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Abstract Irrational behavior proof condition for single player was intro-
duced in Yeung, 2006. The irrational behavior implies the dissolution of
cooperative scheme. The condition under which even if irrational behaviors
appear later in the game the concerned player would still be performing
better under the cooperative scheme was considered in Yeung, 2006. In this
paper the differential game with transferable payoffs was considered. In this
paper the irrational behavior proof condition for differential games with
nontransferable payoffs is proposed.
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1. Problem statement

Consider a two-person non-zero-sum differential game Γ (x0, [t0,+∞)) starting
from the initial state x0 ∈ R2 at moment t0 ∈ R1.
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The motion equations have the form

ẋ = fi(x, u1, u2), ui ∈ Ui ⊂ Rl, x ∈ R2, i = 1, 2

x(t0) = x0,

where ui ∈ Ui is the control variable of player i and Ui is a compact set.
Let gi(x(t), u1(t), u2(t)) be the instantaneous payoff of player i ∈ {1, 2} at mo-

ment t ∈ [t0,+∞).
The payoff of player i is given by:

Ki(x0, [t0,+∞), u1(·), u2(·)) =
+∞∫
t0

e−ρ(τ−t0)gi(x(τ), u1(τ), u2(τ))dτ,

gi ≥ 0, i = 1, 2,

where ρ is the discount rate. Suppose that payoffs are nontransferable.
If players agree to cooperate, they play an open-loop strategy pair u∗(t) =

(u∗1(t), u
∗
2(t)) which generates a Pareto-optimal payoff vector in the game
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Γ (x0, [t0,+∞)):

λi(x0, [t0,+∞)) =

+∞∫
t0

e−ρ(τ−t0)gi[τ, x
∗(τ), u∗1(τ), u

∗
2(τ)]dτ, i = 1, 2,

where x∗(τ) is Pareto-optimal trajectory, which has been calculated by substituting
the Pareto-optimal open-loop strategy pair u∗(t) = (u∗1(t), u

∗
2(t)) in the motion

equations (1) and solving of corresponding differential equations.
In the absence of cooperation players stick to the feedback Nash strategies ū(t) =

(ū1(t), ū2(t)). Noncooperative payoff of player i along the noncooperative trajectory
x̄(t) for t ∈ [t0,+∞) is defined as:

wi(x0, [t0,+∞)) =

+∞∫
t0

e−ρ(τ−t0)gi[τ, x̄(τ), ū1(τ), ū2(τ)]dτ, i = 1, 2.

2. Time-consistency

The stringent requirement for solutions of cooperative differential games is time-
consistency. Time-consistency of cooperative solution guaranties optimality of cho-
sen optimality principle along the optimal trajectory. Time-consistent solution to
nontransferable payoffs requires

1) Pareto optimality throughout the game horizon,
2) individual rationality throughout the game horizon.
For time-consistency of solution in the game with transferable payoffs the Im-

putation Distribution Procedure is used.
For time-consistency of solution in the game with nontransferable payoffs the

notion of Payoff Distribution Procedure (PDP) was introduced in Petrosyan, 1997:

Definition 1. The function βi(t) is called a Payoff Distribution Procedure (PDP)
if it satisfies

λi(x0, [t0,+∞)) =

+∞∫
t0

e−ρ(t−t0)βi(t)dt, i = 1, 2.

Definition 2. An admissible Pareto-optimal solution is called time-consistent if
there exist a PDP pair β(t) = (β1(t), β2(t)) such that the condition of individual
rationality is satisfied

+∞∫
t

e−ρ(τ−t0)βi(τ)dτ ≥ e−ρ(t−t0)wi(x
∗(t), [t,+∞)), i = 1, 2,

where wi(x
∗(t), [t,+∞)) — is Nash outcome of player i ∈ I in subgame

Γ (x∗(t), [t,+∞)). These payoffs are computed with initial condition on the Pareto-
optimal trajectory x∗(t).

