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Abstract This paper considers cooperative stochastic differential games in
which players enter the game at different times and have diverse horizons.
Moreover, the types of future players are not known with certainty. Subgame
consistent cooperative solutions and analytically tractable payoff distribu-
tion mechanisms leading to the realization of these solutions are derived.
This analysis widens the application of cooperative stochastic differential
game theory to problems where the players’ game horizons are asynchronous
and the types of future players are uncertain. It represents the first time that
subgame consistent solutions for cooperative stochastic differential games
with asynchronous players’ horizons and uncertain types of future players
are formulated.
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1. Introduction

In many game situations, the players’ time horizons differ. This may arise from
different life spans, different entry and exit times in different markets, and the
different duration for leases and contracts. Asynchronous horizon game situations
occur frequently in economic and social activities. Moreover, only the probability
distribution of the types of future players may be known. In this paper, we consider
cooperative stochastic differential games in which players enter the game at different
times and have diverse horizons. Moreover, the types of future players are not known
with certainty.

Cooperative games suggest the possibility of socially optimal and group efficient
solutions to decision problems involving strategic action. In dynamic cooperative
games, a stringent condition for a dynamically stable solution is required: In the
solution, the optimality principle must remain optimal throughout the game, at any
instant of time along the optimal state trajectory determined at the outset. This
condition is known as dynamic stability or time consistency. The question of dy-
namic stability in differential games has been rigorously explored in the past three
decades. (see Haurie (1976), Petrosyan and Danilov (1982) and Petrosyan (1997 )).
In the presence of stochastic elements, a more stringent condition — that of subgame
consistency — is required for a dynamically stable cooperative solution. In particular,
a cooperative solution is subgame-consistent if an extension of the solution policy to
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a situation with a later starting time and any feasible state brought about by prior
optimal behavior would remain optimal. In particular dynamic consistency ensures
that as the game proceeds players are guided by the same optimality principle at
each instant of time, and hence do not possess incentives to deviate from the pre-
viously adopted optimal behavior. A rigorous framework for the study of subgame-
consistent solutions in cooperative stochastic differential games was established in
the work of (Yeung and Petrosyan (2004, 2005 and 2006). A generalized theorem
was developed for the derivation of an analytically tractable “payoff distribution
procedure” leading to subgame consistent solutions.

In this paper, subgame consistent cooperative solutions are derived for stochas-
tic differential games with asynchronous players’ horizons and uncertain types of
future players. Analytically tractable payoff distribution mechanisms which lead to
the realization of these solutions are derived. This analysis extends the application
of cooperative stochastic differential game theory to problems where the players’
game horizons are asynchronous and the types of future players are uncertain. The
organization of the paper is as follows. Section 2 presents the game formulation and
characterizes noncooperative outcomes. Dynamic cooperation among players coex-
isting in the same duration is examined in Section 3. Section 4 provides an analysis
on payoff distribution procedures leading to subgame consistent solutions in this
asynchronous horizons scenario. An illustration in cooperative resource extraction
is given in Section 5. Concluding remarks and model extensions are given in Section
6.

2. Game Formulation and Noncooperative Qutcome

In this section we first present an analytical framework of stochastic differential
games with asynchronous players’ horizons, and characterize its noncooperative
outcome.

2.1. Game Formulation

For clarity in exposition and without loss of generality, we consider a general
class of stochastic differential games, in which there are v+ 1 overlapping cohorts or
generations of players. The game begins at time ¢; and terminates at time ¢,41. In
the time interval [t1,t2), there coexist a generation 0 player whose game horizon is
[t1,t2) and a generation 1 player whose game horizon is [t1,t3). In the time interval
[tr,tk+1) for k € {2,3,--- ju—1}, there coexist a generation k—1 player whose game
horizon is [ty—1,tr+1) and a generation k player whose game horizon is [tg, tr12).
In the last time interval [t,,t,+1], there coexist a generation v — 1 player and a
generation v player whose game horizon is just [ty, ty4+1]-

For the sake of notational convenience in exposition, the player who enters the
game at time ?j can be of types w,, € {w;,wq, -+ ,w,, }. When the game starts at
initial time ¢1, it is known that in the time interval [¢1,2), there coexist a type w;
generation 0 player and a type w, generation 1 player. At time ¢4, it is also known
that the probability of the generation k player being type w,, € {wy,wy, -+ yw,, }is
Ao € {1 Ag, - A ), for ko€ {2,3,--- ,v}. The type of generation k player will
become known with certainty at time ty.

The instantaneous payoff functions and terminal rewards of the type w,, gen-
eration k player and the type w,, , generation k — 1 player coexisting in the time
interval [tg,tr4+1) are respectively:
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g s () T () T ()] and PO [t (),

and  g" @[5, x(s), D (), u TV (5)] and HOR [, 2 (trg)),
(2.1)
for k € {1,2,3,--- ,v},

where u,i“ikl‘l’o)wk (s) is the vector of controls of the type w,,  generation k— 1

player when he is in his last (old) life stage while the type w,, generation k player
is coexisting;

and u,(:)’“’y)w’“_1 (s) is that of the type w,, generation k player when he is in his
first (young) life stage while the type u()ak_l g)eneration k — 1 player is coexisting.
wr—1,0)wi

Note that the superindex “O” in wu, " (s) denote Old and the superindex

“Y” in ugu’c’y)wk_l (s) denote young. The state dynamics of the game is characterized
by the vector-valued stochastic differential equations:

dx(s)

o= fls, z(s), u,(:i"fl’o)w"(s), u,(cwk’y)w’“_l(s)]ds—i—a[s, z(s)]dz(s), x(t1) = xo € X,

(2.2)

for s € [tk,trt1),

if the type w,, generation k player and the type w generation ax_1 player co-

Ap—1

existing in the time interval [tg,txy1) for k& € {1,2,3,---,v}, and where
ols, (s)] is a n x O matrix and z(s) is a ©-dimensional Wiener process. Let
2[s,z(s)] = o[s,z(s)]o[s,x(s)] denote the covariance matrix with its element in

row h and column ¢ denoted by £2"¢[s, x(s)].

