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Abstract This paper is devoted to the recent findings in the analytical
research of supply-demand allocation in a single-commodity network with
distant (in space) suppliers and consumers. The allocation problem is for-
mulated as an equilibrium flow assignment problem with affine functions of
demand, supply, and logistic costs in a network represented by a digraph
with suppliers and consumers located in nodes. We offer a brief overview of
supply-demand relocation patterns obtained for elastic, shortage, and over-
production cases. Such kinds of results seem valuable since they allow one to
develop different competitive distribution models to facilitate the decision-
making of supply chain managers. In particular, supply chain managers can
use available patterns to design decision-making strategies that mitigate
risks concerning disruption or ripple effects.
Keywords: nonlinear optimization, distribution network, relocation, homo-
geneity.

1. Introduction

Samuelson (1952) constructed the net social pay-off function and offered the
first mathematical formulation of the equilibrium flow assignment problem in a
single-commodity network. The principle of equilibrium underlying such a model is
the following: “the difference between the demand price of the consumer and the
supply price of the supplier is equal to the cost of transporting a unit of product
flow between supplier-consumer with a positive product flow and is less than the
cost of transporting a unit of product between supplier-consumer with zero product
flow". Takayama and Judge (1964) generalized this model for the multi-commodity
network and, nowadays, this model is called the spatial equilibrium model. Worth
mentioning this model considers relationships between supply, demand and logistic
costs. Florian and Los (1982) studied general optimality conditions for this program.

Today, the problem of flow assignment in a single-commodity network does not
lose its relevance. Vasin et al. (2020) and other researchers discuss the model im-
plementation when investigating real logistic networks. Vasin and Daylova (2017)
concentrate on models under imperfect competition, Bramoulle and Kranton (2002)
and McNew (1996) study the integration of distribution networks under a perfect
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one. On the one hand, Barrett and Li (2002) and Novikov (2014) point out the non-
identity of equilibrium models for distribution networks and integrative models with
non-zero commodity flow. On the other hand, Kiselev and Yurchenko (2021) and
Stephens et al. (2012) show that equilibrium spatial models demonstrate explain-
ability and methodological potential for the commodity flow analysis and pricing in
logistic networks.

This work is devoted to the recent findings in the analytical research of supply-
demand allocation in a single-commodity network with distant (in space) suppliers
and consumers. The allocation problem is formulated as an equilibrium flow assign-
ment problem with affine functions of demand, supply, and logistic in a network
represented by a digraph with suppliers and consumers located in nodes. We offer
a brief overview of supply-demand relocation patterns obtained for elastic, short-
age, and overproduction cases. In particular, Section 2 contains explicit allocation
patterns for elastic demand and supply. Sections 3 and 4 deal with a shortage case
and an overproduction one, respectively. Conclusions are given in the last section
of the paper.

2. Network of Homogeneous Flows

Enke (1942) raised the issue that the then widespread principles of economics of
Alfred Marshall (1920), do not pay enough attention to the problem of the spatial
distance of market participants from each other. However, if logistic costs make a
significant contribution to the cost of the product, then it is impossible to consider
the same price of the product for the buyer and seller. In this case, one should
talk separately about the supply price and the demand price of the product as well
as the cost of transporting a unit of product from the supplier to the consumer,
defined as the difference between the demand and supply prices. Based on such
an understanding of pricing under conditions of spatial market equilibrium, Enke
(1951) proposed the first model of the spatial equilibrium assignment of the product
flow between a set of suppliers and a set of consumers.

Consider the set of suppliers M and the set of customers N , which are associated
with commodity production, distribution, and consumption. We denote by si the
supply of i ∈M , and by λi – the price of a unit of the ith supply, λ = (λ1, . . . , λm)T.
By dj we denote the demand of j ∈ N , and by µj – the price of a unit of the jth
demand, µ = (µ1, . . . , µn)

T. Finally, let xij ≥ 0 be the commodity volume between
a pair (i, j), while cij(xij) is the delivery cost of a unit of xij . Let us also introduce
the indicator of delivery status:

δij =

{
1 for xij > 0,
0 for xij = 0,

∀(i, j) ∈M ×N.