Theorem 1. An admissible Pareto-optimal solution is time-consistent if functions
wi(x

∗(t), [t,+∞) are differentiable. There exist a nonnegative function ηi(t), t ∈
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[t0,+∞), such that the following conditions are satisfied:

λi(x0, [t0,+∞))− wi(x0, [t0,+∞)) =

∞∫
t0

e−ρ(τ−t0)ηi(τ)dτ, i = 1, 2.

Then PDP βi(t) can be computed by formula (see Petrosyan, 1997):

βi(t) = ηi(t) + ρwi(x
∗(t), [t,+∞))− d

dt
wi(x

∗(t), [t,+∞)), i = 1, 2. (2)

3. Irrational Behavior Proof Condition

Consider the case where the cooperative scheme has proceeded up to time t ∈
[t0,+∞) and some players behave irrationally leading to the dissolution of the
scheme. A condition under which even if irrational behaviors appear later in the
game the concerned player would still be performing better under the cooperative
scheme is the irrational behavior proof condition (Yeung, 2006), which also called
the D.W.K. Yeung condition.

The D.W.K Yeung condition for the differential game with infinite duration
Γ (x0, [t0,+∞)) is described by following inequality:

wi(x0, [t0,+∞)) ≤
t∫

t0

e−ρ(τ−t0)βi(τ)dτ + e−ρ(t−t0)wi(x
∗(t), [t,+∞)), i = 1, 2,

(3)

where βi(τ) is time-consistent payoff distribution procedure;
x∗ is the cooperative optimal trajectory;
wi(x0, [t0,+∞)) is the noncooperative payoff of player i with the initial state x0
over the time interval [t0,+∞) ;
wi(x

∗(t), [t,+∞)) is the noncooperative payoff of player i with the initial state on
the cooperative trajectory x∗(t) over the time interval [t,+∞).

Differentiating the right hand side of inequality (2) with respect to t leads to
the follows sufficient condition of realization of inequality (2).

Theorem 2. Performance of the following inequality is sufficient to realization of
the D.W.K Yeung condition for player i = 1, 2 on time interval [t0,+∞):

βi(t) ≥ − d

dt
wi(x

∗(t), [t,+∞)) + ρwi(x
∗(t), [t,+∞)). (4)

Proposition 1. The D.W.K Yeung condition for any Pareto-optimal solution in
the cooperative differential game with nontransferable payoffs is satisfied for PDP,
which is computed by formula (1).

Proof. If Pareto-optimal solution is time-consistent, PDP βi(t) can be computed by
formula (1).

Rewrite formula (1):

βi(t)− ηi(t) = ρwi(x
∗(t), [t,+∞])− d

dt
wi(x

∗(t), [t,+∞]),

ηi(t) ≥ 0, i = 1, 2.
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Because ηi(t) is nonnegative function, the PDP βi(t) satisfies the following in-
equality:

βi(t) ≥ ρwi(x
∗(t), [t,+∞])− d

dt
wi(x

∗(t), [t,+∞]), i = 1, 2.

Then the sufficient condition of realization of inequality (2) for PDP (1) is sat-
isfied. Hence the D.W.K. Yeung condition is satisfied.

4. Example

As a demonstration the technique of computation the PDP and verification the
D.W.K. Yeung condition consider the dynamic game of emission reduction.

The dynamics of the model is proposed in Petrosyan and Zaccour, 2003.

As a Pareto-optimal solution consider the payoffs that implement the maximal
total payoff.

4.1. Problem statement

Let I = {1, 2} be the set of countries involved in the game of emission reduction.

The game starts at the instant of time t = 0 from initial state x0.

Denote by ui(t) the emission of player i = 1, 2 at time t, t ∈ [0;∞).

Let x(t) denote the stock of accumulated pollution by time t. The evolution of
this stock is governed by the following differential equation:

ẋ(t) =
∑
i∈I

ui(t)− δx(t),

x(t0) = x0, i = 1, 2,

(5)

where δ is the natural rate of pollution absorption.

