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Abstract The informational aspect for the non-cooperative games becomes
an important element for the most of the make decision problems. In this
article the informational extended games 11" and 21" are defined. For these
informational extended bimatrix games we present two modes for construc-
tion of the extended matrices and an algorithm for determination of Nash
equilibria. For this algorithm we make some modifications and present an al-
gorithm for determination of Nash equilibria in the informational extended
bimatrix games in the case, in which the dimensions of the matrices are
too big. Using this algorithm we can also determine the number of Nash
equilibria in the informational extended game, without using the extended
matrices.
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1. Introduction

Usually the information to make decision problems is the most import "element".
Especially this is important if we consider the case of non-cooperative games. Thus
the informational aspect represents a real fillip for the elaboration of new study
methods for the non-cooperative theory. The informational aspect in the game the-
ory may be manifested by: the devise of possession information about strategy’s
choice, the payoff functions, the order of moves, and optimal principles of players;
using methods of possessed information in the strategy’s choice by players (Hancu,
Novac, 2005). The inclusion of information as an important element of the game
have imposed a new structure to the game theory: the games in complete infor-
mation (the games in extended form), the games with not complete information,
the games in imperfect information (the Bayes games). The player’s possession of
supplementary information about unfolding of the game can influence appreciably
the player’s payofls.

An important element for the players represent the possession of information
about the behaviour of his opponents. Thus for the same sets of strategies and
same payoff functions it is possible to obtain different results, if the players have
supplementary information. So the information for the players about the strategy’s
choice by the others players have a significant role for the unfolding of the game.
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2. Basic definitions

Consider bimatrix game in the normal form I' = (N, X1, X5, A, B), where, A =
{a;j}, B ={bij},i=1,m,j=1,n(Aand B are the payoff matrices for the first and
the second player respectively. Each player can choose one of his strategies and his
purpose is to maximize his payoff. The player can choose his strategy independently
of his opponent and the player does not know the chosen strategy of his opponent.

In this article we will determine the Nash equilibria for the informational ex-
tended bimatrix games using the well known definition.

Definition 1. The pair (i*,j*), i* € X;1,j* € X5 is called Nash equilibrium (NE)
for the game I, if the next relations hold

Qj* = >aij*,Vi6X1,
bi*j* >ai*j,Vj6X2.

Notation: (i*,5*) € NE(I').

There are bimatrix games for which the set of Nash equilibria is empty: NE (I') = ()
(i.e. solutions do not exist in pure strategies).

However for every bimatrix game we can construct some informational extended
games. If one of the players knows the strategy chosen by the other, we consider
that it is one form of the informational extended bimatrix game for the initial
game. Even if the initial bimatrix game has no solutions in pure strategies, for
the informational extended games at least one solution in pure strategies (Nash
equilibria) always exists. Proof of this assertion we will present below. In the case
of informational extended games the player which knows the chosen strategy of his
opponent has one advantage and he will obtain one of his greater payoff.

According to (Kukushkin and Morozov, 1984), let us define two forms of infor-
mational extended games 11" and oI". We consider that for the game 11" the first
player knows the chosen strategy of the second player, and for the game oI the
second player knows the chosen strategy of the first player.

If one of players knows the chosen strategy of the other, then the set of strategies
for this player can be represented by a set of mappings defined on the set of his
opponent’s strategies.

Definition 2 (The game ;I according to Kukushkin and Morozov, 1984).
The informational extended bimatrix game 11" can be defined in the normal form by:

I = <N,71,X2,Z,§>, where N = {1,2},?12 {(plZXQ —)Xl}, A= {Eij},
EZ{Eij}, 1=1,m" j=1,n.

For the game 1 I" we have X1 = {1,2,...,m"}, X2 = {1,2,...,n}, ‘71| =m", and
the matrices A and B have dimension [m" x n] and are formed from elements of
initial matrices A and B respectively.

The matrices A and B will be constructed in the next mode:

Let us denote by Ai. = {aﬂ, Ai2,y ..., am}, Bi. = {bﬂ, big, ceey bzn}, = 1,—m the
rows 4 in the matrices A and B, respectively.

Choosing one element from each of these rows A1, Aa., ..., Ay, we will build
one column in the matrix A. The columns from the matrix B are built in the same
mode, choosing one element from each of the rows By.,Bs., ..., Bn..

