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Abstract In TU-cooperative game with restricted cooperation the values
of characteristic function v(S) are defined only for S € A, where A is a col-
lection of some nonempty coalitions of players. If A is a set of all singletones,
then a claim problem arises, thus we have a claim problem with coalition
demands.

We examine several generalizations of the Proportional method for claim
problems: the Proportional solution, the Weakly Proportional solution, the
Proportional Nucleolus, and g-solutions that generalize the Weighted En-
tropy solution. We describe necessary and sufficient condition on A for in-
clusion the Proportional Nucleolus in the Weakly Proportional solution and
necessary and sufficient condition on A for inclusion g—solution in the Weakly
Proportional solution. The necessary and sufficient condition on A for co-
incidence g—solution and the Weakly Proportional solution and sufficient
condition for coincidence all g—solutions and the Proportional Nucleolus are
obtained.

Keywords: claim problem, cooperative games, proportional solution, weighted
entropy, nucleolus.

1. Introduction

A TU-cooperative game with restricted cooperation is a quadruple (N, A, ¢, v),
where N is a finite set of agents, A is a collection of nonempty coalitions of agents,
¢ is a positive real number (the amount of resourses to be divided by agents),
v ={v(T)}rea, where v(T) > 0 is a claim of coalition T. We assume that A4 covers
N and N ¢ A.

A set of imputations of (N, A, c,v) is the set

{{yitien : i >0, Y _yi=c}.

iEN

A solution F is a map that associates to any game (N, A, c,v) a subset of its
set of imputations. We denote y(S) = ;. ¢ ¥i-

If A= {{i}: i € N} then a claim problem arises, therefore, a cooperative game
with restricted cooperation can be considered as a claim problem with coalition
demands.

Solutions of claim problem and their axiomatic justifications are described in
surveys (Moulin, 2002) and (Thomson, 2003). For games with restricted coopera-
tion, several generalizations of well known Proportional solution and Uniform Losses
solution for claim problem are examined in (Naumova, 2011). In particular, she con-
siders the Proportional Nucleolus, the Weighted Entropy solution, and the Weakly
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Proportional solution, where the ratios of total shares of coalitions to their claims
are equal for disjoint coalitions in 4. Necessary and sufficient condition on A for
coincidence the Weighted Entropy solution and the Weakly Proportional solution,
necessary condition on A for inclusion the Proportional Nucleolus in the Weakly
Proportional solution, and necessary condition on A for inclusion the Weighted
Entropy solution in the Weakly Proportional solution are obtained in that paper.

In this paper we consider generalizations of Weighted Entropy solution called
g—solutions. For TU-cooperative games with positive characteristic function, i.e.,
for the case A = 2V \ {()}, these solutions are defined and axiomatically justified in
(Yanovskaya, 2002). For each g, the condition on A for coincidence g—solution with
the Weakly Proportional solution is the same as for the case, where g—solution is
the Weighted Entropy solution. Sufficient condition for coincidence all g—solutions
and the Proportional Nucleolus is obtained. Moreover, we describe necessary and
sufficient condition on A for inclusion the Proportional Nucleolus in the Weakly
Proportional solution and necessary and sufficient condition on A for inclusion g—
solution in the Weakly Proportional solution.

The paper is organized as follows. The definitions of several generalizations of
the Proportional solution and conditions on A for existence the Proportional and
the Weakly Proportional solutions are described in Section 2. Some properties of
g—solutions that will be used in next sections are obtained in Section 3. Necessary
and sufficient condition on A for inclusion g-solution in the Proportional solution
is obtained in Section 4. In Section 5 we describe necessary and sufficient condition
on A for inclusion the Proportional Nucleolus in the Weakly Proportional solution
and necessary and sufficient condition on A for inclusion g—solution in the Weakly
Proportional solution. In Section 6 we describe conditions on A for coincidence g—
solution with the Weakly Proportional solution and for coincidence all g—solutions
with the Proportional Nucleolus.

2. Generalizations of the Proportional solution

Definition 1. An imputation y = {y;}ien belongs to the Proportional solution of
(N, A, c,v) iff there exists o > 0 such that y(T') = av(T) for all T € A.