In the game interval [ty,ty11) for k € {1,2,3,--- ;v —1} with type w,_, gener-
ation k — 1 player and type w,, generation k player is of, the type w,_; generation
k — 1 player seeks to maximize the expected payoff:

Tt
v { / g* D s (), u T (5), T (5)] T ds

tr

+6—T(tk+1—tk)qk—1(wk—1)[tk_,’_l,m(tk+1)] z(ty) =z e X } (2.3)

and the type w;, generation k player seeks to maximize the expected payoff:

tht1
B { / gk(wk) (s, 2(s), u](:ikl—lao)wk (), u](:-)kxy)wk—l (s)]e—r(s—tk)ds

tr

< trt2
k(wy, (wr,0)wa (wo,Y)w —r(s—t
+ Z:l)\ak+1 /thrl g (wk)[s,x(s),uk K (S)’ukJrl k(s)]e r(s tk)dS

e T T M [ w(thyo)] | (ty) =2 € X } (2.4)
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subject to stochastic dynamics

dx(s)
ds

= fls, x(s), ul O (5), uln YN (9)]ds + ols, w(s)]dz(s), (k) = ,

for s € [tp,thy1) and h € {k,k+1,--- v},
where 7 is the discount rate.
In the last time interval [t,,t,+1] when the generation v — 1 player is of type
w,_1 and the generation v player is of type w,, the type w,_; generation v — 1
player seeks to maximize the expected payoff:

ty41
B { / gv_l(w“—l)[s, .23(8), ugffl—l,o)wu (S), ufj"’“’y)“’”’l (S)] e~ T(s—t) gg

+67T(t“+17%)(]”71((&“71) [toy1, (tuy1)]

z(t,) =re X } , (2.5)

and the type w,, generation v player seeks to maximize the expected payoftf:
o (@01,0) (w,.7)
B{ [ el O ol e s
ty

e v =) g @[ty w(teg)] | 2(t,) =7 € X } : (2.6)

subject to the stochastic dynamics

dz(s)
ds

= fls,x(s), VD (), ul V0 (o)) ds + s, 2 (s)]dz(s),  a(tn) =,

for s € [ty, tyt1].
The game formulated in (2.1)-(2.6) is an extension the Yeung (2011) analysis to
a game with stochastic dynamics. It has the characteristics of the finite overlapping
generations version of Jrgensen and Yeung’s (2005) infinite generations game.

2.2. Noncooperative Outcomes

To obtain a characterization of a noncooperative solution to the asynchronous
horizons game in Section 2.1 we first consider the solutions of the games in the last
time interval [t,,%,+1], that is the game (2.5)-(2.6). One way to characterize and
derive a feedback solution to the games in [t,,t,41] is to invoke the conventional
approach in solving a standard stochastic differential game and obtain:
Lemma 2.1. If the generation v — 1 player is of type w,_; € {wy,wq, -+ ,w. }

? Sy —1

and the generation v player is of type wy€ {wy,wy, -+ ,w . } in the time inter-
val [ty,tur1], a set of feedback strategies {¢(w”’1’o)w” (t,x); q(,w“’y)w“’l(t,x)} con-

v—1
stitutes a Nash equilibrium solution for the game (5)-(6), if there exist twice con-
tinuously differentiable functions VO~ @o-1:009u(t 2} © [ty ty41] X R™ — R and
VU@ Y)Wt x) o [y, tus1] X R™— R satisfying the following partial differential
equations:
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—1(w,_;,0)w, 1 & —1(w,_1,0)w,
_V;u (wy1,0)w (t’x)_ﬁ Z th(t,x)vxvhx((w 1,0)w (t,7)
h,(=1
Y)w

_ (w
:max{ gv 1(w1;—1)[t7x7uv_1,¢v v
Uy—1

v—1 (f,, x)]e—r(t—t,,)

w,,Y

(t,z) f[t7$7u'u—17¢£) )w“‘l(t,x)] },

v=1(w,_,0)w,

+Va

V’Ufl(wu—lvo)wv (tv+1a QC) :eir(t’u+17t’U)qU71(Wu—1) (t'u+1; IE), and

’Y v— 1 G 1;1Y v—1
_V;U(wu )Wy, 1 (f,, J)) _ 5 § QhC (f,, x)Vth(;}q Jw (t, x)
hc=1

(wu— 1 70)“)1

= max { g" )t 0" (@), Je 00

v(w

4y e

v

-1 wy_1,0)w,
v (tax) f[taxad)q(;fl ) (t,(E),U,U] } )

Yrwe,Y)w, (tosr, ) = efr(twrtu)qv(wu)[tvﬂ, z(tog1)]- (2.7)

Proof. Follow the proof of Theorem 6.27 in Chapter 6 of Basar and Olsder (1999).
(]

For ease of exposition and sidestepping the issue of multiple equilibria, the analy-
sis focuses on solvable games in which a particular noncooperative Nash equilibrium
is chosen by the players in the entire subgame.

We proceed to examine the game in the second last interval [t,_1,%,). If the
generation v — 2 player is of type w,_, € {w;,wy, -+ ,w } and the generation v — 1
player is of type w, ;€ {wy,wy, -+ ,w.}. The type w,_, generation v — 2 player
seeks to maximize:

ty
B{ [T e sl O T e
t

v—1

et ) g2 D gy, a(t, )] | 2(t,_y) =2 € X } : (2.8)

As shown in Jgrgensen and Yeung (2005) the terminal condition of the type
w,_, generation v — 1 player in the game interval [t,_1,%,) can be expressed as:

C'U
P e R ()} (2.9)

a=1

Therefore the type w,_; generation v — 1 player then seeks to maximize:
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ty
E { / gvfl(wv_ﬂ[s’x(s)’ui‘”_uQ—%O)val(s)’ug‘i}l—lry)wv72 (s)]efr(sftU71)dS
t

v—1

Cu
+e—r(t1;—t1;—1) Z /\avv—l(wuflaO)wu (tv, x(t'u)) x(tvfl) =rxc X } .

a=1

Similarly, the terminal condition of the type w), generation % player in the game
interval [ty,tr41) can be expressed as:

Sk+1
> OAVFEROa(y  a), for ke{l,2,---,v -3} (2.10)

a=1

Consider the game in the time interval [ty, tx41) involving the type w), generation
k player and the type w,_, generation k — 1 player, for k € {1,2,---,v —3}. The
type w;,_, generation k — 1 player will maximize the payoff

tet1 w - w w
E{ [ e st s O o) e () s
t

k

e et gh=l@i (g a(te )] | 2(t,) =2 € X } , (2.11)

and the type w, generation k player will maximize the expected payoft:

tet1
E{ / gF@s, x(s), u,iikl’l’o)wk(s), u,(f’“’y)wk‘l(s)] e Tt dg
t

k

Sk+1

el T N E N VRO () a) | a(ty) =z € X } (2.12)
a=1

subject to (2.2) with z(t,) = .