Ci(ui) is the emission reduction cost incurred by country i while limiting its
emission to level ui:

Ci(ui(t)) =
γ

2
(ui(t)− ūi)

2, 0 ≤ ui(t) ≤ ūi, γ > 0.

Di(x(t)) denotes its damage cost:

Di(x) = πx(t), π > 0.

Both functions C′
i(ui) < 0 and D′

i(x) > 0 are continuously differentiable and
convex.

The payoff function of the player i is defined as

Ki(x0, [0,+∞), u) =

∞∫
0

e−ρt(Ci(ui(t)) +Di(x(t)))dt,

where u = (u1, u2) is situation in the game; ρ is the common social discount rate.

Each player seeks to minimize its total cost.

Let payoffs be nontransferable in the emission reduction game.
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4.2. Solution of the problem

Every player seeks to decrease total costs, so the sign in the irrational behavior
proof condition for the emission reduction game will be different.

The D.W.K. Yeung condition for emission reduction game:

wi(x0, [0,+∞)) ≥
t∫

0

e−ρτβi(τ)dτ + e−ρtwi(x
∗(t), [t,+∞)).

Formulas for a feedback Nash equilibrium, an optimal cooperative trajectory
x∗(t), optimal cost of Grand coalition first obtained in Petrosyan and Zaccour, 2003
we present for completeness.

Noncooperative payoff wi(x0, [0,+∞)) can be computed with help of system of
Hamilton-Jacobi-Bellman equations.

Noncooperative payoff of player i is defined as:

wi(x0, [0,+∞)) =
π

ρ(ρ+ δ)

(
π

2γ(ρ+ δ)
+
∑
i∈I

ūi −
2π

γ(ρ+ δ)
+ ρx0

)
, i = 1, 2.

(6)

By minimizing the sum of all player’s costs, the cooperative payoff of player i
(the component of minimal total payoff) is defined as

λi(x0, [0,+∞)) =
π

ρ(ρ+ δ)

(∑
i∈I

ūi −
2π

γ(ρ+ δ)
+ ρx0

)
, i = 1, 2.

Corresponding cooperative strategies are defined as:

uIi = ūi −
2π

γ(ρ+ δ)
. (7)

For computation of optimal cooperative trajectory we need to substitute coop-
erative strategies (6) in motion equations (4).

Optimal cooperative trajectory:

x∗(t) = e−δtx0 +
1

δ

∑
i∈I

uIi (1− e−δt).

Noncooperative payoff with initial state on optimal cooperative trajectory x∗(t)
is defined as:

wi(x
∗(t), [t,+∞)) = − π2(8ρ+ 3δ)

2δργ(ρ+ δ)2
+
πe−δtx0
ρ+ δ

+

+

π
∑
i∈I

ūi

ρδ
−
π
∑
i∈I

uIi e
−δt

δ(ρ+ δ)
.

(8)

For computation PDP by formula (1) let compute nonpositive function ηi(t):

λi(x0, [0,+∞))− wi(x0, [0,+∞)) = − π2

2ργ(ρ+ δ)2
=

+∞∫
0

e−ρτηi(τ)dτ.
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As a nonpositive function ηi(t) we take the function:

ηi(t) = − π2

2γ(ρ+ δ)2
, i = 1, 2. (9)

For computation the PDP for emission reduction game substitute the function
ηi(t) (8) and noncooperative payoff wi(x

∗(t), [t,+∞)) (7) in the equation (1):

βi(t) = −π2(4ρ+ 2δ)

δγ(ρ+ δ)2
+ πe−δtx0 +

π

δ

(∑
i∈I

ūi −
∑
i∈I

uIi e
−δt), i = 1, 2. (10)

Substitution of time-consistent PDP (9), noncooperative payoff wi(x0, [0,+∞))
with initial state t0 (6) and noncooperative payoff wi(x

∗(t), [t,+∞)) with initial
state on the cooperative trajectory x∗(t) (7) implies to the realization of the D.W.K.
Yeung condition for emission reduction game.
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