Definition 2. An imputation y = {y;}ien belongs to the Weakly Proportional
solution of (N, A, c,v) (y € WP(N,A,c,v)) iff y(S)/v(S) = y(Q)/v(Q) for all
S,Q € Awith SNQ =0.

The following results of the author will be used in this paper.

Proposition 1 (Naumova, 2011, Theorem 1.). The Proportional solution of
(N, A, c,v) is nonempty for all ¢ > 0, all v with v(T) > 0 if and only if A is a
minimal covering of N.

A set of coalitions A generates the undirected graph G = G(A), where A is the
set of nodes and K, L € A are adjacent iff K N L = {).

Theorem 1 (Naumova, 2011, Theorem 3.). The Weakly Proportional solution
of (N, A,c,v) is a nonempty set for all ¢ > 0, all v with v(T) > 0 if and only if A
satisfies the following condition.

CO. If a single node is taken out from each component of G(A), then the remaining
elements of A do not cover N.
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Definition 3. Let X C R"™, uq,...,u be functions defined on X. For z € X, let 7
be a permutation of {1, ..., k} such that ur(;)(2) < tr1)(2), 0(2) = {ur)(2) ;.
Then y € X belongs to the nucleolus with respect to uy,...,u; on X iff

0(Yy) >iex 0(2) forall ze X.

Definition 4. A vector y = {y;}ien belongs to the Proportional Nucleolus of
(N, A, c,v) iff y belongs to the nucleolus w.r.t. {ur}reca with ur(z) = 2(T)/v(T)
on the set of imputations of (N, A4, ¢, v).

For each A, ¢ > 0, v with v(T") > 0, the Proportional Nucleolus of (N, A, ¢,v) is
nonempty and defines uniquely total amounts y(T') for each T € A.

Let G be a class of strictly increasing continuos functions g defined on (0, +00)

such that g(1) = 0, and 1ir%fg(t)dt < +oo for each a > 0.
Tr— a

2(Q)
Definition 5. Let g € G, f(z) = Y. [ g(t/v(Q))dt. A vector y = {y;}ien
QReAv(Q)

belongs to g—solution of (N, A, c,v) iff y minimizes f on the set of imputations of
(N, A, c,v).

For each g € G, g-solution of (N, A, c,v) is a nonempty set because f is a
continuos function on the set of imputations.

For A = 2N\ {0}, g-solutions are described in (Yanovskaya, 2002). For each A,
¢ >0, v with v(T) > 0, the g—solution of (N, A, ¢, v) is nonempty.

Examples of g—solutions
z(S)
1. Let g(t) = Int, then [ g(¢t/v(S))dt = z(S)[In(z(S)/v(S)) — 1] + v(S) and
v(8)
the g—solution is the Weighted Entropy solution (Naumova, 2008, 2011).

2. Let g(t) = t? — 1, where ¢ > 0, then we obtain the minimization problem for

S%:AZ(S)[% —1] that was considered for A = 2\ {#)} in (Yanovskaya, 2002).

3. Properties of g—solutions
Property 1. Let g € G, }ir% g(t) = —o0, and = belong to g—solution of (N, A, c,v).
—
Then z(S) > 0 for all S € A.

Proof. Suppose that there exist (N, A, ¢,v), S € A, and x in g—solution of (N, A, ¢, v)
such that x(S) = 0. Let 0 < ¢ < min{zy, : 1, > 0}. Let

M = t ).
B 0tete2E 1y4q TEH VD)

Fix § > 0 such that § < min{e, mingre 4 v(T)} and |g(6/v(S))| > 2IVIM. Let i € S,
jEN, T > 0.
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Take z € RN such that z; = x; + 4, zj = x5 — 0, 2z, = xp, for k # 4,7. Then

2(T) z(T)
> g(t/o(T))dt — 37 f g(t/v(T
TE.Av ) TeAy )
o(T)+5 «(T)
Jogt/o(T)dt— ¥ [ g(t/v(T))dt.
TEAGET, T »(T) TEAGET GET o(T) 6
z(T)
IfigT,jeT then| [ g(t/v(T))dt| <M.
z(T)—46
z(S)+46
If T=Sthen [ g(t/v(S fg t/v(S))dt < —2INIM6.
z(S)
x(T)+5
IfieT,j¢T, o(T)=0,then [ g(t/v(T))dt <0 since § < v(T).
=(T)