Thus, the matrices A and B have the dimension [m™ x n].
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Ezample 1 (For the game 11I").
We consider the game I' defined by the matrices:

535 475
A=\216) 2= \302)
For this game we build the matrices for the informational extended bimatrix

game 11.

535 475

536 472

515 495
— 516 | —= 492
A= 235 » B = 375

236 372

215 395

216 392

The underlined elements (in the matrices above) represent the player’s payoff
corresponding to the Nash equilibria of the game.

Definition 3 (The game 21" according to Kukushkin and Morozov, 1984).
The informational extended bimatrix game o/ can be defined in the normal form by:

QF = <N,X1,E,g,§>, where TQ = {302 ZX1 _>X2}, |T2| = nm, g = {Eij},
EZ{Eij},izl,m, j=T,mm.

For the game oI" we have X; = {1,2,...,m},Xs = {1,2,...,n™} and the
matrices A and B have dimension [m x n™] and are formed from elements of initial
matrices A and B respectively.

The extended matrices A and B will be built in analogical mode as in the case
of the game o1I".

Let us denote by A.; = {a1;,a2j,...,am;}, Bj = {b1j,b25,...,bmj}, j = Lin
the columns j in the initial matrices A and B, respectively). Each of rows in the
matrix A (or in the matrix B , respectively) will be built choosing one element from
each of the columns A.; (or from the columns B.;, respectively).

Ezample 2 (For the game oI").
We consider the game I' defined by the matrices:

35 50
A=|(46),B=197
19 15
For this game we build the matrices for the informational extended bimatrix
game oI".
B 33335555 B 55550000
A=144664466|,B=[199779977
19191919 15151515

As in the first example, here the underlined elements (in the matrices) represent
the player’s payoff corresponding to the Nash equilibria of the game.
3. Properties of the informational extended bimatrix games

The next theorem represents the condition of the Nash equilibria existence for the
informational extended bimatrix games 1I" and 2I" (according to Novac, 2009).
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Theorem 1. For every bimatrix game I we have the following:
NEGD)#0, NE(2I') #0; and NE(I'YC NE(GI'), NE(I')C NE(oI).

Proof (According to Novac, 2009).

We will prove the theorem for the game 51, i.e. we will build the Nash equilibrium
for this informational extended game, using the initial matrices for the game I
Let us to denote by A;. = {a;1,a:2,...,am}, and B;. = {b;1,bi2, ..., bin} the row 4
from the matrices A and B, respectively, ¢ = 1, m. Next we determine the maximum
element from each row B;., (z =1, m) . We denote the maximum elements from each
row by b, = max {bi1,bi2,...,bin}, (i =1,m). Using this maximum elements

b1j15b2555 - -+ bmj,,, we build a column in the extended matrix E, (this column
will be one of columns from the extended matrix B according to the building of
extended matrices, described above). Next we build a sequence of elements, using
the corresponding elements from the matrix A (i.e. from the same rows and columns
as the maximum elements determined above from matrix B); these elements are:
a1y, G2j5 - - - » Gmj,,, Which will represent a column from the extended matrix A
corresponding to the same column from the extended matrix B. We denote by
a;+j+ = max{aij,,a2j,,- - -,0mj, } the maximum element from this new obtained
7

column. The index of the row ¢* will represent the strategy of the first player and
this index will correspond to the same row from the extended matrices which will
contain these maximum elements; then j* = j;« will represent the column from the
matrix A which contains the element a;- j« determined above. The pair of determined
elements a;«j+ and b;-j« from the initial matrices will represent the payoff for the
first and the second player, respectively (for the informational extended game oI).

Remark, that because the extended matrices will contain n™ columns, thus the
index of the column (from the extended matrices) which will contain the determined
elements a;j+ or b;-;~ will not correspond to the same index of the column j* from
the initial matrices, i.e. j' # j*, where j' € Xo,j* € Xa, and b;«j« = b (because
this element will be from the column built above using the maximum elements from
each row of the matrix B).

So, it follows that (i*, j') is a Nash equilibrium for the game 51" and the elements
Ajxjr = Qjejr aNd bjxje = Zi*j, will be the payoff for the first and the second player,
respectively. The optimal strategy j’ for the second player in this case can be deter-
mined using the indexis j1,j2, ..., jm (according to the algorithm which is presented
below in the next section). Thus, there exists (at least one) Nash equilibrium for the
informational extended game oI" and this Nash equilibrium is (i*,j’) € NE(2I).