Definition. The allocation pattern x is called equilibrium if

λi + cij(xij) = µj for xij > 0,
λi + cij(xij) ≥ µj for xij = 0,

∀(i, j) ∈M ×N.

Thus, if the sum of the supplier’s price and the delivery costs for a customer exceeds
his/her demand price, then the supplier will face with the cancelled delivery.

In the case of fixed supply and demand, an equilibrium allocation pattern can
be obtained as a solution to the following optimization problem (see, for instance,
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(Nagurney, 1993; Patriksson, 1994)):

min
x

∑
i∈M

∑
j∈N

xij∫
0

cij(u)du

subject to ∑
j∈N

xij = si ∀i ∈M,

∑
i∈M

xij = dj ∀j ∈ N,

xij ≥ 0 ∀i, j ∈M ×N,

under ∑
i∈M

si =
∑
j∈N

dj .

From practical perspectives, fixed supply and demand seem to be not very valu-
able. In this paper, we offer a brief overview of supply-demand relocation patterns
obtained for elastic, shortage, and overproduction cases. Such kinds of results are
valuable since they allow one to develop different competitive distribution models
to facilitate the decision-making of supply chain managers. In particular, supply
chain managers can use available patterns to design decision-making strategies that
mitigate risks concerning disruption or ripple effects.

3. Elastic Demand and Supply

Krylatov and Lonyagina (2022) obtained allocation patterns for elastic demand
and supply. They assume that in a single-commodity network, there is a continu-
ously differentiable dependence between the purchase price and demand

µj = pj(dj), ∀j ∈ N,

and a continuously differentiable dependence between the sale price and the supply

λi = ri(si), ∀i ∈M,

while the overall demand is equal to the overall supply, i.e.,∑
i∈M

si =
∑
j∈N

dj .

In such a case, an equilibrium allocation pattern can be obtained as a solution to
the following optimization problem:

min
d,s,x

∑
i∈M

si∫
0

ri(v)dv +
∑
i∈M

∑
j∈N

xij∫
0

cij(u)du−
∑
j∈N

dij∫
0

pj(z)dz

 (1)

subject to ∑
j∈N

xij = si, ∀i ∈M, (2)
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i∈M

xij = dj , ∀j ∈ N, (3)

xij ≥ 0 ∀ (i, j) ∈M ×N, (4)

si ≥ 0, ∀i ∈M, (5)

dj ≥ 0, ∀j ∈ N. (6)

According to (Krylatov and Lonyagina, 2022), if functions of demand, supply, and
logistic costs are affine functions:

µj = pj(dj) = p0j − kpj dj , p0j > 0, kpj > 0, ∀j ∈ N, (7)

λi = ri(si) = r0i + kri si, r0i ≥ 0, kri > 0, ∀i ∈M, (8)

cij(xij) = c0ij + ktijxij , t0ij ≥ 0, ktij > 0, ∀(i, j) ∈M ×N, (9)

then the equilibrium allocation in problem (1)–(6) is obtained by the following
pattern:

dj =

{
p0
j−µj

kp
j
, if p0j > µj ,

0, if p0j ≤ µj ,
∀j ∈ N,

si =

{
λi−r0i
kr
i
, if λi > r0i ,

0, if λi ≤ r0i ,
∀i ∈M,

xij =

{
µj−λi−c0ij

kt
ij

, if µj − λi > t0ij ,

0, if µj − λi ≤ t0ij ,
∀(i, j) ∈M ×N,

where λ and µ satisfies the following matrix equation:(
−Br B
−BT Bp

)(
λ
µ

)
=

(
qr
qp

)
, (10)

where Br, B and Bp are such that

Br = diag

∑
j∈N

δt1j
kt1j

+
δr1
kr1
, . . . ,

∑
j∈N

δtmj

ktmj

+
δrm
krm

 ,

B =
{
δtij/k

t
ij

}
i∈M,j∈N

,

Bp = diag

{∑
i∈M

δti1
kti1

+
δp1
kp1
, . . . ,

∑
i∈M

δtin
ktin

+
δpn
kpn

}
,

and vectors qr and qp:

qr =

∑
j∈N

c01jδ
t
1j

kt1j
− r01δ

r
1

kr1
, . . . ,

∑
j∈N

c0mjδ
t
mj

ktmj

− r0mδ
r
m

krm

T

,

qp =

(∑
i∈M

c0i1δ
t
i1

kti1
+
p01δ

p
1

kp1
, . . . ,

∑
i∈M

c0inδ
t
in

ktin
+
p0nδ

p
n

kpn

)T

.
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Moreover, if (d, s, x) is a solution to the problem (1)–(6), then there are M̂ ⊆ M
and N̂ ⊆ N such that

dj

{
> 0, for j ∈ N̂ ,

= 0, for j ∈ N\N̂ ,
si

{
> 0, for i ∈ M̂,

= 0, for i ∈M\M̂.

In such a case, the matrix equation (10) can be transformed as follows:(
−B̂r B̂

−B̂T B̂p

)(
λ̂
µ̂

)
=

(
q̂r
q̂p

)
, (11)

where µ̂ and λ̂ contain only those components of the original vectors that corre-
spond to the active (with non–zero optimal values) supply and demand variables,
respectively. Fortunately, Krylatov and Lonyagina (2022) proved that in the case
of m suppliers and 1 consumer (1 supplier and n consumers), the block matrix from
the matrix equation (11) is invertible.

Finally, Krylatov and Lonyagina (2022) proved that in the case of 1 consumer
and m suppliers (with affine transport functions (9), demand functions (7) and
supply functions (8)) renumbered according to

r01 + c01 ≤ . . . ≤ r0m + c0m,

if there exists m̂, 1 ≤ m̂ ≤ m such that
p0 − r0τ − c0τ >

m̂∑
i=1

kp

kr
i +kt

i

(
r0τ + c0τ − r0i − c0i

)
, ∀τ ≤ m̂,

p0 − r0τ − c0τ ≤
m̂∑
i=1

kp

kr
i +kt

i

(
r0τ + t0τ − r0i − t0i

)
, ∀τ > m̂,

then the equilibrium flows distribution in the problem (1)–(6) is achieved by imple-
menting the following pattern:

xτ

{
> 0, for τ ≤ m̂,
= 0, for τ > m̂,

while the vector x̂ = (x1, . . . , xm̂)T is:

x̂ = D̂−1
r

((
em̂ − B̂−1

r B̂
) q̂p − B̂T B̂−1

r q̂r

B̂p − B̂T B̂−1
r B̂

+ B̂−1
r q̂r − ĉr

)
,

where em̂ = (1, . . . , 1)T over dim em̂ = m̂× 1,

D̂r = diag

{
1

kt1
, . . . ,

1

ktm̂

}
and ĉr =

(
c01, . . . , c

0
m̂

)T
.

On the contrary, in the case of 1 supplier and n consumers (with linear logistic costs
(9), demand functions (7) and supply functions (8)) renumbered according to

p01 − c01 ≥ . . . ≥ p0n − c0n,
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if there exists n̂, 1 ≤ n̂ ≤ n such that
p0τ − r0 − c0τ >

n̂∑
j=1

kr

kp
j+kt

j

(
p0j − t0j − p0τ + t0τ

)
, ∀τ ≤ n̂,

p0τ − r0 − c0τ ≤
n̂∑

j=1

kr

kp
j+kt

j

(
p0j − t0j − p0τ + t0τ

)
, ∀τ > n̂,

then the equilibrium flows distribution in the problem (1)–(6) is achieved by imple-
menting the following pattern:

xτ

{
> 0, for τ ≤ n̂,
= 0, for τ > n̂,

where the vector x̂ = (x11, . . . , x1n̂)
T is:

x̂ = D̂−1
p

((
B̂−1

p B̂T − en̂

) q̂r − B̂B̂−1
p q̂p

B̂r − B̂B̂−1
p B̂T

+ B̂−1
p q̂p − ĉp

)
,

and en̂ = (1, . . . , 1)T over dim en̂ = n̂× 1,

D̂p = diag

{
1

kt1
, . . . ,

1

ktn̂

}
and ĉp =

(
c01, . . . , c

0
n̂

)T
.