IfieT,j¢T,x(T) >0, then |g(t/v(T))| < M as t € [¢(T),z(T) + J], hence
z(T)+6
| [ g(t/u(T))dt] < M.

z(T)
Thus,
z(T) z(T)
3 / olt/o(T)dt— 3 / g(t/o(T))dt < (JA] — 1)5M — 21015 < 0
TE'A'U(T) TE‘A'U(T)

and z is not in g—solution of (N, A4, ¢, v). O
2(Q)

Property 2. For each g € G, f(z)= > [ g(t/v(Q))dt is a convex function
QeAv(Q)

of z and for all A, ¢ > 0, v with v(T) > 0, the g—solution of (N, A,c,v) defines
uniquely total amounts y(T) for all T € A.

Proof. Let g € G, a > 0, ¥(q fg )dt for ¢ > 0. Ifgegandhmg()>—oo7
then 9(q) is a strictly convex functlon on [0, 4+00). If thII(l) g(t) = —oo, then ¥(q) is
—

a convex function on [0, +00) and a strictly convex function on (0, +00). Therefore
f(2) is a convex function of z and in view of Property 1, if y and z belong to g—
solution of (N, A, c¢,v), then y(T) = z(T') for all T' € A. O

Property 3. For each © in g—solution of (N, A, c,v), x; > 0 implies

Y g@@fu@) < Y g@(@)/o(T)) forall jeN. (1)

TeAHGeT TeA:jeT

Proof. Note that in view of Property 1, g(z(Q)/v(Q)) is well defined for all @ € A.
Let z; > 0. Suppose that there exists j € N such that

Yo g@@uI) < Y gla(T)/o(T)).

TeA:jeT TEAHGET
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Consider ¢ > 0 and y(e) € RN such that € < z;, y(e)i = z; — ¢, y(€); = x; + ¢,
y(e)r = xy, for k # 14, 5. Let

F(e) = Z/y(g)( g(t/v(Q))dt — Z/ g(t/v(Q))dt,

QeA (@) QeA
then
z(Q)—e z(Q)+e
FO= > [ gtp@as > [T @
QeA:ieQ.jgQ " *(@) QeA:igQ.jeQ” *(@)
Foy=— >  g@@/p@)+ Y,  g@Q)/w(Q)<0
QEAHEQ,jEQ QeAZQ,jEQ

Hence, F'(€) < 0 for some ¢ > 0 and = does not belong to g—solution of (N, A, ¢, v).

O

Property 4. Let g € G and x be an imputation of (N, A, c,v) such that x; > 0
implies (1). Then x belongs to g—solution of (N, A, c,v).
2(Q)
Proof. For each imputation z of (N, A, c,v), let f(2)= Y. [ g(t/v(Q))dt
QEAV(Q)
If z; > 0 for all j € N then f is differentiable at z and

ai = 3 g(T)/o(T)). 2)

TeA:T>j

If z and w are imputations of (N, A, ¢,v) such that z;,w; > 0 for all j € N, then,
in view of Property 2,

0/(2)
G w5 = %) ()

fw) = f(z)= )

JEN

Note that if z; > 0 then for all @ 3 4, (Q) > 0 and g(z(Q)/v(Q)) is well

defined. Hence, in view of (1), for all j € N, > g(«(T)/v(T)) is well defined.
TeA:T>j

Let y be an imputation of (N, A, ¢c,v). There exist imputations zF and w* with

positive coordinates such that lim 2z¥ =, lim w* = y, then it follows from (3)

k—+o00 k—4o00
and (2) that

F@) = @) =) (yi—a5) Y g(@(T)/o(T)). (4)

JEN TeA:T>j

Let x; > 0, then (1) implies

Yoap Y g@@u@)=c Y g(x(T)/v(T)), (5)
JEN TeA:T>j5 TeA:T>i
Sy Y ga@@m)=c Y gla(T)/u(T)). (6)
JEN TeA:T>j TeA:T>i

It follows from (4), (5), (6) that f(y) — f(z) > 0, i.e., z belongs to g—solution of
(N, A7 c, U)' D
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4. When generalized proportional solutions are proportional?

Proposition 2 (Naumova, 2011, Proposition 1). The Proportional Nucleolus
of (N, A, c,v) is contained in the Proportional solution of (N, A, c,v) for all ¢ > 0,
all v with v(T) > 0 if and only if A is a partition of N.

