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Abstract After several decades of rapid technological advancement and
economic growth, alarming levels of pollutions and environmental degra-
dation are emerging all over the world. Moreover, it is now apparent that
human activities are perturbing the climate system at the global scale lead-
ing to disturbances to complex ecological processes. In this paper, we present
a cooperative differential game of climate change control. Climate change is
incorporated as structural changes in the pollution dynamics and the pay-
off functions. The policy instruments of the game include taxes, abatement
efforts and production technologies choices. Under cooperation, nations will
make use of these instruments to maximize their joint payoff and distribute
the payoff according to an agreed upon optimality principle. To ensure that
the cooperative solution is dynamically consistent, this optimality principle
has to be maintained throughout the period of cooperation. An analytically
tractable payment distribution mechanism leading to the realization of the
agreed upon imputation is formulated. This analysis widens the applica-
tion of cooperative differential game theory to environmental problems with
climate change. This is also the first time differential games with random
changes in the structure of their state dynamics.
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1. Introduction

After several decades of rapid technological advancement and economic growth,
alarming levels of pollutions and environmental degradation are emerging all over
the world. Moreover, it is now apparent that human activities are perturbing the
climate system at the global scale leading to disturbances to complex ecological
processes. Climate change is typically structural change that affects the regenera-
tion capacity of the natural environment. Even draconian measures (like a virtual
phase-out of fossil fuel) would only slow or stop and not reverse climate change.
Reports are portraying the situation as an industrial civilization on the verge of
suicide, destroying its environmental conditions of existence with people being held
as prisoners on a runaway catastrophe-bound train. Due to the geographical diffu-
sion of pollutants and the global nature of climate change, unilateral response on
the part of one country or region is often ineffective. Though cooperation in envi-
ronmental control holds out the best promise of effective action, limited success has
been observed. Existing multinational joint initiatives like the Kyoto Protocol can
hardly be expected to offer a long-term solution because (i) the plans are limited
only to emissions reduction which is unlikely be able to offer an effective mean to
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halt the accelerating trend of environmental deterioration brought about by climate
change, and (ii) there is no guarantee that participants will always be better off and
hence be committed within the entire duration of the agreement.

Differential games provide an effective tool to study pollution control problems
and to analyze the interactions between the participants’ strategic behaviors and
dynamic evolution of pollution. Applications of noncooperative differential games
in environmental studies can be found in Yeung (1992), Dockner and Long (1993),
Tahvonen (1994), Stimming (1999), Feenstra et al (2001) and Dockner and Leitmann
(2001). Cooperative differential games in environmental control are presented by
Dockner and Long (1993), Jorgensen and Zaccour (2001), Fredj et al (2004), Breton
et al (2005 and 2006), Petrosyan and Zaccour (2003), Yeung (2007) and Yeung and
Petrosyan (2008).

In dynamic cooperative games, a credible cooperative agreement has to be dy-
namically consistent. For dynamic consistency to hold in deterministic games, a
stringent condition on the cooperative agreement is required: The specific optimal-
ity principle must remain in effect at any instant of time throughout the game
along the optimal state trajectory chosen at the outset. This condition is commonly
known as time consistency. In the presence of stochastic elements, a more strin-
gent condition — subgame consistency — is required for a dynamically consistent
cooperative solution. A cooperative solution is subgame consistent if an extension
of the solution policy to a situation with a later starting time and any feasible state
brought about by prior optimal behaviors would remain optimal. Cooperative dif-
ferential games that have identified dynamically consistent solutions can be found
in Jgrgensen and Zaccour (2001), Petrosyan and Zaccour (2003), Yeung and Pet-
rosyan (2006a), Yeung (2007), and Yeung and Petrosyan (2004, 2005, 2006b and
2008)).

In this paper, we present a cooperative differential game of climate change con-
trol. Climate change is incorporated as structural changes in the pollution dynamics
and the payoff functions. Since uncertainties in climate change have been observed
(see Berliner (2003) and Allen et al. (2000)), a stochastic formulation of the changes
is adopted. The policy instruments available include taxes, abatement efforts and
production technologies choices. Under cooperation, nations will make use of these
instruments to maximize their joint payoff and distribute the payoff according to
an agreed upon optimality principle. To ensure that the cooperative solution is
dynamically consistent, this optimality principle has to be maintained throughout
the period of cooperation. Crucial to the analysis is the formulation of a payment
distribution mechanism so that the agreed upon imputation will be realized. We
follow Yeung and Petrosyan (2004 and 2006a) and derive an analytically tractable
payment distribution mechanism ensuring the realization of dynamically consis-
tent solutions. This analysis widens the application of cooperative differential game
theory to environmental problems with climate change. This is also the first time
differential games with randomly changes in the structure of their state dynamics.

The paper is organized as follows. Section 2 provides a game model with tech-
nologies choice and climate change. Noncooperative outcomes are characterized in
Section 3. Cooperative arrangements, group optimal actions, solution state trajec-
tories, and individually rational and dynamically consistent imputations are exam-
ined in Section 4. A payment distribution mechanism bringing about the proposed
dynamically consistent solution is derived and scrutinized in Section 5. Section 6 ex-
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amines the case where partial adoption of climate-preserving technologies appears.
Concluding remarks are given in Section 7 and mathematical proofs are provided
in the appendices.

2. A Game Model with Technology Choice and Climate Change

In this section we present a differential game model with technology choice and
climate change. There are n asymmetric nations (or regions) and the game horizon
is [to, T]

2.1. The Industrial Sector

These n asymmetric nations form an international or global economy. At time
instant s the demand function of the output of nation i € N = {1,2,--- ,n} is

Pi(s) =a —Zﬁ;qj(SL (2.1)

where P;(s) is the price of the output of nation i, ¢;(s) is the output of nation j, al
and 6; fori € N and j € N are positive constants. The output choice ¢;(s) € [0, ¢;]
is nonnegative and bounded by a maximum output constraint g;. Output price
equals zero if the right-hand-side of (2.1) becomes negative. The demand system
(2.1) shows that the world economy is a form of differentiated products oligopoly
with substitute goods. In the case when o = o/ and B; = /) for all i € N and
j € N, the industrial output is a homogeneous good. This type of model was first
introduced by Dixit (1979) and later used in analyses in industrial organizations (see
for example, Singh and Vives (1984)) and environmental games (see for examples,
Yeung (2007) and Yeung and Petrosyan (2008)).

There are two types of technologies available to each nation’s industrial sector:
the existing technologies (which is not climate-preserving) and climate-preserving
technologies. Industrial sectors pay more for using climate-preserving technolo-
gies. The amount of pollutants emitted by climate-preserving technologies is less
than that by existing technologies. Moreover, non-climate-preserving technologies
do not only emit more pollutants, they also damage the environment like destroying
forests, making marine and animal species extinct directly or indirectly, breaking
food-chains and desertification. These damages lead to structural climate changes.
Therefore it is not pollution per se but the use of non-climate-preserving technolo-
gies that contributes to climate change. Climate conditions will be preserved only
when climate-preserving technologies are used in the economy.

We use qj(s) to denote the output of nation j produced with existing technolo-
gies and (jj(s) to denote the output of nation j produced with climate-preserving
technologies. The cost of producing qj(s) units of output with existing technologies
is ¢;q;(s) while that of producing ¢;(s) units of output with climate-preserving tech-
nologies is ¢;G;(s). In addition, ¢; >c;. In the absence of government regulation or
incentive, the industrial sectors will not adopt climate-preserving technologies. In
the case when all industrial sectors are using existing technologies industrial profits
of nation ¢ at time s can be expressed as:

mi(s) = [’ =) Bia;(9))ai(s) — cia;(s) —vi(s)ai(s), for ieN. (2.2)
j=1
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where v,(s) is the tax rate imposed by government ¢ on industrial output produced
by existing technologies at time s. At each time instant s, the industrial sector
of nation i € N seeks to maximize (2.2). The first order condition for a Nash
equilibrium for the n nations economy at time s yields

Z/quj(s) + Big;(s) = ' —¢; —w;(s), for i€ N. (2.3)
j=1

Equation system (2.3) is linear in ¢(s) = {q;(s),45(s)," - ,q,(s)}. Taking the set
of output tax rates v(s) = {vy(s),v5(8), - ,v,(s)} as parameters and solving (2.3)
yield an industrial equilibrium which can be expressed as:

q;(s) =a' + Z B; v;(s), (2.4)

where & and /3’;, for i € N and j € N, are constants involving the model parame-
ters 6 = {6%;5%7 aﬂ}wﬂ%vﬂ%v aﬂr%v aﬂ?aﬂ?v 7B:1L}a a = {alaQQa"' 7an}
and ¢ = {cy,¢y, -, ¢, }. Proper choice of parameters leading to a valid industrial
equilibrium is assumed.