Therefore, the conditions on active commodity flows in a single-commodity network
were obtained explicitly under affine mappings of elastic demand and supply. How-
ever, when supply manager faces such uncertainties as shortage or overproduction,
supply and demand can no longer consider elastic.

4. Shortage Case

Krylatov et al. (2022) studied the problem of reallocating supply that results
from the order promising process under shortage. They assume that the available
supply is less than overall demand:

s <
∑
i∈N

di.

In other words, a supply manager faces competitive supply relocation in a distribu-
tion network under a shortage. Thus, they introduced ∆ > 0 as a shortage supply
value, i.e., ∑

i∈N

di − s = ∆,

while ϵi ≥ 0 as the difference between i-th demand and its actual delivery volume,
i, i ∈ N , ϵ = (ϵ1, ϵ2, . . . , ϵn): ∑

i∈N

di − xi =
∑
i∈N

ϵi = ∆.

Therefore, the allocation pattern, which satisfies the following optimization problem:

min
x

∑
i∈N

xi∫
0

ci(u)du (12)
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subject to ∑
i∈N

xi = s,

xi ≥ 0, ∀ i ∈ N
ϵi ≥ 0, ∀i ∈ N∑
i∈N

ϵi = ∆

. (13)

is the equilibrium allocation pattern under shortage supply. According to
(Krylatov et al., 2022), if storage costs increase when the volume of the order in-
creases:

ci(z) = c0i + kiz, c0i ≥ 0, ki > 0, ∀i ∈ N,

then the equilibrium allocation of shortage supply in problem (12)–(13) is obtained
by the following pattern:

xi =

{
µi−λ−c0i

ki
, if µi − λ > c0i ,

0, if µi − λ ≤ c0i ,
∀i ∈ N,

where λ and µ satisfy ∑
i∈N

µi−λ−c0i
ki

δi = s,
µi−λ−c0i

ki
δi = di − ϵi, ∀i ∈ N∑

i∈N

ϵi = ∆

µi = η, if ϵi > 0
µi = η − βi, if ϵi = 0

Moreover, let us order customers as follows:

c01 + k1d1 ≥ c02 + k2d2 ≥ · · · ≥ c0n + kndn.

If there is n̄ such that∑n̄
i=1

(c0i+kidi)−(c0τ+kτdτ)
ki

< ∆, ∀τ = 1, . . . , n̄,
n̄∑

i=1

(c0i+kidi)−(c0τ+kτdτ)
ki

≥ ∆, ∀τ = n̄+ 1, . . . , n,

then for i = 1, n̄:

xi =


0, if c0i ≥

n̄∑
l=1

c0l +dlkl
kl

−∆∑n̄
l=1

1
kl

,

∑n̄
l=1 dl−∆+

∑n̄
l=1

c0l −c0i
kl

ki
∑n̄

l=1
1
kl

, if c0i <
∑n̄

l=1

c0l +dlkl
kl

−∆∑n̄
l=1

1
kl

,

and xi = di for all i = n̄+ 1, n.

5. Overproduction Case

Krylatov et al. (2022) studied the reallocating supply problem that result from
the order promising process under overproduction. They assumed that available
supply is more than the overall demand:

d <
∑
i∈M

si.
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In other words, a supply manager faces competitive supply relocation in a distri-
bution network under overproduction. Thus, they introduced ∆ > 0 as an overpro-
duction value: ∑

i∈M

si − d = ∆,

while ϵi ≥ 0 as the difference between i-th demand and its actual delivery volume,
i, i ∈M , ϵ = (ϵ1, ϵ2, . . . , ϵm):∑

i∈M

(si − xi) =
∑
i∈M

ϵi = ∆.

In terms of a single-commodity network, the allocation pattern, which satisfies the
following optimization problem:

min
x

∑
i∈M

xi∫
0

ci(u)du, (14)

subject to ∑
i∈M

xi = d,

xi = si − ϵi, ∀i ∈M,
xi ≥ 0, ∀ i ∈M,
ϵi ≥ 0, ∀i ∈M,∑

i∈M

ϵi = ∆.