Proposition 3. For each g € G, g—solution is contained in the Proportional solu-
tion of (N, A,c,v) for all ¢ > 0, all v with v(T) > 0 if and only if A is a partition
of N.

Proof. Let A be a partition of N. Then for all S € A, i € S, all imputations x of
(N7 A’ C7 U)?

> 9@(T)/v(T)) = g(x(5)/v(S)). (7)

TeA: T3i

If = belongs to the Proportional solution then by (7) and Property 4, = belongs to
g—solution. Since in the considered case z(S) are defined uniquely for all S € A and
g-solution depends only on z(S) for all S € A, the Proportional solution coincides
with g—solution.

Let g—solution be always contained in the Proportional solution. Suppose that
A is not a partition of IV, then there exist P,Q € A such that PN Q # (). We take
the following v: v(P) = 2, v(T') = € otherwise, where € < 1/|N]|.

Let x belong to g—solution of (N, A, 1,v). Since x is proportional, z(T) =
ex(P)/2 <e¢/2for all T € A\ {P}, hence z; < ¢/2 for all i € N\ P. If x; < ¢ for
all i € P, then 2(N) < ¢|[N| < 1, hence there exists jo € P\ Upea\{pyT such that
xj, > €. Let ig € PN Q. By Property 3,

g@(P)/u(P) < > g(x(T)/v(T)).
TeA: T>ig

Since x(T)/v(T) < 1/2 for all T € A, this contradicts g(1) = 0. Hence A is a
partition of N. O

5. When generalized proportional solutions are weakly proportional?
Fori e N, denote A; ={T'€ A:ieT}.

Definition 6. A collection of coalitions A is weakly mized at N if A = UF_, B,
where

C1) each B is contained in a partition of N;

C2)QeB!, SeBi, andi# jimply QNS # 0;

C3) foreachi € N, Q € A;, S € A with Q NS = (), there exists j € N such that
A > A U{SH (@),

Remark 1. If k¥ < 2 then C3 follows from C1 and C2.
Remark 2. If A is weakly mixed then it satisfies the condition CO of Theorem 1.

Proof. Let A be weakly mixed at N. Take jo € N such that |A; | > |A;| for all
i € N. Let Aj, = {Q:t}tem, where Q; € BY, M C {1,...,k}.

Let S; € B for all t < k. Since A is weakly mixed, there exists i, € Meersr St
In view of definition of jo, A;, = {S:: t € M}. Therefore, if for each t € {1,...,k},
S; is taken out from 4, then the remaining elements of A do not cover ig. O
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Example 1. Let N = {1,2,...,5}, C = B' UB?, where
Bt = {{1,2,3},{4,5}},
B> = {{1a4}7{2a5}}7

then C is weakly mixed at V.

Example 2. N ={1,2,...,12}, A= B*UB? U B3, where
B! = {{1,2,3,4},{5,6,7,8}},

B? = {{3,5,9,10},{4,6,,11,12}},

B% = {{1,7,9,11},{2,8,10,12,13}}.

Then A is weakly mixed at N.

Example 3. Let N = {1,2,...,6}, C = B! UB? U B?, where

B' = {{1,2},{3,4}},

B = {{1,3},{2,4}},

B = {{15 4, 5}a {27 3, 6}};

then C satisfies C0, C1, and C2, but does not satisfy C3 (for i = 1 and @ = {1,2}),
hence C is not weaky mixed at V.

Proposition 4 (Naumova, 2011, Proposition 3.). Let the Proportional Nucleo-
lus of (N, A, t,v) be contained in the Weakly Proportional solution of (N, A,t,v) for
allt > 0, all v with v(T) > 0. Then the case P,Q,S € A, P # Q, PNS =QNS =0,
PNQ #0 is impossible.

Theorem 2. The Proportional Nucleolus of (N, A, c,v) is contained in the Weakly
Proportional solution of (N, A, c,v) for all ¢ > 0, v if and only if A is weakly mized
at N.