In the case when all industrial sectors are using climate-preserving technologies
industrial profits of nation 7 at time s can be expressed as:

n
Ti(s) = [ai - Zﬁ;‘dj(s)]di(s) —¢;G;(s) —v;(s)g;(s), for ieN.
j=1
Once again a system of linear equations in §(s) = {4, (s), ¢»(s), -+ , 4, (s)} is formed.
The set of output tax rates v(s) = {vy(s),v5(s), - ,v,(s)} can be regarded as a
set of parameters. An industrial equilibrium gives:

‘ji(s):@i-FZB;vj(s), for i€ N.
j=1

2.2. Pollution Dynamics

Industrial production emits pollutants into the environment and the amount of
pollution created by different nations’ outputs may be different. Each government
adopts its own pollution abatement policy to reduce pollutants existing in the en-
vironment. At time ¢y the climate condition in the time interval [to,t1), for t1 < T,
is known to be 6. Let 2(s) C R* denote the level of pollution at time s, the dy-
namics of pollution stock under climate condition 6 is governed by the differential
equation:

n

() = 3 afbay(s) = b, (]2 g a(s). alto) =, 5 € lfort)

(2.5)

0
where a?o is the amount of pollution created by a unit of nation j’s output,
u;(s) is the level of pollution abatement activities of nation j,

0
b?o u;(s) [2(s)]*/? is the amount of pollution removed by u;(s) level of abatement
activities of nation j,
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598 is the natural rate of decay of the pollutants, and the initial level of pollution
at time g is given as xy,.

Since existing technologies are not climate preserving, the climate condition
will deteriorate. Moreover, uncertainties in climate change have been observed (see
Berliner (2003) and Allen et al (2000)). In particular, in future instant of time t,
forke{l, 2, ---, 7} and t; <ty <--- <t, <T =t,41, the change in climate is
affected by a series of random climate variables G(IfL']. If G(IfL'] has occurred at time
tg, it will prevail in the period [tk, tx+1). The process 9§£'], for ke {1,2,---,7},isa
random variable stemming from a randomly branching process as described below.

Given 69 has occurred in the interval [tg,t;), the random variable
g0l ¢ {9}[0"10],9;[0’“0], .,9%&0"10]} will occur with corresponding probabilities
{)\1[0’%],)\;[0’“0], ...,)\}][lo’ao]} in the period [t1,%2). Note that probabilities of the
occurrence of the climate variables are affected by the level of pollution. Given
that 51! ¢ {9 [0.a0] 9;[0 aol 9,1750"10]} has been realized in [t1,t2) , the random

[(1 a)] c {0 [(1,a1)] 9 [(17‘11)]7 793]5[(117‘1011))]]

probabilities {)\f[(l al)], )\2[(1 al)] )\2[(1’6”)] } in the period [to, t3).

M2[(1,01)]
an] 92[(1 al . gh-llen(Zaa)e(b=2ar-2)] pog ooy

Ak —1
realized, the random variable 9 (01) (20)-. (4T € {9 [(1,01) (2,02)... (k= 1,a5-1)]

05[(1’(“) (202)(b=bax—a)] - HU,E([(llill))((f f:)) ((kk . i:"l)l) } will occur with correspond-

{)\ [(1,a1) (2,a2)...(k—1,ak_1)] /\k[(l a1) (2,a2)...(k—1,a,— 1)]

variable 6 } will occur with corresponding

In general, given that 6,;

Y

ing  probabilities
)\n[(l @) (a2)... (k—Lax - 1)]} in the period [tg,tk+1), for k € {1,2,---,p}. Flnally,

k[(1, a1><2a2> A(k—1,ap_1)]

110,a0} 92[(1 el 9,1[(1 a1) (Zaz)-(p=Lap-1)] oo heen realized, the ran-
dom varlable 9 [(1 1) (2102) (0 a”)]é {L‘)T[(l 1) (2,02).- (P, )] 0, T((La1) (2.02)-..p, ap)} .

HT[(I a1) (2, a2) (p’a”)]} will  occur with  corresponding probablhtles

{)\T[(l ;a1) (2;a2).-(p,ap)] )\T[(l ar) (2,a2)--(pap)] - T(1a1) (2,02)--(psap)] } at time 7. Tr-
’ > nr((1,a1) (2,a2)...(p,a,)] )
reversible climate change implies that there is no possibility for climate condition

to revert to a better state.

given that 9

[(1 a1) (2,a2)...(k—1,ar_1)]

If the climate condition 6, occurs in the time interval

[tk,tk+1), the dynamics of pollutlon stock becomes:

n o ki(ar) Ziag). . (k—1ag_1)] n_ (a1 @iz (k= Tiag 1)) "
. a .
i(s) = E a;" Qj(s)—§ b;"" u;(s)[z(s)] /
i=1 i=1
- 59k[<1,a1><2,a2)4.4<k—1,ak_1)1 x(s), for s&[tg,tgr1) and ke {l,2,---,p}.
ak

(2.6)

Dynamics (2.6) reflects that climate change is a structural change such that the
transformation of industrial emission into pollutants, the natural rate of decay and
o e . gkl k(]
the effects of abatement activities could be affected. More specifically, a;” > a?‘ ,
k[ 0! k(] , ) o
b < b?‘f and 6?‘ < (5?‘-’ if 9? L] represents a worse climate condition than that

represented by 05['] .
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2.3. The Governments’ Objectives

The governments have to promote business interests and at the same time bear
the costs brought about by pollution and climate conditions. In particular, each
government maximizes the gains in the industrial sector plus tax revenue minus ex-
penditures on pollution abatement, damages from pollution and losses from climate
conditions. In the time interval [tg,¢1) the instantaneous objective of government i
can be expressed as:

i = 37 Bl (9ai(s) — cila(s))? — g () — ha(s) — B, i€ N, (27)
j=1

where c2[u;(s)]? is the cost of carrying out u; level of pollution abatement activities,

0 0
hfox(s) is the value of damage to nation 4 from z(s) amount of pollution, and efo
is cost to nation i under climate condition 6. Note that the damage from pollution

0
could be related to the climate condition. Moreover, the cost 6?0 reflects losses from
floods, draughts, abnormal temperatures, storms, heat waves, cold spell and similar
climate change related problems.

k[(1,a1) (2,a2)...(k—1,ak—1)]
k

If the climate condition 6, occurs in the time interval

[tkytit1), fork € {1,2,--- p}, the instantaneous objective of government ¢ becomes:
. noo. ) k[(1,a1) (2,a2)...(k—1,a,_1)]
o — 5 By (9)ai(s) — xlas()] — L u(s)]? — B o(s)
j=1

Gk[(lval) (2,a2)...(k=1,ap_1)]

— g, , ieN. (2.8)

I . ortl gl ORLl  oft L k[ .
n particular, h,© > h;* and e, > ¢g;° if 6 represents a worse climate
condition than that represented by 95['].