A Nash equilibrium solution to the game (2.11)-(2.12) can be characterized as:

Lemma 2.2. A set of feedback strategies {¢§i’“{l’o)wk (t,x); ,(cwk’y)w’“_l (t,x)} con-
stitutes a Nash equilibrium solution for the game (2.11)-(2.12), if there exist con-
tinuously differentiable functions VF=1@r—1:00@k(t 2) © [ty tp41] X R™ — R and
VE@eY)O1(t ) o [tr, try1] X R™— R satisfying the following partial differential
equations:

m

—1(w w 1 —1(w w
VT O ) — S 3 M (a)V  a)
h,¢=1
_ k—1(w,_4) (W Y)wy, —r(t—tg)
= 1mnax4 g Pt [t7x7uk—1a¢k (t,ﬂ?)]@
Uk —1

+ka—1(wk—1ao)wk f[t, T, Up_1, (b](:)k’Y)Wk71 (ta J))] } )
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Vk—l(wkfl,O)wk (thrla {E) _ e—r(tk+1—tk)qk—1(wk71) (thrla {E), and

m

k(wg,Y )w, 1 k(wg,Y)w, _
_V;f § § 1(ta (E) - 5 Z ‘th(ta {E)Vxhxf o (tvx)
h,(=1
= max{ gBe [t x, ,i(ikl’l’o)wk (t, ), ugle "t
ug

+ka}(wkyy)wk—l f[t, z, gikl_UO)wk (t, x)a uk] } ;

Sk+1

Vk(Wk’Y)Wk71 (thrlv LE) = e_r(tk+1_tk) Z )\avk(wk,O,)wu (thrla (E),
a=1
for ke{l,2,---,v—1}. (2.13)

Proof. Again follow the proof of Theorem 6.16 in Chapter 6 of Basar and Olsder
(1999). O

A theorem characterizing the noncooperative outcomes of the game (2.2)-(2.6)

can be obtained as:
. (Wi—1,0)wy (Wi, Y)wy_y

Theorem 2.1. A set of feedback strategies {¢,, "] (t, )0, (t,x)} con-
stitutes a Nash equilibrium solution for the game (2.2)-(2.6), if there exist con-
tinuously differentiable functions VF=1@k—0Ok (¢ 2) [ty tpi1] X R™ — R and
Vk@eY)O1 (8 ) [ty tee1] X R™— R satisfying the following partial differential
equations:

_ 1 & _
B CE B DR 0 i (0

h,¢=1
= max{ gvfl(wua)[t’ T, Up1, gjwv,Y)qu (t, x)]e*T(t*tu)
Uy —1
VT ) Sl o )

VUl @o 100w (g ) ) = e vn ) gum@n ) () 2) and

m

1
_‘/'tv(wvvy)wv—l(t, J)) _ 5 Z th(ﬁ, l‘)V:;L(ZZ’Y)w“_l(t,x)
h,(=1

= max { g" [t 7, 0, (@), Je O

Uy

v(w

py e

v

v —1 u—lﬂo v
) flh eyt T (), s

VO (b, ) = TR TP ) (214)
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m

—1(w w 1 —1(w w
VT ) — 2 3 M (a) T )
h,¢=1
_ k—1(w;,_,) (Wi, Y)wy_q —r(t—tg)
= mnax4 g [tvxvukfla(ﬁk (tvx)]e
Uk —1
+Vl’k_1(Wk_1’O)Wk f[t7x7uk—17¢](gwa)Wk_l(tam)] } )

Vk—l(wkfl,O)wk (thrla {E) _ e—r(tk+1—tk)qk—1(wk71)(thrl, {E), and

m

w w 1 . ’
_Vtk( koY) Bt ) — 5 Z _QhC(tvx)VjL(xf,Y) it x)
h,{=1
_ max{ gEe ]t ](:ikfl,o)wk (t,2), ule” ")
Uk

_‘_Vzk(wk’Y)wk_l f[lf, z, ](:ikl—lxo)wk (t7 33)7 ’u,k] } ;

Sk+41
Yk Y)w (thy1,x) = e~ (thr1—tk) Z )\avk(wmQ)wa (tet1, ),
a=1
for kef{1,2,---,u—1}. (2.15)

Proof. The results (2.14) follows from Lemma 1 and those in (2.15) follows from
Lemma 2.2. O

Using Theorem 2.1 one can obtain a non-cooperative game equilibrium of the
game (2.2)-(2.6).

3. Dynamic Cooperation among Coexisting Players

Now consider the case when coexisting players want to cooperate and agree to
act and allocate the cooperative payoff according to a set of agreed upon optimal-
ity principles. The agreement on how to act cooperatively and allocate cooperative
payoff constitutes the solution optimality principle of a cooperative scheme. In par-
ticular, the solution optimality principle for the cooperative game includes (i) an
agreement on a set of cooperative strategies/controls, and (ii) an imputation of their
payoffs.

Consider the game in the time interval [ty, t;11) involving the type w,, generation

k player and the type w,_; generation k — 1 player. Let wéwk_l’w’“) denote the
probability that the type w, generation k player and the type w,_; generation £ —1
player would agree to the solution imputation

[eFm @i, Ol (3 ) b YIwnilll(t 1)) over the time interval [tg, tri1),

S(wp,_1wp)
where > wéw"*l’w’“) =1.
h=1
At time t;, the agreed-upon imputation for the type w; generation 0 player and
the type wy generation 1 player are known.
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The solution imputation may be governed by many specific principles. For in-
stance, the players may agree to maximize the sum of their expected payoffs and
equally divide the excess of the cooperative payoff over the noncooperative pay-
off. As another example, the solution imputation may be an allocation principle in
which the players allocate the total joint payoff according to the relative sizes of the
players’ noncooperative payoffs. Finally, it is also possible that the players refuse
to cooperate. In that case, the imputation vector becomes [VF~1@k—1:0)wi (¢ 7)),
k@ Y@ (¢, 1))

Both group optimality and individual rationality are required in a cooperative
plan. Group optimality requires the players to seek a set of cooperative strate-
gies/controls that yields a Pareto optimal solution. The allocation principle has to
satisfy individual rationality in the sense that neither player would be no worse off
than before under cooperation.