Proof. Let A be weakly mixed at N and z belong to the Proportional Nucleolus of
(N, A, c,v). Suppose that z is not weakly proportional, i.e., there exist S,Q € A
such that SNQ = 0 and z(Q)/v(Q) < (S)/v(S). Then there exists iy € S such that
xi, > 0. Since A is weakly mixed, there exists j € N such that A; D A;  U{S}\{Q}.
Take 6§ > 0 such that

(#(Q) +0)/v(Q) < (2(5) = 8)/v(S)

and 0 < ;. Let y = {ys}ien, Yio = Tiy — 0, y; = x; + 9, Y+ = x; otherwise. Then

y(P) < z(P) only for P =S and y(Q) > z(Q). Since y(Q)/v(Q) < y(S)/v(S), this
contradicts the definition of the Proportional Nucleolus.

Let the Proportional Nucleolus be always contained in the Weakly Proportional
solution. Let B’ be components of the graph G(A) used in Theorem 1. Then A
satisfies C2. In view of Proposition 4, A satisfies C1. Suppose that A is not weakly
mixed. Then there exist igp € N, Q € A;,, and S € A such that SN Q = (§ and
A; 2 Ay U{S}I\ {Q} for all j € N. Let 0 < € < 1/|N|. We take the following v:
v(S) =1,

v(P) =|N|? for P € A;, \ {Q},

v(T) = € otherwise.

Let x belong to the Proportional Nucleolus and to the Weakly Proportional solution
of (N, A,1,v). Since z is weakly proportional and v(S) 4+ v(Q) > 1 we have z(Q) <
v(Q) = e. There exists jo € N such that x;, > 1/|N|. Then jo € Q and jo # io.
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Take 6 > 0 such that § < 1/|N| and for each T, P € A,
x(T)/v(T) < x(P)/v(P) implies (x(T)+0)/v(T) < (x(P) — d)/v(P).

Let y = {yitien, Yip = ®iy + 90, Yjo = Tj, — 0, yi = x; otherwise.

We prove that z(P)/v(P) < z(T)/v(T) for some P € A with y(P) > z(P) and
all T € A with y(T') < =(T') and this would imply that = does not belong to the
Proportional Nucleolus of (N, 4,1, v). Consider 2 cases.

Case 1. jo & S. Let y(T) < x(T), then T 3 jo and v(T') = €, hence z(T) /v(T) >
xj,/€ > 1. Since z(Q)/v(Q) < 1 and y(Q) > x(Q), = does not belong to the
Proportional Nucleolus of (N, A, 1,v) in this case.

Case 2. jo € S, then A;, \ Aj, \ {Q} > P, where z(P)/v(P) < 1/(]N|?) and
y(P) > z(P). If y(T) < z(T) then either T = S and z(5)/v(S) > 1/|N| > 1/(|N|?)
orv(T) = cand z(T)/v(T) > x, /e > 1. Thus, x does not belong to the Proportional
Nucleolus of (N, .4, 1,v) in this case. O

Definition 7. A collection of coalitions A is mized at N if A = UF_,B?, where
C1) each B’ is contained in a partition of N;

C2) Qe B, SeB/,andi# jimply QNS # 0;

C4) for eachi € N, Q € A;, S € A with Q NS = (), there exists j € N such that
Aj = A u{SH\{Q}.

Note that if A is mixed at N then A is weakly mixed at N.

Example 4. If A is weakly mixed at N and all i« € N belong to the same number of
coalitions, then A is mixed at N.

Ezample 5. Let N = {1,2,...,6}, A= B! UB?, where
B = {{1,2,3},{4,5,6}},
B? = {{174}a {275}}a

then A is mixed at N.

Ezample 6. Let N = {1,2,...,5}, C = B U B?, where

B' = {{1,2,3},{4,5}},

B = {{1,4},{2,5}},

then C is weakly mixed at N but not mixed at N. (For ¢ = 3, the condition C4 is
not realized.)

Proposition 5. Let g—solution of (N, A, c,v) be contained in the Weakly Propor-
tional solution of (N, A,c,v) for all ¢ > 0, all v with v(T) > 0. Then the case
PQRQScA P#£Q, PNS=QNS=0, PNQ # 0 is impossible.

Proof. Suppose that there exist P,@,S € A such that P £2Q, PNS=0QNS =0,
PNQ#0.Letipe PNQ, Ag={TeA:ipeT, TNS #0}.

