = zlmazay(azy + Ba) + Xien, wii — wit,]
=3l(d+0)
dife j€ My C Sy,
j# -
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We use formula (11) to find the solution L; for each player j.

a+b(my—1)+ 3 (d+c)(ma2—1)

a+2b(mq1—1)+(d+c)(ma—1)

L] = a+2b(m171)f(d+c)(m2*1) X Sh’Sra J c M1 C Sr,j 7é Z’{,
d

+c : . -7
Saobtm =)t (@ =n] X Ohs., 1€ My C S, j # iy

XShSr, j:i71"7

2. Conider the second cooperation method
To find the shapley value, we fist determine charscteristic function V(M) for all
M CS,.

e MCS,

2b(my — 1)+ (d+c)(ma — 1), M=S5,,

2b(ms — 1) + (d + ¢)(myg — 1) + n(my — m3)b+
+n(ma — my)d + 2nbd, McS,,
V(M) = il e M,
nbms + nemy, McCS,,
it ¢ M,
0, M= 2.

We use formula (3) to find the value of characteristic V(M) of coalition M C
N,N = {81,y S, o0, S ).

e M CN
2bn(my — 1) + n(d + ¢)(me — 1) + 2bn =
V(M) = = 2bnmy + n(d + ¢)(mg — 1), M= N,
) 26| M|(my — 1) + (d + ¢)|M|(mg — 1) 4+ 2bms, M C N,
0, M=o.

(1)The Shapley Value
We use formula (6) to find the Shapley values Shg_ of any group S,.

Shs, = Z (2] = 1)7!1('n — M) [2b(my — 1) + (d + ¢)(mg — 1) + 2bmg]
MCN,S,eM ’

We use formula (10) to find the Shapley values Sh; of player j.

Shj = %[ZieNj wji + Zi;ﬁj(maxwy(a% + B) — wij)]

= §[nb(my — 1) + nd(ma — 1) + 20b

+(2b —nb)(my — 1) + (d + ¢ — nec)(mg — 1))

=2b(m1 +n—1)+ (nd —nc+d + ¢)(mg — 1), j=i,

1. 1.

Shj = glmazyy(azy + Bay) + Xen, wii — witj]

= 2[2b+ na — nb]

:b—}—in(az_b)’.l- » JGMICSTm]?élqa
Shyj = glmazay(azy + Bay)) + ey, wii — wit,]

= 3[(d+¢) +ne—nd]

= dretnled) JEMy C Sy j#14.
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We use formula (12) to find the solution L; of each player j.

2b(m1+n—1)+(nd—nc+d+c)(ma—1) « ShS
2b(m1 +n—1)+(nd—nctdtct LDy () 1) 4 (my —1) b4 10 ] o
j=1,
bt 2o x Shg
L;= 2b(m1+n—1)+(nd—nctdtct EEFIC=D ) (1) (g —1) b4 10 o
jeMlcsTv J#ﬂl‘v
d4c4n(c—d) Sh
2
X
2b(mi1+n—1)+(nd—netdtct LDy (1) 4 (g —1) b4 10 ] Sr
jE€ My C Sy, j#iT.

(2)The Proportional Solution
We use formula (14) to find the Proportional solution Prg,_ of any group S,.

_ 2b(my — 1)+ (d+)(ma — 1) )
Prg, = D2b(m 1)+ (d T &) (m — 1] x [2bnmy + (d + ¢)n(mg — 1)]

2bmy + (d + ¢)(mg — 1)

We use formula (16) to find the Proportional solution Pr; of each player j.

n(m1—1)b+n(mo—1)d+2nb

nbmg+ncma+n(mi—1)b+n(mo—1)d+2nb X

[2bmy + (d + ¢)(me — 1)], j =1,
nb
P'f‘j _ nbms+ncma+n(mi—1)b+n(me—1)d+2nb X
[2bmy + (d + ¢)(m2 — 1)], JEM C S j #17,

nc
nbmz+nema+n(mi—1)b+n(me—1)d+2nb
x[2bmy + (d + ¢)(m2 — 1)], J€ M,y C S5 #1f,

Simplifying the above formula, we get the Proportional solution Pr; of each
player j as follows.