3.1. Group Optimality

Since payoffs are transferable, group optimality requires the players coexisting
in the same time interval to maximize their expected joint payoff. Consider the
last time interval [y, fy41], in which the generation v — 1 player is of type w,_;
€ {w;,wy, -+ ,w_} and the generation v player is of type w, € {w;,wy, - ,w_}. The
players maximize their expected joint payoff:

t1)+1
E{ [ (3 e st ul s O o)l o)
9" s, a(s),uy O (), a0 )] ) e ds

e (qv_l(w”“)[tvﬂax(tvﬂ)] + qv(w“)[thrlvx(thrl)])

subject to (2.2) with z(t,) = =.
Invoking the technique of stochastic dynamic programming an optimal solution
of the problem (3.1)-(2.2) can be characterized as:

w,_1,0)w,

Lemma 3.1. A set of Controls {7#1(171 (t,x); wf,w’” (t,x)} constitutes an
optimal solution for the stochastic control problem (3.1)-(2.2), if there exist contin-
uously differentiable functions Wtvtoril@ov@0) (2« [t, £, 1] x R™ — R satis-
fying the following partial differential equations:

Y)w,

: 1\ vrtuia
— Wt[tvatv+ ](wv—lku)(t,m) _ 5 Z th(t,ﬂﬁ)W[t stot ](Wu—lawz;)(t7x)

zh ¢
h,(=1

Uy —1,Uv

= max {gv_l(WUI)[tvxvuvlau'u]e_r(t_ti})

v—1 %o

+ gv(w,u)[t’ T, 1, uv]efr(tftu) + ngtu,tu+1](wu—1;wu)(t7 :c)f[t, T, " ] } ,

W[t,u,tUJFl](wU,l,w,u) (thrlv LE) — G*T(tu+1*tu) [qvil(wvfl)(tqﬂrly x) —+ q'u(wv] (tUJrl? LE)

).
(3.2)
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Proof. The results in (3.2) are the characterization of optimal solution to the
stochastic control problem (3.1)-(2.2) according to stochastic dynamic program-
ming. a

We proceed to examine joint payoff maximization problem in the time interval
[ty—1,1y) involving the type w,_; generation v — 1 player and type w,,_, genera-
tion v — 2 player. A critical problem is to determent the expected terminal valu-
ation to the w,_; generation v — 1 player at time ¢, in the optimization problem
within the time interval [t,_1,%,). By time ¢, the w,_; generation v — 1 player
may co-exist with the w,€ {w;,wy, -+ ,w_} generation v player with probabilities
{A1; A, -+, A} Consider the case in the time interval [t,,,t,41) in which the type
w,_1 generation v — 1 player and the type w, generation v player co-exist. The
probability that the type w,_; generation player and the type w,, generation player
would agree to the solution imputation

[f'u—l(wvfl,O)wU[h] (t,z), é’U(WWY)Wufﬂh] (t,z)] is wiwvflxwu)

where Zwéw“_l’w“) =1. (3.3)
h

In the optimization problem within the time interval [t,_1,%,), the expected
terminal reward to the w,,_; generation v —1 player at time ¢, can be expressed as:

Sv Yu—1%a

Z 2 -1, Oy, ) (3.4)
a=1

Similarly for the optimization problem within the time interval [ty,tx+1), the
expected terminal reward to the w, generation £ player at time £, can be expressed
as:

Sht1 S(wpwq)
SN @ ekenO iy ), for ke (1,2, H -3} (3.)
a=1 h=1

The joint maximization problem in the time interval [tg,txy1), for
ke {1,2,---,v — 3}, involving the type w, generation k player and type w,_,
generation k — 1 player can be expressed as:

tht1
o E{/ (9“““'“1)[5@(8) u O (5), g )
t

Uk —1,Uk b

g s als), O () )] ) e

+ et —te) ( @Dt ()]

x(ty) =€ X } , (3.6)

HM

Z o) Ol gy a(tya) )
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subject to (2.2) with z(¢;,) = .
The conditions characterizing an optimal solution of the problem (3.6)-(2.2) are
given as follows.

Theorem 3.1. A set of Controls {w,(;i"fl’o)w’“ (t,x); ,(Cw’“’y)w'“’l(t,x)} constitutes

an optimal solution for the stochastic control problem (3.6)-(2.2), if there exist con-
tinuously differentiable functions Wttt l@ev@) (t 2) « [ty try1) X R™ — R sat-
isfying the following partial differential equations:

’ w w 1 - vyto w ,w
_Wt[tv,tu+1]( v—1 u)(t, J)) _ 5 Z Qh{(t, QU)WE;L;;Z +1)(wy 'u)(t, J))
h,(=1

— v—1(w, _ —r(t—ty
7uma)§l { g ( v 1)[t’x’uv_17u’u]e ( )
v—1,Uv

—|—gv(w’“)[t, T, Uy q, uv]efr(tftv) n WaEtu,tu+1](wu—1vwv)(t7 2) f[t, z,u u,] } 7

v—1 %v

Wit (b, @) = e 0o g 1) (b,2) 4 g7t g, )

forke{1,2,--- v —1}:

1 b
_Wt[tkvtk+1](wk—1vwk)(t,x) -3 Z Qh((t,m)WaEthzikJrl](wk—lawk)(t’x)
h,C=1

= max { gkil(wk—l)[tx’ukil,uk]e_r(t_tk)
Uk—1,Uk

+9k(w’“)[ta T, Ug_ 15 Uk]e_r(t_tk) + Witk’tkﬂ](wfhww(ta x) fIt, o, uy, g, uy] } )

W[tk’tk+l](wk71’wk)(tk;Jrlv x) — efr(tkﬁ-l*tk) ( qkil(wkfl)(‘thrl7 x)

Sh1 S(wpwy)
=1

+ Z Z wéwk,wa) gk(wk,O)wg[h] (thy1,T) ) . (3.7)
h=1

[e%

Proof. Invoking the standard technique of stochastic dynamic programming we ob-
tain the conditions characterizing an optimal solution of the problem (3.6)-(2.2) as
in (3.7). 0

Substituting the set of cooperative strategies into (2.2) yields the dynamics of
the cooperative state trajectory in the time interval [tx, tx11)

dz(s)
ds

— fls,x(s), o (s, 2(5)), 0 (5, 2(5))] + ols, 2(s)]dz(s), (3.8)
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for s € [tr,trt1), k€ {1,2,--- ,v} and z(t1) = zp.
We denote the set of realizable states at time ¢ from (3.8) under the scenarios of
different players by )(];{tk,tk+1](twc,<wc+1)>s<7 for t € [tkathrl) and k € {1,27... ,U}.
We use the term mt{t’“’t’““}(“’kv“kﬂ)* EXt{tkvtk+1](wk,wk+1)*
X{tk:tk+1](wkywk+1)*
t

to denote an element in
. The term 7} is used to denote x;{tk’tk“}(wk’w’““)* whenever there
is no ambiguity

To fulfill group optimality, the imputation vectors have to satisfy:

gh=twr—nO)enll (¢ g 4 ghwnYVIwiall(g gy = Wlteteril@erw (g 2y (3.9)

for t € [tgtrr1), W€ {wpwo, o wo by wk1€ {wg,wg, e w L)
te {1a27 e 7§(wk_1,wk)} and k € {07 1a27 T av}v
where 7 is the short form for xiw"’l’w’“)*.