At time T, if HQTT[(L(“)(2’a2)"'(p’a”)] occurs, the terminal appraisal of pollution
damage is géaT;(l,al)(2,a2)...<p,ap)1 [5723;(1@1)<2,a2>...(p,ap>1 - (7)) where
g;ﬁ(ml)(21&2).“(,]1%)] > 0. In particular, if the terminal level of pollution is lower

(higher) than EZT government ¢ will receive a bonus (penalty)

[(1,a1) (2.a2)...(prap)] s
T
. i —i i i
equaling 9yri1,a1) 2,02).(prap)] [%T{(l,al)<2,a2>.4.<p,ap>] — x(T')]. Moreover, 993[«1> 995[«]
Cer Cer

and féTH < EQT[»] if 9<T L] represents a worse climate condition than that represented
£

by QZH.

The discount rate is r. Each one of the n governments seeks to maximize the in-
tegral of its instantaneous objective specified in (2.7)-(2.8) over the planning horizon
subject to pollution dynamics (2.5)-(2.6). By substituting

q;(s) = a' + Y Bi v(s), for i € N, from (2.4) into (2.5)-(2.8), one obtains a
j=1

stochastic differential game in which government i € N seeks to:
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ty

v1(rsliau}f(s) { / |: [0[‘ — ;ﬁ;(éﬂ + };,82 ’Uh(s))](dz + }Lz::lﬁz, ’Uh(S))

to

ot 5 B vn(s)] — ()P — ha(s) — ] e~ o—t0) g

P m M2(1,a1) Mk[(1,a1)(2,a2)...(k—1,ap_1)]
E g ! E 2[1 E' 1,a1) (2,a2)...(k—1,ax_
+ /\a[lo,ao] )\a[2 sat] |, /\EL( ,a1) (2,a2)...(k—1,a5-1)]
k=1 111:1 (12:1 akil
tri1 . .
§ 2J ~1 21 _q o
Oc _Zﬂ @ + ﬂ Uh ](O‘ + E ﬂh Uh(S)) _Ci[Oé + E ﬂh Uh(s)]—
tr h=1 h=1
k[(1,a1) (2,a2)...(k—1,a_1)] ek[(l,al)(2,@2)...(k—1,ak71)]
CfL-l [uz(s)]2 _ hiuk J?(S) _ 5iak :| efr(sfto)ds
M2(1,a7) NT((1,a1)(2,a2)..-(p,ap)]
+ E : )\1 [0,a0] E )\2 [La1] , .. § )\Z’T[(l,al) (2,a2)...(p,ap)]
a1=1 az=1 ar=1

Q;T[u,al)(2,a2)...<p,ap)][fZT[(l,an(2,a2>...(p,ap>1—m(T)]e_T(T_tO) }a for i€ N. (2.9)
arT arT
subject to
0= 3l + 3t~ S O 1),
7j=1

x(to) = ®t,, S € [to,t1), and

n Gk[(l,al)(2,0,2)...(k—1,a,k71)]

(s) =) a;"™ o7 + }; B7, on(s)]

j=1
nL M) 2ag) (k=Tay )] 1o
- b u;(s)[z(s)]
j=1
N 59k[(1,ar1>(2,ar2)---(k—1yak71)] .23(8), for se€ [tkvtk-i-l) and k€ {15 2, 7/)}'

Ak

(2.10)

3. Noncooperative Outcomes

In this section we discuss the solution to the noncooperative game (2.9)-(2.10).
To obtain a feedback solution for the game, we first consider the solution for the sub-

game in the last time interval, that is [t,,7]. For the case where

OZL(l an) (Zaz)-(p=Lar-Ol pag oecurred at time instant tp and z(tp) = z, € X,

player ¢ would seek to:
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T n -
s { [ [ - S+ St e+ 3o
vi(s)»ui(s) t h=1

4 Jj=1

—cifa’ + Z Br, vn ()] = ¢ [u;(s))?

pl(L,a1) (2,a2)...(p—1,ap_1)] 90[(1@1)(2ya2)---(p—1:ﬂp71)] ( )
a a —r(s—t
—h,"* x(s) —g;"" }e ?)ds
NT((1,01)(2,a2).(p,ap)]
T[(1,a 2,a2)...(p,a 7 =1
+ E )\aTK 1) (2.a2)--.( ”)]QOT[u,al)<2,a2>.4.<p,ap>1 [%T[(l,am<2,a2)4.4<p,a,})]
— ar ar
ar=1
—z(T))e "=t } Jfor i€ N, (3.1)
subject to
n ap[(lvﬂn)(21a2)m(p711up_1)] ) n.oo.
. _ a —_ ]
B(s) =D a;” @+ Bl vals)]
j=1 =
n OP[(I’GI) (2,a2)...(p=1,ap_1)] 12
- E b;™" Uj(s)[ z(s)] —5 pl(La1) 2,az)-.. (=10, 1)] T(S),
=1 v
z(ty) =z, € X for sé€lt,,T] (3.2)

A feedback Nash equilibrium solution can be characterized with the techniques
developed by Isaacs (1965), Bellman (1957) and Nash (1951) as

Lemma 3.1. A set of feedback strategies {u}(t) = uf(GZL(l’al) (2’a2)"'(p_1’a”_1)];t, x),
vi(t) = ¢f(0§£(1’a1) (2’a2)"'(p71’a”’1)];t,x), fori € N andt € [t,,T]} provides a Nash
equilibrium solution to the game (3.11)-(3.12) if there exist continuously differen-
tiable functions V(tp)i(OapL(l’al)(2’a2)"'(p_1’a"_1)];t,:c):[tp,T]XR—> R, i € N, satisfy-
ing the following partial differential equations:

—vt“”’%ezL'%t,x)—maX{ { 2 pe S B et a) + Blvo)

. j=1 h=1
h#i
x[a' + Z B, sh (08t 2) + Blvi] —cila’ + > By, ¢h(02)5t,x) + Blui]
=1 h=1
h;«éz h+#i
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el

+V£tﬁ>i(95[ﬂ;t,x){ S d) ol + Z Bl ¢h(058) 1, ) + Blui]

j=1 h=1
hi
a 12 0 1
—Zb”uhH”]tx) /—bi”uix/—éa,,[]x ,
ap
j=1
J#i
NT((1,a1)(2.a2)...(pap)]
V(tf’)z(H’a’[[J'];T, z) = Z /\aTT[(l,al) (2’“2)“'(”’“")]g;T[(l,al) (r0m). (o)
aT:1 o
X[féﬂu,al) (2,a2).-(prap)] — a(T))e T te);
ar
for i€ N, (3.3)

where e)g’L’] is the short form for 0{;[}1’“1’(2’“2"“""1’“0—1”,
Performing the indicated maximization in (3.3) yields:

050
Mlp(egL] i, x) = _I)g_avx(tp)i(egg] 1, x)er(t—t,,)xl/27
C

4

(a —ZBWHZ&W” 05l 1, )] )Bz‘

heN

Zﬁzﬁj a'+ Z Bh (0885t 2)] — ¢, B

hel

. 95[‘] _.
VI (080 8, )t te) Z a;" Bl =0, (3.4)
j=1
forteft, <T]and i € N.
System (3.4) forms a set of equations linear in

{$F05) 8, 2), 5 (00 1, 2), .. o (040, 2)} with
{Vlgtp)l(gg[ﬂ 1, x)er(t—tp)7 Vé%ﬂ(@gﬁ] it x)er(t—tp), - Vx(tp)n(gZH it x)er(t—tp)}

being taken as a set of parameters. Solving the second set of equations in (3.4)
yields:

n
¢p(9p] t, ) —aep[ Z A V(lt HP] t,x)e” ) e N, (3.5)

where 640 ; and ,8 , for i € N and j € N, are constants involving the constant

a

coefficients in (3.4 ).pSubstltutmg the results in (3.4) and (3.5) into (3.3) and upon
solving we obtain:
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Proposition 3.1. System (3.8) admits a solution

VD (e, 2) = (A7 (020 t)e + CP (05 )] 77, for i€ N, (3.6)

where {AQ(08,"50), A5(08,)51),-+, A6(08); 1)} and
{Cf(@gg];t),Cg(GZ[p'];t),--- ,Cﬁ(@gg];t)} satisfy the following sets of constant
differential equations:

grl]
. 4@/) 2
Ap(orn) = (r+ 6,,0) A28 0) — U L aecartt
P up P C? P
ol
AP(0°L): ¢ QAR AL(62U8) + b, “[p] - 3.7
—ADO ) YT ARl + (3.7)
i=1
J#i