T e e sy > [2bma + (A4 ) (g — 1)), j =i,

bm3+cm4+(m1—bl)b+(m2—1)d+2b X [2bmy + (d+¢)(mgy —1)], j€ M, CS,,
Prj = j# i,

b Tem T om —C1)b+(m2—1)d+2b x [2bmy + (d+¢)(me —1)], j€ My C Sy,

j# i,

(3)The Shapley Value and the Proportional Solution
We use formula (19) to find the Shapley values Shg, of any group S,.

Shs, = Z (1M1= I)T!L('n — 1M [2b(my1 — 1) + (d + ¢)(ma — 1) + 2bmg]
MCN,S,€M :
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We use formula (23) to find the Proportional solution Pr; of each player j.

(mlfl)b+(m271)d+2b %
bms+cma+(mi1—1)b+(mo—1)d+2b

[2b(my — 1)+ (d+ ¢)(ma — 1) 4+ 2bmg], j=14],

b
P?”j — bm3+cm4+(m1—1)b+(m2—1)d+2bX
[2b(m1 - 1) + (d+ C)(mg - 1) + 2bm6], jEM, CS,,j# (1

bm3+cm4+(m17cl)b+(m271)d+2b X
[2b(m1 — ].) + (d+ C)(mz — ].) + Qbmﬁ], jE My C Sr,j 7£ 171‘,

(4)The Proportional Solution and the Shapley Value
We use formula (25) to find the Proportional solution Prg, of any group S, .

Pre — 2b(my — 1)+ (d+c)(mg — 1)
57 n2b(my — 1) + (d + ¢)(mz — 1)]
=2bmy + (d+¢)(ma — 1)

X [2bnmy + (d + ¢)n(mg — 1)]

We use formula (28) to find the Shapley values Sh; of player j.

Shj = %[ZieNj wji + Zi;ﬁj(maxxy(a% + Bajc;) — wij)]
+(2b —nb)(my — 1) + (d + ¢ — ne)(mg — 1))
=2b(m1+n—1)+(nd —nc+d+c)(m2—1), j=1ij,

s 4 il

b . . .
:b—i_%ad' n JeMlCSTM]#Z{a
Shj = 3lmazey(azy + By) + e n, wii — wit,]
ot A jEMyC S j#1.

We use formula (5.39) to find the solution L; of each player j.

2b(m1+n—1)+(nd—nc+d+c)(m2—1)
2b(m1 +n—1)+(nd—netdct TEFIC=Dy (1, 1) 4 (mg —1) [+ 2872
b+ n a27b)

x Prg_ ,j =17,

— —— X Pr
2b(m1+n— 1)+ (nd—ned-+et =D ) (my ~1) 4 (my —1) b4 L5 Sr
Li=jeM cs,j#i,
d+ctn(c—d) p
2— —— X Pr
2b(m1+n—1)+(nd—nc+d+c+%M)(mg—l)-&-(ml—1)[b+"(a72b)] Sr

jGMgCSr,j#ZW{.

8. Conclusion

In (Petrosyan, Bulgakova and Sedakov, 2019), a two-stage network game with
pairwise interactions is considered and the characteristic function is constructed.
At the same time, a special network star model is constructed, and the benefit
distribution problem of the star model is solved by using the Shapley value.

Based on the star model in literature (Petrosyan, Bulgakova and Sedakov, 2019),
I respectively build a multi-star model, also called multi-agent systems. A two-level
game played in the multi-agent system. The multi-star model consists of n star
coalition, and each star coalition has m players.
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In the multi-star model, I also constructed the characteristic function in two dif-
ferent ways of cooperation. Then, based on the characteristic function, I calculated
the Shapley values and proportional solutions of the multi-star model. And take the
Prisoner’s Dilemma Game and the Battle of the Sexes Game as examples to verify
the results of the multi-star model.
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