Let 0 < € < 1/|N|. We take the following v:
v(T)=1for T € Ay U{P},
v(T) = € otherwise.

Let  belong to g—solution of (N, A, 1, v). Since x is weakly proportional, SNP =
0, and v(P) + v(S) > 1, we have z(S) < v(S). Then z(Q)/v(Q) = z(S)/v(S) < 1.
Asv(Q) =€, 2(Q) < e. There exists jo € N with z;, > 1/|N|. Then jo € Q, jo # 0.
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Let jo € T, ig € T. Then T & Ap U {P}, hence v(T) = € and «(T)/v(T) > 1.
Thus
Y g@(D)/(T) =0 (8)

TE.AJ'O \A’io

Let jo € T,ip € T. Mt v(T) = e then TNS = () and z(T) /v(T) = z(S)/v(S) < 1.
If v(T) =1, then v(T") > (T). Therefore

Y g(@(T)/u(T) < g(2(Q)/v(Q)) < 0. (9)

TE.AiO \‘AJD

It follows from (8) and (9) that

Yo 9@(@)/o(T) > Y g(=(T)/o(T)),

TeAj, TeA;,

but this contradicts Property 3. O

Theorem 3. Let g € G. The g—solution of (N, A, c,v) is contained in the Weakly
Proportional solution of (N, A, c,v) for all ¢ >0, v if and only if A is mized at N.

Proof. Let A be a mixed collection of coalitions. Let x belong to g—solution of
(N, A, c,v). Suppose that z does not belong to the Weakly Proportional solution
of (N, A, c,v), i.e., there exist Q,S € A such that Q NS = 0 and z(Q)/v(Q) >
x(S)/v(S). There exists ig € Q with x;, > 0. Since A is mixed, there exists jo € N
such that A;, = A;, U{S}\ {Q}. Then

Y 9@(D)/o(T)) = g(2(Q)/v(Q)),

TE.AiO \‘AJD

Y. 9@(D)/o(T)) = g(x(S)/v(S)),

TE.AJ'O \'Aio

hence

Y 9@(D)/o(T) > Y g(@(T)/u(D)),

TEAiO TE.AJ'O

but this contradicts Property 3. Thus, x belongs to the Weakly Proportional solution
of (N, A, c,v).

Let g-solution be always contained in the Weakly Proportional solution. Let B’
be components of the graph G(A) used in Theorem 1. Then A satisfies C2 and in
view of Proposition 5, satisfies C1. Suppose that A is not mixed at N. Then there
exist ig € N, Q € A;,, and S € A with SN Q = () such that for each j € N,
A # Ay U{S}\ {Q}. Let 0 < € < 1/|N|. We take the following v:

v(S) =1,
v(P)>1for P e A, \ {Q},

v(T') = € otherwise.
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Let x belong to g—solution and to the Weakly Proportional solution of (N, A, 1, v).
Since x is weakly proportional and v(S)+v(Q) > 1 we have z(Q) < v(Q) = €. There
exists jo € N such that zj, > 1/|N|. Then jo ¢ Q. We shall prove that

Y 9@@/u(T) < Y g@(T)/o(T)), (10)

Te-AiO TE.AJ'O

and this contradicts Property 3.
The following 3 cases are possible.
1.j0 &8S.
2. jO € Sa Aio \Ajo # {Q}
3.J0 € 8, Aig \ Aj, ={Q}.
Case 1.

ST g@(@)/o(T)) < g(2(Q)/v(Q)) < 0.

TG.AiO \AJO
Since jo € S, (T') > v(T) =€ for all T € A;, \ A;,, therefore,

S g@(T)/u(1) 0,

TE.AJ'O \A’io

this implies (10).
Case 2. Let Py € A;, \ Aj, \ {Q}, then z(P) < v(FPy) and

Y 9@(D)/o(D) < g(2(Q)/v(Q)) + g(x(Po)/v(Po)) < g(x(Q)/v(Q))-

TG.AiO \AJO

IfT e Aj, \ A, then either T = S or z(T) > v(T') = ¢, therefore

Y 9@(T)/u(T)) = g(z(5)/v(S)):

TeAj,\Ai,

Since z(Q)/v(Q) = z(S)/v(S), we obtain (10).
Case 3.

Y 9@(D)/u(D)) = 9(2(Q)/v(Q)).