N—

Cr(oaL)t) = ror (051 4)— ( Z ,Bz{oﬂ—i—z Bl & H+Z Bhoir, ARG 0]}
k=1 °

<Z+Z/Bh 9014‘2599[ Ap@p]ﬁ)])

el

+c;{a’ —Z,@” (&’ ﬁ-z/ﬁep AR (0 )]}+5 “

-~ | a%W+Zw~H+Z%W%WWm];@&
j=1 k=1 "
AIL/J (QZL] : T): _ ZZ’;[SI,M)(Q,M)...(p,ap)] )\Zq["(lﬂl) (2,a2)...(p, Cbp)]gaT (Lar) 2ran). (prap)] and
ar
NT((1,a1)(2,a2).-(prap)]
Cf(g(/;L'];T) _ Z )\aTT[(Lal) (2,a2)..-(p;ap)]
aT:1
Xgaﬂ“ ja1) (2,a2)--(p,ap)] %T[(l a1) (2,a2).(p,ap)] 3

for i€ N. (3.9)

Proof. See Appendix 1. O

Using (3.4), (3.5) and the results in Proposition 3.1, the corresponding feedback
Nash equilibrium strategies of the game (3.1)-(3.2) can be obtained as:
bgﬁ[‘]
uf(@apg];t,x) = ——2i — Af(@g[p'];t)xlﬂ, and

%
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qbf(@fl’[p'];t,x) = dZQH + ZB;p[,]jAg(H’a’g];t), for 1€ N and telt,,T].
P =1 ap

A remark that will be utilized in subsequent analysis is given below.

Remark 3.1. Let VP(T)i(HZE};t,x) denote the value function of nation ¢ in a
game with payoffs (3.1) and dynamics (3.2) which starts at time 7 for 7 € [t,, T].

One can readily verify that V(tp)i(GZH it x):eT(T*tﬂ)Vp(T)i(HZ[p'] it x), for T € [t,, T).

P

Lemma 3.1 characterizes the players’ value function V(tﬂ)i(%g];t, x) during the
time interval [t,,T] in the case where GZE] E{Gf['],ﬁg['], e ,OZE]} has occurred.
In order to formulate the subgame in the second last time interval [¢,—1,t,), it
is necessary to identify the terminal payoffs at time ¢,. To do this, first note

that if OZL(L(“) Za2)--(p=Lao-1)l oourg at time t, the value function of player i is

V<t»>i(9{;£<1’“1> (2"12)"'@71’“”’1)]; tp,x) at t,. The expected terminal payoff for player
i at time ¢, can evaluated as:

Mpl(1.a1)(2.a2)...(p—L.ap_1)]

3 Al(La1) (2aa2) o Liap - ()i (grl(Lan) (2aan) oLty
- P P
for i€ N, (3.10)

For the case where 95;_11[(1"“) (2.2)---(p=2,00-2)] ours in time interval [tp—1.tp)
and z(t,-1) = z,_; at time ¢,_;, the subgame in question becomes an n—person
game with duration [t,—1,t,), in which player ¢ maximizes the expected payoff:

/tp
t

p—1

[ [of = S B + 3B ()@ + 3Bl on(s))
j=1 h=1 h=1

p—1[(1,a1) (2,a2)-.-(p—2,a,_2)]

—cila + ) B o ()] = ffui(s)]* = b x(s)
h=1

epfl[(lvﬂ) (2,a2)...(p=2,a5_2)]
a

_g et :| e—r(s—tp_l)ds

Mpl(1,a1)(2,a2)...(p=1,a,_1)]
4 E /\Z[(Lal)(27a2)~~~(p—17a,)_1)]
o

ap
V()i (gol(1an) (2ia2)- (o= Lap )y )= rlto—to)|

for i€ N, (3.11)

subject to
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n p—1[(1,a1) (2,a2)...(p—2,a,_2)] n .
. a,__ —1 )
B(s) =Y a;" [a7 + > Bl vn(s)]
j=1 h=1
n p—1[(1,a1) (2,a2)..-(p—2,a,_2)]

- Z b u;()[z(s)] /2

—5 1(1a1) 2ag)-(p—2.a, o) T(8), T(tr—1) =z, , €X, for selt, q,t,).

p—l
(3.12)
A feedback Nash equilibrium solution can be characterized as:

Lemma 3.2. A set of feedback strategies {u}(t) =pf~ 1(05p 11[(1 ra1) (2,82)-..(p= 2,0, 2)]
t,x), vi(t) = ¢ (04 Htan) Zaz).(p=2ap-2)] ,x), fori € N and t € [tT,T]}
provides a Nash equilibrium solution to the game (3.11)-(3.12) if there exist continu-
ously differentiable functions V<to—1>i(95;_11[(1’“1) (2,2).-(p=2,0p-2)] it x):[tp—1,tp| X R—
R, i € N, satisfying the following partial differential equations:

_Vt(tp—l)i(eg:}l['];t,x) :max{ [ Zﬁz (@ + Z /8] e 1 9” 1 (1. 30)+va1)]

VUi

h;éz

x[a + Z Bi e 1(95011]7,536)4_3%1.]
h=1
h#i

) L . 0°— 1[] gr—1l1
—aila’+ Y B OO0 Mt o) H Bl P =k e | e )
h=1
h#i

n —10] .
+V(t” 1)1(9” Ut [ Zaj oAl 4 Z ,33 o 1(9” 101 ¢ ) + [lv;]
= h=1
hti

n pr—10] 1 " 12 pr—10] s
ap—1  p— —1[]. a,_1
- E by "y (00t a)a T = v 59,3,1[4% ] },
ap—1

j=1
A
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Mpl(1,a1)(2,a2)...(p=1,ap_1)]
V(tp—l)i(gg;ll['] ity T) = Z )\Z[p(l»al) (2,a2)...(p=1,ap-1)]

ap

XV(tp)Z(Q (1 a1) (2,a2)...(p—1,ap-1)]. t IE) —r(tp—tp—1).

)

for i€ N, (3.13)

where 05, 1' is the short form for 04 11[ (1ar) (Z,a2).--(p=2,:0p-2)]

p— 1[]

Following the analysis above, the value functions V (»-1i(95 "\"; ¢ x) can be char-

acterized as:
Proposition 3.2.
V(tf’—l)i(eg;fl['];t,x) Vi 1(9/) 1[] )+ P~ 1(9p 1[] t)] e Ttto-1)

for ie€N, (3.14)
where {71000, A0 00 M), A1 (02M 0)} and
(cr=ron ey, eoten ey, - oem 08 1)y satisfy
Mpl(1,a1)(2,a2)...(p=1,a,_1)]

Af_l(eg:l['];T) _ Z )\gL(Lal)(2,02)---(11—17%—1)]

—1
ap

x AP (grl(har) (2,a2). (p=T.ap-1)], ty, ),

Mpl(1,a1)(2,a2)...(p—1,a,_1)]

cr Yoy = Z APla1) (2,a2)..(p—1,ap-1)]
ap—1 Qp
@p
XC’P(HZ[(LM)(27“2)“~(p_1’a0—1)];tp,x); (3.15)

and equations (3.7) and (3.8) with
Ap(HpH;t) replaced by Af_l(Hg;ll['];t), C’f(@g[p'};t) by C’f_l(Gg:l['];t), and 95,[;]
09 1[]

ap—1 -
Proof. Follow the Proof of Appendix 1. O

Following the above analysis, for the subgame in the interval [tx,tr41) with
HE,E(l’al) (Za2)(b=Lar-0] §oourg in interval, the expected terminal payoff for player

i at time tx41 can evaluated as:

Nk+1[(1,a1)(2,a2)...(k,ay)]

Z )\k+1[(1 a1) (2,a2)...(k,ar)]
Ak41
Ar41
x Vet (ghtlla) (az)(honll 4 2y for i€ N. (3.16)