The proof for the game 11", can be done in analogical mode, building a row
from the extended matrices, using the maximum elements from each column of the
matrix A. O

For the informational extended games 11" and 21" we can prove the following state-
ments (according to Novac, 2004, 2009).

Assertion 1. If 3i* € X, 35° € Xy for which a;;» = maxmaxagj, by« =
i
minminb;; and Vi € X1, Vj € Xo: (i,7) # (i%,5%) so that a;; < aj«j=, bij > bixj=;
i

then:
1) in the game oI all columns k (from A which contain the element a;«;«, and
from B which contain the element b+ ) do not contain NE equilibria;
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2) in the game 1T the column j* (in the matrices A and B ) do not contains
NE equilibria.

Assertion 2. If 3" € Xy, 35* € Xy so that a;+j+ = minminag; and b =
i
maxmaxbij, and Vi € X1,Vj € Xy : (Z,j) # (i*,j*) so that Qij > Q= j=, bij < bi*j*;
i

then:

1) in the game oI the row i* (the A;.. and the B. ) does not contain NE
equilibria;

2) in the game 1I" all rows k (the Ay.., and the By,. which contain the elements
@i« j+ and b+, respectively) do not contain NE equilibria.

From the assertions 1 and 2 the next two statements result.

Assertion 3. Consider that 3i* € X, 3j* € X3 so that a;-j+ = maxmax a;;
i g
and b; j~ = minmin b;;.
i

1) If Vi € Xl\{i*}, Vje Xy Q5 < Qg , and Vj € XQ\ {j*} : bi*j > bi*j*;
then in the game oI each of columns k (A.p, B.x which contains the elements a;« ;-
and b« ;+, respectively) does not contain NE equilibria.

2) If Vi e X1, Vj € XQ\ {]*} : ﬁj > bi*j*_ and Vi € Xl\{Z*} DQigr < Qgxge,
then in the game I the column j* ( A.j« and B.j« ) does not contain NE equilibria.

Assertion 4. Consider that 3i* € Xy, 3j* € X2 so that a;;~ = minmina;
i
and b+ = maxmaxb;;.
i g

1) If Vi € Xl\{i*}, Vi€ Xy Qij > Qi , and Vj € XQ\ {]*} : bi*j < bi*j*;
then in the game oI the row i* ( Aj«., B;+.) does not contain NE equilibria.

2) If Vi e X1, Vj € XQ\ {]*} : bij_< bﬁj* and Vi € Xl\{Z*} D Qg > Qg g,
then in the game I each of rows k (Ay., By. which contains the elements a;« ;-
and bi«;+, respectively) does not contain NE equilibria.

For proof of the Assertions 1-4 see (Novac, 2009).

Ezample 8 (For Assertions 2 and 4). Consider the game I" defined by:

031 736
A= (524)’3_ <150>'
For this game NE(I') = 0.
For the game oI there are two Nash equilibria (2,2),(2,8) € NE (21).
For the game 11" there is only one Nash equilibrium (6,2) € NE (11).

In this game, for 7 =1, j =1 : minmina;; = 0, maxmaxb;; = 7. According to
7 i 7 J
Assertion 2 and 4, it follows that: for the game oI the first row does not contain

Nash equilibria and for the game 1" the 1%¢, 2¢, 3¢, 4** rows do not contain Nash
equilibria. The extended matrices for the game oI are:
~ (0003331 11) =~ (777333666>

A= 524524524) 2= (150150150

The extended matrices for the game 11" are:
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031 736
034 730
021 756
— 024 - 750
A= 931 B = 136
534 130
521 156
524 150

Ezxample 4 (For Assertions 1 and 3).
Consider the game I" defined by:
736 031
A= <15O)’B_ (425)'
For this game NE(I') = (), and for the informational extended games there are

some solutions (1,4),(1,6) € NE (2I'), (3,2) € NE(1I').
In this game, for ¢ = 1, j = 1 : maxmaxa;; = 7, minminb;; = 0. According
i J ? J
to Assertions 1 and 3, it follows that: for the game oI" the 1%, 2¢, 3¢ columns do
not contain Nash equilibria and for the game 11" the first column does not contain

Nash equilibria. The extended matrices for the games 51" and 11" are, respectively:

736 031
730 035
i- 777333666 756 021
150150150 i 750 5 025
B 000333111 136 |’ 431
425425425 130 435
156 421
150 425
Ezample 5 (For Assertions 2 and 4). Consider the game I' defined by:
10 26
A=102],B=|(31|,NE)=0.
40 14
B 11110000 B
The extended matrices for the game oI are: A = | 00220022 |, B =
40404040
22226666
33113311
14141414

In this game, for the pairs (i*, %) : (1,2), (2,1), (3,2) we have minmina;; = 0,
i
and for each row maxb;; = b;j«, but because each of rows from the matrix A
J

contains the minimum element a1 = 0, for the 6** column the conditions from
assertions 2 and 4 do not hold, and (1,6), (2,6), (3,6) € NE (:I"). O
4. Main results. The algorithm of Nash equilibria determination

4.1. The generation of the extended matrices

For the generation of the extended matrices A and B (or the A and the B , respec-
tively) we can use the next methods.
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The first method is based on the representation of decimal numbers in the
base which represent the number of rows or the number of columns in the initial
matrices.

For the game 11" we need to represent the numbers 0,1, ..., (m™ —1) in the base
m with n components: N,, = (CoC1 ...Cp_1),,, where C; € {0,1,...,m —1}, j =
0,n — 1, that is (C’omo +Cmt+... + C’n_lm”_l) = Nio. Each of these numbers
N,, represented in the base m will correspond to one column in the extended matrix.

Then for the elements from column j it must to replace:

0 = ayy,1 = agj, ..., 0 = agp1)j,---, (M — 1) = amy (similarly for the matrix
B).
For the game oI" it must to represent the numbers 0, 1,..., (n™ —1) in the base
n with m components: N, = (CoC1 ...Cp—1),,, where C; € {0,1,...,n — 1}, i =
0,m — 1, that is (Cono +COnt + ...+ Cm,lnmfl) = Njg. Each of these numbers
N, represented in the base n will correspond to one row into the extended matrix.

Then for the elements from the row 4 it must to replace:

0 = an,l = aiz,...,J = Gi(j+1),---,(n — 1) = a4, (similarly for the matrix
B).
The second method consists in assigning two numbers to each of the elements
from the initial matrices. One of these numbers represents the number of blocks
(series) formed by this element, and the second number represents the length of the
block (that is, the number of repetitions of this element in the block).

Denote by nrbl the number of blocks for some element a;; (b;;) and by L the
length of each of blocks (the number of repetitions of this element in the block).

Thus for the game oI" we assign to each element from the row i: (n'~!) blocks
(series), each of them with the length (n™~%).

So for all elements a;;, b;j, ¢+ = 1,m,j = 1,n we can determine the indices of
columns k of this element in the extended matrix. Thus for the element from the row
7 and from the column j and for all nrbl = 1,n‘~1, L = 1,n™~% we can calculate
the number k by:

E=n-n""" (nrbl — 1)+ (j —1) -n™* + L. (1)

In such mode we can construct the extended matrices A and B: A[i, k] = Ali, j],
Bli, k| = Bli, j].

Similarly, for the game 11" we assign to each element from the column j: (m/~1)
blocks (series) each of them with the length (m™=7).

Thus for all elements Vi = 1,m,j = 1,n, we can determine the indices of the
rows k of this element in the extended matrix.

In such mode for the element from the row ¢ and from the column j and for all

nrbl = 1,mJ/~1, L =1, m"J we can calculate the number %k by:

E=m-m" 7. (nrbl — 1)+ (i —1) -m" 7 + L. (2)

In such mode, we can construct the extended matrices A and B (for each determined
k): Alk,jl = Ali, ], Bk, jl = Bi, j].

Remark. These two different methods may be used independently. Using it we can
construct the extended matrices entirely or partly. If the initial matrices are very
big, we can use these methods for partial construction of the extended matrices.
Thus the first method may be used when we need to construct only one row (for
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the informational extended game 1I"), or only one column (for the game 2I"), and
the second method may be used when we need to determine the position of some
element in the extended matrix, i.e. the index of the row (in the game 11I") or the
index of the column (in the game oI, respectively).

Ezample 6. (The generation of the extended matrices).
Consider the game I" defined by:

031 736
A<524),B(150>m2,n3.

For the first method:

For the game ;I the matrices have the dimension [23 X 3] . We construct the
5! row from the extended matrix A:

419 = (100)2, next we do the substitution with corresponding elements and we
obtain the 5" row with elements (5,3,1).

In the same mode we can construct the 8" row: 7, = (111)2 and we obtain the
row (1,5,0) from the extended matrix B.