3.2. Individual Rationality

In a dynamic framework, individual rationality requires that the imputation
received by a player has to be no less than his noncooperative payoff throughout

the time interval in concern. Hence for individual rationality to hold along the
et

cooperative trajectory { a(@re—1@r)* () —ty

§k_l(wk_l,O)wk[ﬁ] (t, x:) > Vk—l(wk;—170)w’€ (t, J,‘:) and

ghenanalli(e, af) > VEI 1, a7), (3.10)
for t € [tka tk+1)7 Wi € {w17w27 T )wgk}7 Wg—1 € {wlaw% e )wgk_1}7
Ce{l,2,- o,  wytand k€{0,1,2,---, v}
For instance, an imputation vector equally dividing the excess of the cooperative
payoff over the noncooperative payoff can be expressed as:

gh=lwr 1, 0)wnlll (4 gy = h=1r1.0)wx (¢ g%y 4 0. 5[ [tertes]@erwi) (¢, %)
_ Vk_l(wk—ho)wk (t7 J?:) — Vk(wk’y)wk—l (t7 J?;k)], and
gh@eYIonlll(, r) = VR (¢ a7) + 0.5[W It l@erwn) (¢ g0y
_ Vk—l(wk_l,O)wk (t, J?:) _ Vk(wkay)wk—l (t, mz‘)] (3,11)

One can readily see that the imputations in (3.11) satisfy individual rationality
and group optimality.

4. Subgame Consistent Solutions and Payoff Distribution

A stringent requirement for solutions of cooperative stochastic differential games
to be dynamically stable is the property of subgame consistency. Under subgame
consistency, an extension of the solution policy to a situation with a later starting
time and any feasible state brought about by prior optimal behaviors would remain
optimal. In particular, when the game proceeds, at each instant of time the players
are guided by the same optimality principles, and hence do not have any ground
for deviation from the previously adopted optimal behavior throughout the game.



346 Dawvid W. K. Yeung

According to the solution optimality principle the players agree to share their
cooperative payoff according to the imputations

[P M w1 Ol (g gy kiY@l (¢ g (4.1)

over the time interval [tg, txt1).

To achieve dynamic consistency, a payment scheme has to be derived so that
imputation (4.1) will be maintained throughout the time interval [tg, tx11). Follow-
ing Yeung and Petrosyan (2004 and 2006) and Yeung (2011), we formulate a payoff
distribution procedure (PDP) over time so that the agreed imputations (4.1) can be
realized. Let B,Si"l’l’o)w'“m (s) and B,(:)’“’Y)w"’l[e] (s) denote the instantaneous pay-
ments at time s € [ty, tx41) allocated to the type w,_, generation k& —1 (old) player
and type w,, generation k (young) player.

In particular, the imputation vector can be expressed as:

t
fkfl(wk_l,O)wk[Z] (t,x;f) _ E{ / e B]i‘ikl—lvo)wkm (S) efr(sftk)ds
tr

et b M@y 2 ()]

z(t,) =a; € X },

tet1
gk(wk,Y)wk_l[Z] (t7xz<) — E{ / o Bliwkvy)wk—l[e] (S) efr(sftk)ds
t

k
¢ S(wpwg)

IO DIt A AR CRY)
(=1

a=1

x(ty) =a; € X } , (4.2)

for k€ {1,2,--- ,u—1}, and

tut1
g'u—l(wv_l,O)wv[é] (t, J?:) - E { / B’l(}“iufuo)wu [Z](S) e—r(s—tu)ds
t’l}

+ efr(tv+17t,u)qv71(wv_l) [tv—i-l; l‘*(tv+1)]

z(t,) =z € X },
v(w,,Y )w, _1[€] *\ fo (wy,,Y)w, 4 [€] —r(s—ty)
EVWorJWoalBl(t at) = F By (s)e ds

ty

+ efr(t,u+17t,u)q'u(wu)[tlu+17x* (tv-i-l)]

z(t,) =z € X } . (4.3)

Using the analysis in Yeung and Petrosyan (2006) and Petrosyan and Yeung
(2007) we obtain:

Theorem 4.1. If the imputation vector [€F~1(@k—1:O0wrll (¢ %) b Ownall (g 2%)]
are functions that are continuously differentiable in t and x;, a PDP with an in-
stantaneous payment at time t € [t;, tp41):
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B](:ikl_l,O)wk[Z] (t) _ ]:—1(04%—170)04%[@] (t, J):)

1 & i = 1wy 1,0)w, [4] *
_ 5 Z th(t“ﬁt) xthWk ! i (t7xt)

h,(=1
D g a7 flt g g O ) e () (44)

allocated to the type w,_, generation k — 1 player;
and an instantaneous payment at time t € [t;, tky1):

1

>o @ apei o eay)

zhal
h,¢=1

Y)w,_11€] _ k(wy,, Y )wy, 4[]
t

B

N =

(t) = (t,27) -

k(wy,Y)w,_1[4] (wy_1,0)wy, (Wi, Y)wy _y
—Qx

(t,x:)f[t,x:,¢k71 (tvx:)v k (t,l‘:)]

allocated to the type w, generation k player,

yields a mechanism leading to the realization of the imputation vector
€4 Hens Ohll(y ), ghlen Vs, )

)

forte{1,2,.-- ,g(wk_ljwk)} and k € {1,2,--- ,v}.

Proof. Follow the proof leading to Theorem 4.4.1 in Yeung and Petrosyan (2006)
with the imputation vector in present value (rather than in current value). O

5. An Illustration in Resource Extraction

Consider the game in which there are 4 overlapping generations of players with
generation 0 and generation 1 players in [t1,%2), generation 1 and generation 2
players in [to,t3), generation 2 and generation 3 players in [t3,14]. Players are of
either type 1 or type 2. The instantaneous payoffs and terminal rewards of the type
1 generation k player and the type 2 generation k player are respectively:

- %uk and q2x1/2.
(5.1)
At initial time t;, it is known that the generation 0 player is of type 1 and
the generation 1 player is of type 2. It is also known that the generation 2 and
generation 3 players may be of type 1 with probability A; = 0.4 and of type 2 with
probability A, = 0.6.
The state dynamics of the game is characterized by the stochastic dynamics:

2 c 2
(w)'? = ] and g2V and [(u)”

dx(s)
ds

= [ax(s)"/? — ba(s) — up_1(s) — uk(s)|ds + ox(s)dz(s), z(t1) =z, € X C R,
(5.2)

for s € [ty, try1) and k € {1,2,3}.
The game is an asynchronous horizons version of the synchronous-horizon re-
source extraction game in Yeung and Petrosyan (2006) and an extension of the
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Yeung (2011) analysis to include stochastic dynamics. The state variable x(s) is
the biomass of a renewable resource. ui(s) is the harvest rate of the generation k
extraction firm. The death rate of the resource is b. The rate of growth is a/z'/?
which reflects the decline in the growth rate as the biomass increases. The type
i € {1,2} generation k extraction firm’s extraction cost is c;u,,(s)z(s)~ /2.