For the case where Gk[(l @) (2,az)-(b=Lar-1)] (oours in time interval [tky trt1)

and x(ty) = x, at time ¢, for k € {0,1,2,---,7 — 1}, the subgame in question
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becomes an n—person game with duration [ty,tr+1), in which player ¢ maximizes
the expected payoff:

tet1 n " n .
/ [ lof = > Bi(@ + > B opNI@ + > B v(s) —aila’ + > B, vy ()]
th j=1 h=1 h=1 h=1
ak[(lval) (2,a2)...(k=1,ap_1)] ek[(l,al) (2,a2)...(k—1,ap_1)]
—cffuy(s)]? — ;" x(s) —g; " ] e T(s—tk) g
Mk+1[(1,a1)(2,a2)...(k,ay)]
4 Z /\k+1[(1,a1) (2,a2)...(k,ar)]
Ak+1
Ak41
Xv(k+1)i(91;:+11[(1,a1) (2,a2)...(k,ak)];tk+17 x(tkﬂ))e”(tkﬂ%k)’
for i€ N, (3.17)
subject to

n ek[(l,al)(2,a2).,.(k—1,ak_1)]

i(s) =) a;" @7+ B) oy (s)]
h=1

kl(1,a1) (2,a2)...(k—1,a5_1)]

DI uy(s)a(s)] /2

—(5 E[(1,a1) (2,a2)...(k—1,a)_1)] J)(S), .T/'(tk) = J)tk S X fOI' S € [tk7tk+1). (318)

Oay

Following the above analysis, one can obtain

Proposition 3.3.

V(tk)i(ek[(l,al)(2,a2)...(k—1,ak,1)],t LE) _
ak s by

[A']: (91;[(1,(11) (2,a2)...(k—1,ar-1)]. t):c + Czk (91;[(1,(11) (2,a2)...(k—1,ar—-1)]. t)] efr(tftk)
k ’ k 9 )

(3.19)
fOT‘i € N; te [tk;tk+1] ’
k[(1,a1) (2,a2)...(k—1,ak—1)] k[(1,a1) (2,a2)...(k=1,ax—1)] gk[(1,a1) (2,a2)...(k—1,ak_1)]
Oa,, {0, , 04

9/?[(1411)(2,02)---(k—17ak71)]} and k € {0,1,2,--+ ,p—1};

’ nk[(l,al)(2,a2),.,(k71,ak_1)]
'LUheTe A?(agl[ﬂ(l»al)(2»‘12)"'(]“717‘176—1)];15) and Cik(0§l[€(1’al)(2’a2)"'(k717ak_1)];t),
for i € N, satisfy the following sets of differential equations:

g e
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ng
bk 2
AR 1) = (8, AR 0) - P h k@
)
—AzEl) Y ST Ak @5 + (3.20)
j=1
j#i

CEOR: 1) = rCh (84l )
—<ai—2ﬂ§{@j+25£a5[+2ﬂh setton )
j=1 h=1 k

] +Zﬁ~g§£1g AF (08 0)) )

14D B, A OD |

Nk+1[(1,a1)(2,a2)...(k,ap)]

AR (kL) T) = Z A\EHL(L,a1) (2,a2)... (k,ax)]

Gf+1
Ak+1

x Ak (gL e (ol gy ),

Nk+1[(1,a1)(2,a2)...(k,ay)]

Ck (9103[C : ) Z )\s:jl[(l ,a1) (2,a2)...(k,ak)]
Ak+1
XCkJrl(e];;_ll[(l sa1) (2,a2)...(k,ag)]. ittt x); (3.21)

where Hak is the short form for 0,4 [(1 a1) (2.a2)-..(k=L,ar-1)]

Proof. Follow the proofs of Propositions 3.1 and 3.2. O

The corresponding feedback Nash equilibrium strategies of the game (3.17)—
(3.18) can be obtained as:

gkl
ak
PO 1) =~ AR 002, and

(3

qﬁk(ﬂk[ it,r) =al okl —I—Zﬂ’ Ak GI;IE, t), for i€ N and tE€ [tg,trt1);

ap
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where HGL] is the short form for 6,
Though continual adoption of non-climate-preserving technologies would lead
to further irreversible climate deterioration, nations have no incentive to switch to
climate-preserving technologies while other nations are using non-climate-preserving
technologies. A global ban on non-climate-preserving technologies would unlikely re-
ceive unanimous approval because some nations may face higher production cost dif-
ferentials in switching to climate-preserving technologies than others’. Only through
cooperation and proper appropriation of gains could the problem be tackled.

k[(l a1) (2,a2)...(k—1,ax_1)]

4. Cooperative Arrangements in Climate Change Control

Now consider the case when all the nations want to cooperate and agree to act
so that an international optimum could be achieved. Cooperation will cease if any
of the nations refuses to act accordingly at any time within the game horizon. An
agreement on the choice of technologies, taxes imposed, abatement efforts and an
optimality principle to allocate the cooperative payoff will be sought. For the co-
operative scheme to be upheld throughout the game horizon both group rationality
and individual rationality are required to be satisfied at any time. Group optimal-
ity ensures that all potential gains from cooperation are captured. Failure to fulfill
group optimality leads to condition where the participants prefer to deviate from
the agreed upon solution plan in order to extract the unexploited gains. Individual
rationality is required to hold so that the payoff allocated to a nation under cooper-
ation will be no less than its noncooperative payoff. Failure to guarantee individual
rationality leads to the condition where the concerned participants would reject the
agreed upon solution plan and play noncooperatively.

4.1. Group Optimality and Cooperative State Trajectory

Given that there are two technologies available, the nations have a technology
choice. Consider first the case when all nations agree to adopt climate-preserving
technologies from time ¢y to time 7. If such technologies were used, the climate will
be preserved as ) throughout the game duration. To secure group optimality the
participating nations seek to maximize their joint expected payoff by solving the
following control problem:

n T n n
vhvz,___,vf}*}f,ub,,,’un{ Z/{ Z BE(6 + > B vy (s)(@" + Y By vy(s))

R:l
n ~ 90 00
V1S B 0n()] — il () — W a(s) — P ] =0 g

+ 3 dlaly - a(me T | (@)
k=1

subject to

:zn:a?g[&j—*—zn:éi vh Zb ]1/2_5 Ox( )ax(to):xto' (42)
j=1 h=1
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Invoking Bellman’s (1957) technique of dynamic programming a set of controls
0 0
{ [vF(t), ui*(t)] = [wfo (t,x), wfo (t,x)], for i € N} constitutes an optimal solution

to the control problem (4.1) and (4.2) if there exists continuously differentiable func-
tion W) (69: ¢, x):[te, T]x R— R, i € N, satisfying the following partial differential
equations:

W) (08t )=

[ o =SB + 3" A ol + 3 B o)
=1 h=1 h=1

max
V1,02, ,Unj UL, U2, ", Un
K

n ~ 0 0
6ol6 + 37 B v — () — Kl — < ] et

+ W) (69; ¢, ) Z aj—f—Zﬂ] vy] — Zb 1/2—5001' ,

W) (69 T, x) Zgao meo — x(T)]e (Tt (4.3)

Performing the indicated maximization in (4.3) yields the optimal controls under
cooperation as:

00
plo
—2laW9§t0>(98;t,x)e’“<t—t0>x1/2, for i€ N; (4.4)
C

4

S (e -y s X elien )i

k=1

= (t,z) =

Zﬁ”ﬁ” +Zﬁhwhm>] 6”]

n
L) (60; 1, 2)ert—t0) Za?gﬁi =0, for i€ N. (4.5)
j=1

System (4.5) can be viewed as a set of equations linear in
0 0 0
(0 (8, 2), 9% (t,2), -+, e (t,x)} with WL (09;¢, z)em(t=10) being taken as a pa-

rameter. Solving (?7?) yields:

0 ~ . .
Vi (t, @) = Ao + B W (00;t, 2)er =) (4.6)

where 3(20 and /S’éo, for i € N, are constants involving the parameters in (4.5).
0 0