TeAin\Aj,
Since A, # Ai, U{S}\ {Q}, there exists Ty € A, \ A;, such that T # S. Then
Y 9@(D)/o(T)) = g(x(S)/v(S)) + g(w(To)/v(To)) > g(w(S)/v(S).

TeAj,\Ai,
Since z(Q)/v(Q) = z(S)/v(S), we obtain (10). O

6. When different generalizations give the same result?

Definition 8. A collection of coalitions A is totally mized at N if A = UF_,P?
where P? are partitions of N and for each collection {S;}*_; (S; € P?), we have
07]?:1 Si # 0



240 Natalia 1. Naumova

Example 7. Let N = {1,2,3,4}, C = B' U B?, where
B! = {{1a2}7{3a4}}7
B? = {{1a3}7{2a4}}7

then C is totally mixed at V.

Theorem 4. Let g € G. The g-solution of (N, A, c,v) coincides with the weakly
proportional solution of (N, A, c,v) for all ¢ > 0, v if and only if A is totally mized
at N.

Proof. Let A be totally mixed at N. Then A is mixed at N and it follows from Theo-
rem 3 that g—solution of (N, A, ¢, v) is always contained in the Weakly Proportional
solution of (N, A, ¢,v). Since z(S) are uniquely defined for all x € WP(N, A, ¢, v),
this implies coincidence of g—solution and the Weakly Proportional solution of
(N, A, c,v).

Now suppose that WP(N, A, t,v) coincides with g—solution of (N, A,t,v) for
all ¢ > 0, all v with v(T") > 0. By Proposition 5, A = Ule B?, where B are subsets
of partitions of N. If each B¢ is a partition P? of N then by Theorem 1, for each
collection {S;}%_; with S; € P?, we have N¥_,.S; # 0, so A is totally mixed at N.

Let some B’ be not a partition of N. Then without loss of generality, there
exists ¢ < k such that UL, B* does not cover N and U{_, B* U B? covers N for each
j > q. Denote N° = Useu?,lBi S. We consider 2 cases.

Case 1. For each j = ¢+ 1,...,k, there exists S; € B7, such that if each S; is
taken out from B7, then the remaining elements of U¥_, ., B7 cover (N \ N?).

Let jo € N\ N° A, = {Qi}iem, then Q; € B, i € {¢+1,...,k}. Since
A is mixed by Theorem 3, there exists j; € N such that A;, = {S;}icn, then
j1 € N\ NV hence Case 1 is impossible.

Case 2. If S; € B is taken out from B?, j = ¢+ 1,...,k, then the remaining
elements of U?:qHBj do not cover N\ N°.

For each j = q+1,...,k, S; € B?, we have S; N (N \ N°) # (). Indeed, suppose
that S, C N° for some jo > ¢. Then if we take Sj, and arbitrary S; € B/ for j > g,
j # jo out from LJ;?:qHBj7 the remaining elements of Ué?:qHBj cover N\ N© as if
{N°} U B covers N.

Let

C={(N\N)nS:SeuUt_ B, SNP=0for some P € A}.

Note that P,S € Us_ . B/, P # S, PN (N \ N € C imply PN (N \ N°) #
SN(N\NY).

Indeed, suppose that PN(N\NY) = SN(N\N?). There exists P! € A such that
PN P! =(. If we take S, P! and arbitrary S; € B for j > ¢ with P ¢ B’ out from
Uk_,.1B7, the remaining elements of U¥_ ,B7 cover N'\ N° because {N°} U B
covers N, where B0 3 S, but this is impossible in the considered case.

For arbitrary problem (N, A, c,v), where A is under the Case 2, consider the
problem (N \ N°,C,c,w), where w(T) = v(S) for T = SN (N \ NY) € C. As was
proved above, w is well defined. Under the Case 2, due to Theorem 1, there exists
y € WP(N\ N°C,c,w). Let z € RNl z; =0 for i € N°, a; = y; for i € N\ N°,
then z € WP(N, A, c,v), z(N°) = 0.
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Let 0(S) = |S|/|N]| for all S € A, &; = 1/|N| for all i € N, then & belongs to
g-solution of (N, A, 1,7) as if (9) = §(S) for all S € A, but Z(N°) > 0. Thus in
the Case 2 g—solution does not coincide with the Weakly Proportional solution for
some problem. a

Corollary 1. The Proportional Nucleolus, g—solutions, and the Weakly Propor-
tional solution of (N, A, c,v) coincide for all ¢ > 0, all v with v(T) > 0 if and
only if A is totally mized at N.