This asynchronous horizon game can be expressed as follows. In the time interval
[tk,tk+1), for k € {1,2}, consider the case with a type ¢ € {1,2} generation k — 1
firm and a type j € {1,2} generation k firm, the game becomes

Tt L . L
maxE{ / l[ué”_‘i”(snm— Cﬁ/QuY?O”(sﬂ expl—r(s — t)] ds
Up_q th x(s)

T oxp -t — t)lgs(tes)? } ,

tet1
max F /
uk tk

2

+ZAQ/

a=1 ts

[l (s)]1/2 ﬁ“gw(é’)} exp[—r(s — tr)] ds

ta

[[u,iw“(sw - #u%’()“(s)] exp[—r(s — tx)] ds

+exp [~ (thra — t)] 4@ (tern) ? } , (5:3)
subject to (5.2).

In the time interval [t3,¢4], in the case with a type ¢ € {1,2} generation 2 firm
and a type j € {1,2} generation 3 firm, the game becomes

Ug

maxE{ /t: [[u(;’o)j(s)]l/2 - ﬁu?p”(s)} exp[—r(s — t3)] ds

=

+exp [—7(ts — t3)] q;z(ts)

wts) = a }

max B { / : [[uéf’””(s)]l” - iu“@”(s)] exp[—(s — t)] ds

Uy x(s)l/Q 2

+exp [—r(ty — t3)] gz (ts)?

w(ts) = a } (5.4)

subject to (5.2) with z(t3) = «.

5.1. Noncooperative Qutcomes

In this section we characterize the noncooperative outcome of the asynchronous
horizons game (5.2)-(5.4).

Proposition 5.1. The value functions for the type i € {1,2} generation k—1 firm
and the type j € {1,2} generation k firm coexisting in the game interval [ty tr1+1)
can be obtained as: - o

VAL (4, 3)= exp[—r(t - )] [ALDI (0212 + CEYY (1)), and
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VROV (1, ) = expl—r(t — )] [APT (0222 + CPV0)] (5.5)

for k€ {1,2,3} and i,j € {1,2},
whege )i i YV
A0, ¢S @), ALV and O satisfy:

1 C;

2ot AL 02 e + AE 1))

1 (2 i b i,
AP (1) = [r—i— 5t g } O

a4aPe A
. . 2
8[ect AP0/ 8[e + AP /2]

=(3,0)j i,0)j i,0
CDI(t) = rC DI () — AP (1),

27

2
Aéi’_ol)j (tk+1) =¢q; and C,(:_’?)j (ty41) =0, for ke {1,2,3}; (5.6)
L . b 0'2 Y 1 Cj
APV (1) = [r +5+ —} AGYV () — — + ’ 5
28 2[e; + AP0 ale + ATV )2
i\ Y)i i, Y)i
AP APV

8 [cj + A§j’”(t)/2]2 ’ [ol + AP )/2]2

CUV () = rCYV (1) — gA,(j’Y)i(t), for ke {1,2,3);

2
A](g]xy)l(tk_i_l) _ e—r(tk+1—tk) Z /\ZAEQJ’O)Z(tk-Fl) and
=1

2
C,g]’y)z(thrﬂ — o~ T(tesr1—tx) Z )\écj(ﬁJ’O)é(thrl);
(=1
for ke{l,2}, and Agj’y)i(u) =gq; and C?(,j’y)i(t@ =0. (5.7)

Proof. Using Lemmas 2.1 and 2.2 and the analysis in Proposition 5.1.1 in Yeung
and Petrosyan (2006), one can obtain the value functions in (5.5). O

Following Yeung and Petrosyan (2006) the game equilibrium strategies can be
expressed as:

(z O)J z (4,Y)i _ z
() = (5:0)i z and g T(he) = (G,Y)i 2
e+ AL (1)/2] 4+ AP @)2]

(5.8)
A complete characterization of the noncooperative market outcome is provided
by Proposition 1 and (38).
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5.2. Dynamic Cooperation

Now consider the case when coexisting firms want to cooperate and agree to
act and allocate the cooperative payoff according to a set of agreed upon optimality
principles. Let there be three acceptable imputations.

Imputation I: the firms would share the excess gain from cooperation equally
with weights w}c_l = w}c =0.5.

Imputation II: the generation k — 1 firm acquires w?_; = 0.6 of the excess gain
from cooperation and the generation k firm acquires wi = 0.4 of the gain.

Imputation III: the generation k — 1 firm acquires w,?;_l = 0.4 of the excess gain
from cooperation and the generation k firm acquires wg = 0.6 of the gain.

In time interval [t,tx+1), if both the generation k — 1 firm and the generation
k firm are of type 1, the probabilities that the firms would agree to Imputations I,
IT and III are respectively wgl’l) = 0.8, wél’l) = 0.1 and wél’l) =0.1.

If both the generation k£ — 1 firm and the generation %k firm are of type 2, the
probabilities that the firms would agree to Imputations I, IT and III are respectively
w*? = 0.7, @P? = 0.15 and w{? = 0.15.

If the generation k — 1 firm is of type 1 and the generation k firm are of type
2, the probabilities that the firms would agree to Imputations I, II and III are
respectively w§1’2) =0.15, wém) = 0.75 and wém) =0.1.

If the generation k — 1 firm is of type 2 and the generation k firm are of type
1, the probabilities that the firms would agree to Imputations I, II and III are
respectively w§2’1) =0.15, wém) = 0.1 and w§2’1) =0.75.

At initial time t;, the type 1 generation 0 firm and the type 2 generation 1 firm
are assumed to have agreed to Imputation II.

Since payoffs are transferable, group optimality requires the firms coexisting in
the same time interval to maximize their joint payoff. Consider the last time interval
[t3, t4], in which the generation 2 firm is of type ¢ € {1,2} and the generation 3 firm
is of type j € {1,2}. The firms maximize their expected joint profit

E{ /t3 l[ug7o)j(5)]1/2 - x(s)il/Q u(2i7o)j(8)] exp[—7(s —ts)] ds

+/t‘ 4 l[ugjmi(s”m _ ﬁugj,o)i(s)] exp|—r(s — t3)] ds

=

+exp [—r(ty —t3)] qix(t4)% +exp [~ (ts — t3)] q;z(ta)

x(t3) == } )
subject to (5.2) with z(t3) = «.