Consistent Solution for a Cooperative Differential Game 373

Proposition 4.1. System (4.3) admits a solution

WO (60:1,2) = [Agg(t)a + Chy(0)] e 71, (4.7)
with
n 032 n
i % (b] ) * 2 0o
g9 (t) = (1 + dgg) Age(t) — 5oa Aoy (t)] +) R,
Jj=1 J Jj=1

-S| - ptar e 3 a0 taty + By o ) e

k=1

430 B [aly + Bly Ay 0) - e+ 35 16y + By Az - % |
h=1 Jj=1

—Ag () [ Zaﬁg{é‘j + > B lag +5:§Lg 10 ] :
j=1 h=1

AZg (T)==>"7_1 gég and ng (T)=3"5-, gégfég-
Proof. See Appendix 2. O

Using (4.4), (4.6) and (4.7), the control strategy under cooperation can be ob-
tained as:

0 ~. 2. 0 b.
Gt w) = Gy + Big Ae() and @ (t,2) = —SL AR (a2, (48)

fortefto<T)andi=1,2,--- ,n.
Substituting the optimal control strategy from (4.8) into (4.2) yields the dy-
namics of pollution accumulation under cooperation as:

i(s) = > al (60 + 37 B (Al + By Agy(s))]
j=1 h=1

69 2
b%)
203?

n
(
+> 5o (8)a(s) = g0 (s), w(to) = o (4.9)
j=1
(4.9) is a linear differential equation with time varying coefficients. We use
{x*(s)}fzto to denote the solution path satisfying (4.9). The term x} is used inter-
changeably with z*(t).
A remark that will be utilized in subsequent analysis is given below.
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Remark 4.1. Let W(T)(Gg; t,z) denote the value function of the control prob-
lem with objective (4.1) and dynamics (2.8) which starts at time 7. One can readily
verify that W) (09; ¢, 2)=W ) (03;t,z)e" (") for 7 € [to, T).

Now consider the case when existing technologies are adopted throughout the
cooperative scheme. To secure group optimality the participating nations seek to
maximize their joint expected payoff by solving the following control problem:

t1

v e e { Z/ { [ =) 85 + > B vp()l@ + > B vp(s))
R j=1 h=1 h=1

czlto

—ccat + Z Bs v, (8)] — Cluc(s))? — hfgx(s) — 5?8 ] e T(s=to) g
h=1

n P 71 M2(1,a1) Mk[(1,a1)(2,a2)...(k—1,af_1)]
1[0,a0] 2[L,a1] . k[(1,a1) (2,a2)...(k—1,ak-1)]
DI ID DD DEE A :
¢=lk=1lai1=1 az=1 ap=1
it n n n
N S(~J 3J =< 3
<[ [ - e+ R w35 ue)
2 j=1 h=1 h=1
n
~S s a 2
—cllat + ) By on(s)] = Cfug(s)]
h=1
0’“[(1:@1) (2,a2)...(k—1,ap,_1)] ek[(lyal)(2,a2)---(k—1vak—1)]
—hqak JJ(S) - €<ak :| €7T(87t0)d8
n o m M2(1,a1) NT[(1,a1)(2,a2)...(p,ap)]
1[0,a0 2[1,a1] , .. T[(1,a1) (2,a2)...(p,ap)
+ E § /\a[l ] § )\a[z 1] E )\GT[ o)
s=la;=1 azx=1 ar=1

g;T[(l,a,l) (2,a2)...(p,ap)] [i‘;T[(l,al)(2,@2)...(p,ap)] - $(T)]€_T(T_t0) } , for i€ N. (4.10)
ar ar

subject to (2.10).

Following the analysis leading to Propositions 3.1, 3.2, 3.3 and 4.1, one can
obtain:
Proposition 4.2. For the case where HE,E(l’al) Zaz)-(b=Lan-1] (000 in time inter-
val [tg,tk+1) at time tp for k € {0,1,2,---,7}, the walue function
W(t’“)(es,[fl’al)(2’a2)"'(k_1’ak’1)];t,x) can be expressed as:

W(tk)(gk[(l,m)(2,a2)...(k—17ak71)].t x) —
ar s Uy
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[Ak(gk[(lm) (27a2)~~~(k—1,ak71)].t)x + Ck(gk[(lm) (27a2)~~~(k_11ak71)]-t)] e~ T(t=tk)
ag ’ ag ) I
(4.11)
where Ak(gk[(l sa1) (2,a2).. (kfl,ak—l)].t) and Ck(gk[(lﬁal)(2,a2)~~(k*17ak—1)].t) for
I Qg I )
i € N, satisfy the following sets of differential equations:

k[]

n buk
AR 0) = (4 6,0) AR0L00) — 30 B L gt +Zw

il = 4cj
CH(O5T;t) = rC™(051;1)
By [ 0t = Y BHE + 3 B (@l + Bl A0 1))
=1 j=1 h=1 ’

( at + Z BZ [&gf;,[;] + ngj][c-]Ak(es;[ﬂ]y t)] )
h=1 ’ )

e = 35 8+ By ab o) -
j=1

oo | 3 Za COn Zﬂj s+ Bl A G200 |

Mk+1[(1,a1)(2,a2)...(k,ap)]

T) = ) NeF11(1,01) (202)-.(kiaw)]

Ak+1

AR (QFL,

ag

XAk"rl(@’H'l[(Lal) (2,a2)...(k,ar)]. tres1, )
Qg1 ) ) )

Nk+1[(1,a1)(2,a2)...(k,ay)]

Ck (Qsl[c] ; T) = Z )\5::1[(1 ,a1) (2,a2)...(k,ar)]
Ak41

XckJrl (0k+1[(1,a1) (2,a2)...(k,ax)]. tk+1’ (E),

k[(l a1) (2,a2)...(k—1,ar_1)]

where é)a,E] is the short form for 0, , and

n

T+1/97+1[(1,a 2,a T,ar)|. _ S

A (eaﬂ_l[( 1) (Z,a2)---( )]7t7—+1)x)_—ZgeT[(l,al)(2,0,2)...(7’,@7—)]7
¢=1 T

n
T+1/p7+1[(1,a1) (2,a2)...(T,a-)]. _ 13
CT(0g ari1 itrt1,7) = 9y7i(t.a1) 2iaz)...(r.ax)]
s=1 T

X%T[(l a1) (2,a2)-..(r.a7)] "
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In the case where 02){(1@1) (2,a2)--(b=Lar-1] oours in time interval [tk, trs1) at time
ti for k € {0,1,2,---,7}, the optimal control strategy under cooperation can be
obtained as:

okl
b, *
~k(pk[]. _ k(pkl]. ,.1/2
@; (OQL],t,x) = ——’c? A (9a£],t)x / , and

ap ag

&f(ek[']~t,x)=&;k[_]+E;k[_]A’“(9’f[']- ), for ieN and te€ [ty trs1); (4.12)
Ork (lk

1,(11) (2,(12)...(](:71,(1)@_1)]

where GE,E'] is the short form for HIJ,E( , and 542;44 and Bék[_] are
A

Gk
the counterparts of &’éo and Béo in (4.8).
0 0
Substituting the optimal control strategy in (4.12) into (2.10) yields the coop-
erative state trajectory using existing technologies as:

_ A, . .
i(s) = Z% {ad + Zﬁi[agf;’g] + BZEL-]A’“W’;L};S)]}
j=1 h=1 ’ )

gkl
(b ) .
+> 73& AR (BFL: )2 (s) — Spura(s),  a(te) ==, €X, (4.13)
j=1 7 "

for s € [ty,tr41) and k € {1,2,--- , p}.
(4.13) is a linear differential equation with time varying coeflicients. We use

_gklhan) 2uaz)..(k—Liag 1)) ) o
% (s) to denote the solution path satisfying (4.13).
SE[tk,tht1)
_gFl(ha) (2iaz). (b—Lag )] . . .
The term % t) is used interchangeably  with
ek[(l,al) (2,a2)...(k—1,ap_1)]
~Oa,,

L .
A remark that will be utilized in subsequent analysis is given below.