(15)

is the equilibrium allocation pattern under overproduction. According to
(Krylatov et al., 2022), if delivery costs increase when the volume of the order in-
creases:

ci(z) = c0i + kiz, c0i ≥ 0, ki > 0, ∀i ∈M,

then the equilibrium deliveries allocation of overproduction in problem (14)–(15) is
obtained be the following pattern:

xi =

{
µ−λi−c0i

ki
, if µ− λi > c0i ,

0, if µ− λi ≤ c0i ,
∀i ∈M,

where λ and µ satisfy ∑
i∈M

µ−λi−c0i
ki

δi = d,
µ−λi−c0i

ki
δi = si − ϵi, ∀i ∈M∑

i∈M

ϵi = ∆

λi = η, if ϵi > 0
λi = η + βi, if ϵi = 0

Moreover, let us order suppliers as follows:

c01 + k1s1 ≥ c02 + k2s2 ≥ · · · ≥ c0m + kmsm.
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If there is m̄ such that∑m̄
i=1

(c0i+kisi)−(c0τ+kτsτ)
ki

< ∆, ∀τ = 1, . . . , m̄,
m̄∑
i=1

(c0i+kisi)−(c0τ+kτsτ)
ki

≥ ∆, ∀τ = m̄+ 1, . . . ,m,

then

xi =



0, if c0i ≥

m̄∑
l=1

c0l +slkl
kl

−∆

m̄∑
l=1

1
kl

,

m̄∑
l=1

sl−∆+
m̄∑
l=1

c0l −c0i
kl

ki

m̄∑
l=1

1
kl

, if c0i <

m̄∑
l=1

c0l +slkl
kl

−∆

m̄∑
l=1

1
kl

,

∀i = 1, m̄,

and xi = si for all i = m̄+ 1,m.

6. Conclusion

This paper is devoted to the recent findings in the analytical research of supply-
demand allocation in a single-commodity network with distant (in space) suppliers
and consumers. The allocation problem was formulated as an equilibrium flow as-
signment problem with affine functions of demand, supply, and logistic costs in a
network represented by a digraph with suppliers and consumers located in nodes.
We offered a brief overview of supply-demand relocation patterns obtained for elas-
tic, shortage, and overproduction cases. Such kinds of results seem valuable since
they allow one to develop different competitive distribution models to facilitate the
decision-making of supply chain managers. In particular, supply chain managers
can use available patterns to design decision-making strategies that mitigate risks
concerning disruption or ripple effects.

The closed-form solution under elastic supply and demand contributes to the
field of long-term management since elasticity means smooth market reaction to
changes in prices and commodity flows. In other words, equality∑

i∈M

si =
∑
j∈N

dj

is assumed to be held in the market at all times. On the contrary, the closed-form
solutions under shortage or overproduction contribute to the field of short-term
management since such effects appear at a certain moment and should be mitigated
on time. For example, at moment t there can be |M | suppliers who satisfy the
demand of |N | consumers, i.e., overall supply is equal to overall demand. However,
if at moment t+ 1 new supplier q comes to the market with non-zero supply, then,
at that moment, the market faces overproduction:∑

i∈M∪q

si >
∑
j∈N

dj .

No doubt that at moment t + 1 suppliers from M have to cope with the effects of
flow relocation and price changing.
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To conclude, let us pay attention to the positioning of the considered results
in supply chain management. The shortage, overproduction, and reliable supply
chain planning are of concern to many researchers. Samuel and Mahanty (2003)
studied shortage gaming as a leading contributor to the bullwhip phenomenon.
Barron and Hermel (2017) considered different decision policies under shortage,
while Najid et al. (2011) investigated an integrated production and maintenance
planning model with time windows and shortage costs. Ji et al. (2021) developed
machine learning techniques for reducing underproduction costs and overproduction
costs. Grillo et al. (2016) supports the importance of shortage planning. Grillo
et al. (2018) pointed out that the frequency of unexpected events increases when
companies are characterized by a lack of homogeneity in the product, which renders
having to execute the shortage planning process more frequently. In this paper, we
have collected results which, in our opinion, are able to give a fresh look at the
methodological approaches in the field.
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