Proposition 5.2. The maximized joint payoff with type i € {1,2} generation 2
firm and the type j € {1,2} generation 3 firm coezisting in the game interval [t3,t4)
can be obtained as:

Wlta a9 (¢, ) = exp[—r(t — t3)] [A[t3’t4](i’j)(t)x1/2 y ottt @] (5.9)

where Alt3:t41(9) (1) and Ot 119 () satisfy:
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1
2 [¢; + Alts:tal o) (1) /2]

Alts tal(@.5) )= |r+ 9 4 0_2 A[t37t4](iaj)(t) _
2 8

1 Ci Cj
— + - .
2 [¢j + Alta:tal (9 (1) /2] 4 [e; + Altstal G (¢ )/2} 4 [ej + Altaital@d) (¢ )/2]

Alta:tal(i.7) () Alts tal(iod) (1)
+
8 [c + Altsta](09) (15)/2}2 8 [c; + Alt:tal(i) () /2] 2

Cltatal @) (1) = pOltatal00) (1) — L gltartald) (p)
2 ?

Alts 16D () = g, + q; and Cltstal6d) (1) = 0. (5.10)

Proof. Using Lemma 3.1 and the analysis in example 5.2.1 in Yeung and Petrosyan
(2006), one can obtain (5.9)-(5.10). O

The solution time paths Alts:#41(53)(¢) and Clts:t4l(9) (1) for the system of first
order differential equations in (39)-(40) can be computed numerically for given
values of the model parameters r,q1, g2, ¢1, co, a and b.

In the game interval [ts, t4) if type i € {1,2} generation 2 firm and the type j €
{1, 2} generation 3 firm coexisting, the imputations of the firms under cooperation
can be expressed as:

2Ol (¢ z) = V2EO) (¢, ) 4wl Wl tal@a) (¢ 2) — V2000 (¢ ) — V301 )],

§3(j7Y)i[l] (t,z) = V3(jxy)i(t, z)+ w? [W[ts,tz;](i,j) (t,z)— 120,05 (t,z) — V3(j7Y)i(t7 )],

for ¢e{1,2,3}. (5.11)

Now we proceed to the second last interval [tg,tr41) for & = 2. Consider the
case in which the generation & firm is of type j € {1,2} and the generation k—1 firm
is known to be of type i = 2. Following the analysis in (19) and (20), the expected
terminal reward to the type j generation k firm at time ¢xy; can be expressed as:

ZAsz(ﬂ)g’”OV (thy1, @), for k=2. (5.12)
=1 h=1

A review of Proposition 5.1, Proposition 5.2 and (5.11) shows the term in (5.12)
can be written as:

A0 172 4 08O), (5.13)

where Ai(j 9 and Cg(j ‘9) are constant terms.
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The joint maximization problem in the time interval [ty,tr41), for k € {1,2},
involving the type j generation k player and type ¢ generation k — 1 player can be
expressed as:

try1 i . C; i .
max E{ / [{ué’?%s)]” - —pu’ <s>] expl—1(s — ti)] ds
Uk —1,Uk th €T

*[l[u%’“i(s)]m— - u§:’0>i<8>] exp[—r(s — 1)) ds

+exp [—r(te1 — )] [ Ge(ter)? + A0 Va2 + Cp0 }

z(ty) = },

subject to (5.2).

Proposition 5.3. The mazimized expected joint payoff with type i € {1,2} gener-
ation k — 1 firm and the type j € {1,2} generation k firm coexisting in the game
interval [tg, txy1), for k € {1,2}, can be obtained as:

Wt (1, 2) = expl=r(t — 1)) | Al )09 (p)1/2 4 Tl )]

(5.14)
where Altetet1l@9) () and Clester11(09) (1) satisfy:

1
2 [er + AlwtneilG9) (2)/2]

. - b o2
[th tr+1](i,5) — 4
A (t) |:7’ + 3 + 3

:| Altw st 1] (@:9) (t) _

1 Ci G
- — + +
2 [cj + A[tk,tkﬂ](m)(t)/ﬂ 4 [Ci + A[tk,tk+1](i,j)(t)/2] 20y [Cj + Altrstie1] (i) (t)/2}2

A[tk,tk+1](i7j)(t) A[tk’tk+1](i7j)(t)
+ + ’
8 [Ci + A[tk,tk+1](i,j)(t)/2]2 8 [Cj 4 A[tk,tk+1](i7j)(t)/2] 2

Cltrtira](09) (4) = pOltsten)(00) (1) — g Altistiesa] (09) (4,

Altwotesn ) (1) = g+ ASUO) gpd  Oltmter] ) (1) = €SGO (5.15)

Proof. Using Theorem 3.1 and the analysis in example 5.2.1 in Yeung and Petrosyan
(2006), one can obtain the results in (5.14) and (5.15). O

The solution time paths Alts-t+11G:9) (1) and CMr-te+1109) (1) for the system of
first order differential equations in (44)-(45) can be computed numerically for given
values of the model parameters r, q1, g2, ¢1, c2, a, b, A1, A2, and w,(L]’Z) for h € {1,2,3}
and j,¢ € {1,2}.

Following Yeung and Petrosyan (2006) the optimal cooperative controls can
then be obtained as:
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(6.0)i (t,z) = L and
o 4 [e; + Altwtenla) (1) /2]

X
4 [Cj + A[tk:tk+1](i:j)(t)/2]2.

Substituting these control strategies into (5.2) yields the dynamics of the state
trajectory under cooperation. The optimal cooperative state trajectory in the time
interval [tg,tr+1)can be obtained as:

7 ) =

(5.16)

dflis> = ( afc(s)l/2 —bx(s) —

X
4 [e; 4 Altwstrra) () () /2]

T
- ds + ox(s)dz(s), x(t1) =y, (5.17
4 [cj —|—A[tk¢k+1](i’j)(5)/2]2 ) (s)dz(s) (t1) 0 ( )

for s € [t), 1, 1) and k € {1,2,3}.

We denote the set of realizable states at time ¢ from (5.17) under the scenarios
of different players by Xt{t’“’t’““](l’j)*, for t € [t;,t,,,) and k € {1,2,3}. We use
the term xt{t’“’t"“](i’j)* EXt{t'“’t"“](i’j)* to denote an element in Xt{t’“’t’““](i’j)*. The

term z} is used to denote :ct{t’“’t'““](i’j)* whenever there is no ambiguity.