Remark 4.2. Let Wk(T)(H(]f,E(l’al) (2a2)...(k=Lar-1)], 4 x) denote the value func-
tion of the control problem with objective (4.10) and dynamics (2.10) which starts
at time 7. One can readily verify that

Wk(‘r) (HI;;E(LGI) (2,a2)...(k—1,ar—-1)] 1, J?) — W(tk)(e(lil[c(l,al) (2,a2)...(k—1,ar—1)] 1, x)er(-rftk).

Climate-preserving technologies will be adopted if the total cooperative gain
using these technologies is larger than the expected total cooperative gain us-
ing existing technologies, that is W) (8;to, z0)> W) (69;t0, ). Moreover, if
along the optimal path {x*(s)}sT:tO, W (08, x5 )> W (09; 8,27, ), for all
ke€{0,1,2,---,p}, climate-preserving technologies will be adopted throughout the
duration [tg,T]. We first consider the case when climate-preserving technologies
are chosen throughout the cooperation duration. In Section 6 the case of partial
adoption of climate-preserving technologies will be examined.

4.2. Individually Rational and Dynamically Consistent Imputation

An agreed upon optimality principle must be sought to allocate the cooperative
payoff. For 7 € [ty, txy1), let £¥(7(09; 7, 2*) denote the solution imputation (payoff
under cooperation) over the period [t,tx+1) to player i € N as viewed at time 7. In
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a dynamic framework individual rationality has to be maintained at every instant
of time within the cooperative duration [ty,7T] along the cooperative trajectory
{x*(s)}sT:tO. Individual rationality along the cooperative trajectory requires:

FigY; T at) > VEONOY 7, 27,

for i€N, 7€ ][tk trr1) and ke€{0,1,2,---,p}, (4.14)

along the optimal trajectory {z* (S)}Z;to'

Since nations are asymmetric and the number of nations may be large, a rea-
sonable solution optimality principle for gain distribution is to share the gain from
cooperation proportional to the nations’ relative sizes of expected noncooperative
payoffs. To ensure that the cooperative solution is dynamically consistent, the con-
dition of time consistency has to hold. Time consistency requires the solution opti-
mality principle determined at the outset to remain effective at any instant of time
throughout the game along the optimal state trajectory. Since all the participants
are guided by the same optimality principle at each instant of time, they do not
have incentives to deviate from the previously adopted optimal behavior through-
out the game. Thus the optimality principle governing the agreed-upon imputation
must be maintained throughout the cooperation period to secure time-consistency.

Hence the solution imputation scheme &¥(M¥(09;7 2*), for i € N and k €
{0,1,2,---, p}, has to satisfy:

Condition 4.1.

) Vk(f)i(@O.T .13*)
k(7)i 90, *) 0s 1y dr
503 7, 27) S VRO (037, 27)

T

W69 7,2, (4.15)

for i € N and 7 € [tk,tr+1) and k € {0,1,2,---,p}, along the optimal path
{x:}fzto' |

One can easily verify that the imputation scheme in Condition 4.1 satisfies
individual rationality. Crucial to the analysis is the formulation of a payment dis-
tribution mechanism that would lead to the realization of Condition 4.1. This will
be done in the next Section.

5. Payment Distribution Mechanism

To formulate a payment distribution scheme over time so that the agreed upon
imputation (4.15) can be realized for any time instant 7 € [tg,T] we apply the
techniques developed by Yeung and Petrosyan (2004 and 2006b). Let the vector
BY (s, x7) = [Bfg(s,xz),ng(s,xz), e ,Bzg(s,xz)] denote the instantaneous pay-
ment to the n nations at time instant s when the state is z¥ for s € [to,T]. A
terminal value of 928 [5:28 — a7 will be offered to nation ¢ at time T.

To satisfy Condition 4.1 it is required that
VEOL(09; 7, %)
> VEOI(6g; 7, 27)

=1

€HVi (087, 27) = W68;7,27)
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T
S . .
= /Bfo (87 x* (8))67,,(5,7_)(18 + gég [jleg _ x;]efr(T—-r),

for i€ N and 7€ [tg,tk,y1) and k€ {0,1,2,--- p}. (5.1)

To facilitate further exposition, we use the term {k(T)i(Hg ;t,x7) which equals
T
0 . .
/Bfo (s, x*(s))e‘r(s_T)ds + gfgg [i’eg — x*T]e_T(T_T)
t

- 3 Uy g

3 VHOi(Bg: . 7)
]:

_ VROt a)
3 VO (0:1,7)

j=1

WO (0, 27)e "7 = kWil ¢ ¥ )e=T(t=")

for i€ N and 7€ [tg,tkr1) and ¢ € [T, tky1), (5.2)

to denote the present value (with initial time set at 7) of nation 4’s cooperative
payoff over the time interval [¢, T'.

Theorem 5.1. A distribution scheme with a terminal payment g, |Th, — =] at
0 0

time T and an instantaneous payment at time T € [tk, tk+1) equaling

)

DTS o RN
L= h=1

0

BE(r, ) = — [T (06 t,07)

k(T)i *
- [ et

n
00 09 * *
+ij°wj0(7', x,)(z2)/? - Ogo T } )
=1

for i€N and 7€ [ty,ter1) and ke€{0,1,2,--- p}, (5.3)
yield Condition 4.1.

Proof. Since &¥(M(69:t,x}) is continuously differentiable in ¢ and x}, using (5.2)
and Remarks 3.1 and 4.1 one can obtain:

T+AL
0
Bfo (s,2*(s))e """ ds

T

= gk(7)1(98’ T, QC:_) - e_TAtgk(T-i_At)i (987 T+ Ata x:'JrAt)
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= MO0 7, ak) — EFI(00; T + At T34 At) (5.4)

for i € N andr € [tg, tr11) and (7 + At) € [tk, tet1),
where

n

AMf{Zﬁf+ZW Sren] + 3 8 r 2 ) (2) V2 — by | At
7j=1

Jj=1

+o(At),

where o(At)/At — 0 as At — 0.
With At — 0, condition (5.4) can be expressed as:

B (7, 07) At + (A1) = — [T (031, 27)

t:J At

- {gifﬂlwo?t ;)

Hzn:a oﬂ+25wh (r, )]

7j=1 h=1
= 09 09 1/2
Y il ) @) 2 - gyt | a (55)

Dividing (5.6) throughout by At, with At — 0, yields (5.3). Hence Theorem 5.1
follows. O

Theorem 5.1 provides a payoff distribution procedure leading to the satisfaction of
Condition 4.1 and hence a dynamically consistent solution will be obtained. When
all nations are adopting the cooperative strategies the rate of instantaneous payment

that nation x € N will realize at time 7 with the state being z¥ can be expressed
as:

0

R (7, %) =

- Zﬂf{@j + Z B, [5‘98 + égg a9 (T)]} "+ Z B 5‘90 + 500 a9 (T)]}
=1 h=1

h=1

2

. 0 0 0
—é,{a" +Z/3“ A90+6§0 5o (T} — e — o <LA;;8(T)> ot — hir . (5.6)

Since according to Theorem 5. 1 under the cooperative scheme an instantaneous
payment to nation equahng B,.i (7' x¥) at time 7 with the state being z*

payment of the value B,.€ (r,2%)— 5}?,.€ (7,2%) will be offered to nation x.

*, a side
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6. Partial Adoption of Climate-preserving Technologies

In this section, we examine the case where climate-preserving technologies are
not adopted throughout the duration [tg, T]. Consider the situation when along the
optimal  path {x*(s)}fzto, W(tk)(08;tk,:cfk)> W(tk)(08;tk, xy ), for
k€ {0,1,2,---,¢}. At time te, W) (69, p.)> W60 tc, 27,). This would
induce the nations to switch back to non-climate-preserving technologies.