Definition 9. A collection of coalitions A is strongly mized at N if A = UF_, B,
where

B’ is a partition of N for i < k; where 0 < ky < k;

B’ is a proper subset of a partition of N for k; < i < k;

QeB, SeBiandi#jimply QNS #0;

|A;] = m for each i € N, where k1 < m < k;

for each My C {ky +1,...,k} with [My| = m —k;, Sy € Bt (t € M = My U
{1,...,k1}), we have Nyeps Sy # 0.

Remark 3. If A is totally mixed at N then A4 is strongly mixed at N (k = kq).
Remark 4. If A is strongly mixed at N then A4 is mixed at N.

Remark 5. If A is mixed at N, A= U¥ B¢, and |A;| = k—1 for each i € N, then
A is strongly mixed at N.

Proof. Foreach M = M U{1,... ki } with |M| =k—1,ifq& M, q € {ki+1,...,k},
then there exists i € N\ Upcpe T Since [M| =k —1, A; = M. Then A is strongly
mixed because A is mixed. O

Ezample 8. N = {1,2,3}, A = {{1,2},{1,3},{2,3}}, then all B? are singletones
and A is strongly mixed but not totally mixed.

Ezample 9. N ={1,2,...,12}, A= B*UB?U B3, where
Bl = {{172)374}’ {576a 778}}a

B? = {{3,5,9,10},{4,6,,11,12}},

B3 = {{1,7,9,11},{2,8,10,12}}.

Then A is strongly mixed at N but not totally mixed.

Ezample 10. Let N = {1,2,...,6}, A = B' U B?, where
B' = {{1,2,3},{4,5,6}},
B? = {{1,4},{2,5}},

then A is mixed at N but not strongly mixed.

Theorem 5. Let A be strongly mized at N. Then the Proportional Nucleolus of
(N, A, c,v) coincides with g—solution of (N, A,c,v) for all g € G, ¢ > 0, v and is
contained in the Weakly Proportional solution.

Proof. Let A be strongly mixed. Then A is weakly mixed and, by Theorem 2, the
Proportional Nucleolus is contained in the Weakly Proportional solution. We prove
that the Proportional Nucleolus coincides with g-solution. If all % are partitions
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of N, then g—solution coincides with the Weakly Proportional solution, hence it
coincides with the Proportional Nucleolus. Let k1 < k, g € G.

Let x belong to the Proportional Nucleolus of (N, A, ¢, v). We prove that z; > 0
implies

Y 9@(@fo(T) < Y g(@(9)/0(S)) forall jeN\{i}. (11)

TeEA; SE.Aj
Suppose that (11) is not fulfilled for some i = ip, j = jo, and z;, > 0. Denote
M) ={t: B'nA; # 0}.

Since A is weakly mixed, it follows from Theorem 2 that there exist C;, C A;, \ Aj,
and Cj, C Aj, \ Ay, such that S & U,c ) B for all S € Cjy, |Ciy| = [Cjy |, and

Y 9@(Dfo(T) > Y g(x(S)/v(S)).

T€eC;y SeCy,

There exist @ € C;, and P € Cj, such that z(Q)/v(Q) > z(P)/v(P). Since A is
strongly mixed, there exists j; € ﬂTeAioﬂ{P}\{Q} T'. Take § > 0 such that § < x;,

and (2(Q) — 6)/0(Q) > ((P) + 8)/v(P).

Let y = {¥itien, Yip, = Tip — 0, Yj, = Tj, + 0, y; = x4 otherwise. Then
#(P)/o(P) < y(P)/u(P) < y(Q)/v(@) < o(Q)/v(Q) and =(T) = y(T) for all
T € A\ {P,Q}, but this contradicts the definition of the Proportional Nucleolus.

Thus, z; > 0 implies (11) and, by Property 4, = belongs to g—solution of
(N, A, c,v). Since both g—solution and the Proportional Nucleolus are defined by
{z(T)} e, the Proportional Nucleolus and g—solution coincide. O
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