5.3. Subgame Consistent Payoff Distribution

According to the solution optimality principle the players agree to share their
cooperative payoff according to the solution imputations:

gh1EONMH (¢ gy = VRGO (¢ ) o Wt (9) (3 )
_yk—1(,0); (t,z) — Vk(j,Y)i(t7 z)],

é-k(j,y)i[z] (t, J)) _ Vk(j’y)i(t, J?) + wz [W[tk,tk+1](i:j) (f,, J))
_kal(i,o)j (t7 x) — Vk(j7y)i(t7 CL')],

for ¢ € {1,2,3}, 4,7 € {1,2} and k € {1,2,3}.

These imputations are continuous differentiable in x and ¢. If an imputation
vector [ 1O (¢ 1) ¢kGY)ilA (¢ 1) is chosen, a crucial process is to derive a
payoff distribution procedure (PDP) so that this imputation could be realized for
t € [tk, tk+1) along the cooperative trajectory {z} ?:ti

Following Theorem 4.1, a PDP leading to the realization of the imputation
vector [ 1O (¢ 1) ekGY)l (¢ 1)) can be obtained as:

Corollary 5.1. A PDP with an instantaneous payment at time t € [t;, tg41):
1 m
i,0)3¢ k—1(:,0)4¢ * «\ +k—1(3,0)5[¢ *
B,(f 1)][ ](t) ==&, (0l ](t,xt) - = E _Qh((t,a:t )¢ (0l ](t,xt)

zhd
h,(=1

k=160l (1, %) [ a(z})V? — b}
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*
Ly

4 [Ci + A[tkvtk+1](ivj) (t)/Z}Q 4 [c] + A[tk;tk+1](i:j) (t)/2]2

*
Lt

, (5.18)

allocated to the type i generation k — 1 player;
and an instantaneous payment at time t € [t tgy1):

< * ,Y )i[€ *
ST oM (a0 (¢, 2p)
h,(=1

i Y)ile k(L Y)i[e X
B}(j )H(t)z—ﬁt(] )H(t,a?t)—

N~

kG (g, 07 [ a(@})? — ba}

* *
Ty Ly

4 e+ A[tk,tk+1](i,j)(t)/2]2 g [e; + A[tk,tk+1](ivj)(t)/2]2

(5.19)

allocated to the type j generation k player,
yields a mechanism leading to the realization of the imputation vector
[gF 1O (8, 2) £V, 2)), for k € {1,2,3}, £ € {1,2,3} and i, j € {1,2}.

Since the imputations ¥~ 10l (¢ 2) and ¢FGY)lA (¢, 2) are in terms of explicit
differentiable functions, the relevant derivatives in Corollary 5.1 can be derived
using the results in Propositions 5.1, 5.2 and 5.3. Hence, the PDP B,(;;Ol)jm (t)and

B,gj’y)i[e] () in (5.18) and (5.19) can be obtained explicitly.

6. Concluding Remarks and Extensions

This paper considers cooperative stochastic differential games in which players
enter the game at different times and have diverse horizons. Moreover, the types
of future players are not known with certainty. Subgame consistent cooperative
solutions and analytically tractable payoff distribution mechanisms leading to the
realization of these solutions are derived. The analysis extends the Yeung (2011)
analysis with the incorporation of stochastic dynamics.

The asynchronous horizons game presented can be extended in a couple of direc-
tions. First, more complicated stochastic processes can be adopted in the analysis.
For instance, the random variable governing the types of future players can be a
series of non-identical random variables w’(jke {wh Wk .o ,wfk} with probabilities
/\(’ike AN ,/\fk}, for k € {2,3,---,v}.

Secondly, the overlapping generations of players can be extended to more com-
plex structures. The game horizon of the players can include more than two time
intervals and be different across players. The number of players in each time inter-
val can also be more than two and be different across intervals. The analysis can
be formulated as a general class of stochastic differential games with asynchronous
horizons structure. In particular, the type w,, generation k player’s game horizon

is [ti,tk+tn, ), where np > 1. The term u,iwk’51)(s) is used to denote the vector of

controls of the type w,, generation k player in his first game interval [ty,t41); and



Subgame Consistent Cooperative Solutions in Stochastic Differential Games — 355

uémeQ) (s) is that in his second game interval [tgy1, tx+2) and so on. This results in a
general class of stochastic differential games with asynchronous horizons structure.
Theorem 3.1 and Theorem 4.1 can be readily extended to this general structure
with more than two players in each time interval.

Finally, this is the first time that subgame consistent cooperative solutions are
analyzed and derived in stochastic differential games with asynchronous players’
horizons, further research along this line is expected.

Acknowledgement
Financial support by the HKSYU is gratefully acknowledged.

References

Basar, T. and G. J. Olsder (1999). Dynamic Noncooperative Game Theory, STAM Edition,
SIAm’s Classics in Applied mathematics, Society for Industrial and Applied Mathe-
matics, Philadelphia.

Haurie, A. (1976). A note on monzero-sum differential games with bargaining solutions.
Journal of Optimization Theory and Applications, 18, 31-39.

Jrgensen, S. and D. W. K. Yeung (2005). Overlapping Generations Stochastic Differential
Games. Automatica, 41, 69-74.

Petrosyan, L. A. (1997). Agreeable solutions in differential games. International Journal of
Mathematics, Game Theory and Algebra, 7, 165-177.

Petrosyan, L. A. and N. N. Danilov (1982). Cooperative Differential Games and Their Ap-
plications. 1zd. Tomskogo University. Tomsk.

Petrosyan, L. A. and D. W. K. Yeung (2007). Subgame-consistent Cooperative Solutions in
Randomly-furcating Stochastic Differential Games. International Journal of Mathe-
matical and Computer Modelling (Special Issue on Lyapunov’s Methods in Stability
and Control), 45, 1294-1307.

Yeung, D.W.K. (2011). Dynamically Consistent Cooperative Solutions in Differential
Games with Asynchronous Players’ Horizons. Annals of the International Society of
Dynamic Games, 11, 375-395.

Yeung, D.W.K. and L. A. Petrosyan (2004). Subgame consistent cooperative solutions
in stochastic differential games. Journal of Optimization Theory and Applications,
120(3), 651-666.

Yeung, D. W.K. and L. A. Petrosyan (2005). Subgame consistent solution of a coopera-
tive stochastic differential game with nontransferable payoffs. Journal of Optimization
Theory and Applications, 124(3), 701-724.

Yeung, D. W.K. and L. A. Petrosyan (2006). Cooperative Stochastic Differential Games.
Springer-Verlag. New York.