For notational convenience, we denote 9]1“['}:98, for k € {0,1,2,---, p} whenever
applies. At time ¢¢ the climate condition can be expressed as 95[(1’1) (21)-- (=11
In the time interval [tp, th41), for b € {{+1,(+2, -+, p}, the random variable repre-

senting the climate condition can be expressed as
Hh[(lal) (2,1)...(¢,)(C+1Lac41)+(h—1,an—1)]
an .
The imputations fh(T)i(GZ,[L(l’l) (21)-- (=11 (h=Lan—)] 0T,
D D) (=1 (h=Liap )]
T ),fori € N and 7 € [tp,tpy1) and h € {¢,(+1,--- , p},

which share the gain from cooperation proportional to the nations’ relative sizes of
expected noncooperative payoffs, require the following condition to hold.
Condition 6.1.

60

B ) VC(T)'L 09-. . -
gC(‘r)z(gg;T, ‘%79_8) = — (6; 7. & )o WC(T)(gg;Tafﬁg)v for 7€ [te,tev),
. VEE(99;7, 590
j=1
(6.1)
and
" h(ryi(ghl]. . <0a i
oot w0y = i B ) g 25 (o)

n h[-]
£ it 7
]:

for 92}[;] = 92}{(171)(271)~~~(C71)(C+1,ac+1)~"(h—17ah71)]

eh[(l,l)(2,1)...((,1)((+1,a4+1)~~~(h—1,ah,1)] eh[(lvl)(271)~~~(<71)(<+1»a(+1)"'(h—17ah—1)]
€ {6, 102

)

. Hh[(l»l) (271)~~~(C»1)(C+17ag+1)'“(h*1,0«h—1)]}
» YMh[(1,1) (2,1)...(¢, D (¢+1ac 1) (h=T,ap_1) ’

hl] th+1
i1 € N and 7 € [tp,th+1), along the optimal path { T h } and h € {¢+

T=tp,
17C+27 )p}
Following the analysis leading Theorem 5.1, a dynamically consistent distribu-
tion scheme can be obtained as:

Theorem 6.1. A distribution scheme with a terminal payment
i =i :
geTm,m<2,1>m<<,1><<+1,a<+1>»~<p,ap>1 [z TI(1,1) (2,1)..(¢ 1) (CHLag 1) (prap)] T x(T)] of

1 01
ng[(m)(2,1)...((,1)((+1,a<+1)...(p,a,,)] occurs at time T and an instantaneous pay-

ment at time T € [t;,tc41) equaling
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DS T RED)

Jj=1 h=1

BC(T)i(Qg; T, :ﬁ?—g) [ C(7)1(00, T, xf-o)

GG

—l—Zb 90,7 Ty )(5:28)1/2 — 590 arz ] , and

-

n ghl]
] [ aJ“h (@ +Z/8£ Ui HZL 0T, jT“h )]

Jj=1 =1

at time T € [th,th+1) and h € {C+1,(+2,--,p}

~ . ghl] ~ . ghl]
BYOH o7 5 ) = — [ff“”ws,&];r, )

_ [@c ‘oM, W)

n
ghl] ghl] oh ghl]
s bl - ey 2fan 12 =Oa,
T S I A ST LN L

for i€ N, where QZ}[L'] = 92}[}171)(271)~~~(C71)((+1,a4+1)"'(h—17ah4)]7 (6.3)
yield Condition 6.1.
Proof. Follow the Proof of Theorem 5.1. O

Theorem 6.1 provides a payoff distribution procedure leading to the satisfac-
tion of Condition 6.1 and hence a dynamically consistent solution will be obtained.
Though the original climate condition 6] could not be preserved with partial adop-
tion of climate-preserving technologies, the expected climate deterioration at ter-
minal T is less than that under a noncooperative equilibrium.

7. Concluding Remarks

In this analysis, we present a differential game of pollution management with
climate change. Though continual adoption of non-climate-preserving technolo-
gies would lead to further irreversible climate deterioration, nations would not to
switch to climate-preserving technologies while other nations are using non-climate-
preserving technologies. A global ban on non-climate-preserving technologies would
unlikely receive unanimous approval because some nations with higher production
cost differentials after switching to climate-preserving technologies would become
worse off. Through cooperation under which nations would jointly adopt climate-
preserving technologies and share the gains in an acceptable scheme could be halted.

In dynamic cooperation, a credible cooperative agreement has to be dynami-
cally consistent. For dynamic consistency to hold the specific optimality principle
must remain in effect at any instant of time throughout the game along the optimal
state trajectory chosen at the outset. In this paper, dynamically consistent coopera-
tive solutions and analytically tractable payoff distribution procedures are derived.
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Moreover, the solutions are obtained in explicit closed-form so one can calculate
the intended results with given parametric values. This approach widens the ap-
plication of cooperative differential game theory to environmental problems where
climate change occurs. Since this is the first time cooperative differential games are
applied in climate change control, further research along this line is expected.
Appendix 1. Proof of Proposition 3.1.
Using (3.4) and (3.5), system (3.3) can be expressed as:

AL O2Lst)e + PO 0] — LAZ(ORLTs e+ CE et
[ (-t 5 s+ 5 B, o )

n

<di+hzn:1 Z A”Hp[,)]>

k=

—eda’+> B [, +Z/3]A 0]}
j=1

Pl gl gl
et Ao s - ]
G s

. no o =il
+Aip(95£’];t) [ Yo a; e+ 30, 0 By [Oézpu

rl]
gellple
+ Sicn By, AR O by e AL 1) Xk ] and (A.1)

NT[(1,a1)(2,a2)...(p,ap)]
Af(ggE] T + Cf(ng} :T) = Z L) (202). - (p.ap)]

aT:1

—r(T—t,).
Xg T[(1,a1) (2,a2)...(p,ap)] [%T[(l a1) (2,a2)...(prap)] x(T)]e e
aT

for i € N. (A.2)
For (A.1) and (A.2) to hold, it is required that

grl]
. n b"‘ﬁ 2
A0 = (4, ) A7) - a0zt Y S D apentti
i=1 7
j#i
Lo gel]
e VT () R (A3)

T[(1,a1)(2, az) (psap)]
. 1, 2,
a0y = — > Nap o) o200l gi ey (A)

P
ar=1 “T



Consistent Solution for a Cooperative Differential Game

and C? (HZL'] t)=

383

rCr (00 1) ( al —Z@”{oﬂ+Zﬁ] g +ZB W HAED): )

<5/+ZB§L +Zﬂ Apeplt)]>
h=1

[-]

+C’L{a - ZB ] +ZBG” AP gp )]} +E

p .

—oeh| 5o e e 32 B el + 3 A, Mool | a9

CP(QZE'];T) _ nT[<1 al)(2za2) (prap)] /\aTi(l’al) (2,a2)...(p,ap)]
aT=1
xg! pII(1a1) (2:a2)- - (pap)] xeT[(l a1) (2,a2)---(prap)]
Hence Proposmon 3.1 follows. Q.E. D
Appendix 2. Proof of Proposition 4.1.
Substituting (4.4) and (4.6) into (4.3) and using (4.7) one obtains:

r[Agg () + Cgo (1)] — [Agg (t)a + Co (1)) =

Jj=1

> | (a —Zﬁ“{wZﬁf g + By 43 <>]})

"+ Zﬂh 0790 +500 a9 (D]}

0

2

n
A (A 2 A % @ 90 90
4 D00 Ay + gy A O} — Sl A O — < = i

[Zao{oﬂ—i—ZBj @00+ﬂ90 90 }+Z 2(1 90
h=1

[Age (T)z + Cgo (T)]= Z 9eo [Ty — 2(T)].
For (A.7) and (A.8) o hold it 1s requ1red that

AgO1=(r + ) A3y 3 G L7+ > hb,

j=
Apo(T)==> ggo;
0 ]:1 0

(A.6)

d

(5901' :| y
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oo (1) = rC (1)

-y [ o =S BHET + 3 B [aly + Bl Ao (0]}

k=1 j=1 h=1

n

x{a" +Zﬁh (& + Bl Az (£)]} - Z o + By Ag (D]} — <2

zga)[ S afbad + 55 516+ Aly 43 0) } (A1)

99 (T)=j§1 gi)ga’?ég- (A.12)

Hence Proposition 4.1 follows. Q.E.D.
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