For the game oI the matrices have the dimension [2 X 32} . We construct the
6" column:

510 = (12)3, next we do the substitution with corresponding elements and we
obtain the 6" column: (3,4) from the extended matrix A and the 6" column (3,0)
from the matrix B.

In the same mode we can construct the 9" column: 819 = (22)3 and we obtain
the columns (1,4) and (6,0) from the extended matrices (A and B, respectively).

For the second method:

For the same game we determine the positions in the extended matrices for the
elements a9 = 5 and by = 1.

For the game 11", the first column will contain one series (2° blocks) which will
have 22 elements; the indices of rows are k = 5,6, 7, 8.

For the game 21" the second row will contain (3') series (blocks) and each of them
will have one element (i.e. 3° elements); so, the indices of columns are k = 1,4, 7. [J

4.2. The algorithm for determination of the Nash equilibria

Using these methods we can construct an algorithm for determination of the NE
equilibrium. This algorithm does not need the integral construction of the extended
matrices, and need only the partial construction of them.

Thus in the case when the dimension of the initial matrices A and B are very
big we avoid using a big volume of memory, since the extended matrices will have
a bigger dimensions ([m x n™] and [m"™ X n], respectively).

The following algorithm can be used for determination of Nash equilibria in the
informational extended bimatrix games 11" and oI

Algorithm.

Consider the extended game oI

Using the first method we represent the numbers from 0 to (™ — 1) in the base
n. Each of these representations will correspond to one column in the extended
matrix A. For each of these representations it must do the substitutions with the
corresponding elements from the initial matrix A.

_ For each column jg = 1,n™, obtained in such mode, from the extended matrix
A we will do the next operations.
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1. We determine the maximum element from this column of the extended matrix
A, and the corresponding element with the same indices from the matrix B; let them
aiojo and b’iojo'

2. We determine the maximum element from the row iy in the initial matrix B:
let it be bioj*~

3. If giojo = bjy;+, then (io, jo) is NE equilibrium for the extended game oI :
(t0,J0) € NE (2I'), and the elements d;,;, and giojo will be the payoffs values for
the first and for the second player respectively.

For the informational extended game 11" we can construct the algorithm in the
same mode.

Consider now the extended game 11 .

Using the first method we represent the numbers from 0 to (m™ — 1) in the
base m. For each of these representations it must do the substitutions with the
corresponding elements from the initial matrix B. Each of these representations
will correspond to one row in the extended matrix B.

For each row iy (i9 = I, m™) from the matrix B (thus obtained) we will do the
next operations.

1. We determine the maximum element from this row of the extended matrix B,
and the corresponding element with the same indices from the matrix A; let them
be b;,;, and @;, ;-

2. We determine the maximum element from the column jy in the initial matrix
A : let’s consider this element a;« j, .

3. If @, j, = aij,, then (io, jo) is NE equilibrium for the extended game I :
(i0,jo) € NE(1I"), and the elements @;,;, and b;,j, will be the payoffs values for
the first and for the second player respectively.

Example 7. Consider the game I' defined by:

25 59
37 6 4

This game has only one Nash equilibrium.

We can determine the Nash equilibria without using the extended matrices. For
the game »I" we need to represent the numbers from 0 to 8 = 23 in the base 2.

For the first column: 019 =(0,0,0)2 we do the substitution with the corresponding
elements (2,4,3), max {2,4,3} = 4 = a2, and the corresponding element by is the
maximum element from the second row from the matrix B, thus it follows that:
(2,1) € NE(2I);

- for the second column : 119 =(0,0,1)2 the corresponding elements are (2,4,7),
for which max{2,4,7} = 7 = ase, but the corresponding element b3s is not the
max {6,4} from the third row of the matrix B, so (3,2) ¢ NE(2I');

- for the third column 2;0=(0,1,0)2 for which max{2,1,3} = 3 = a3; we have
bs1 = max {6,4}, thus (3,3) € NE(2I');

- for the 5" column 410=(1,0,0)2 we have max {5,4,3} = 5 = a2 and bjs =
max {5,9}, so it follows that (1,5) € NE(21);

- for the 7" column 619 =(1,1,0)2 we have max{5,1,3} = 5 = a1z and bjp =
max {5,9}, so (1,7) € NE(2I).

If we will build the extended matrices, we will see that for the informational
extended game oI there are only four Nash equilibria.
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222255585 55559999
44114411 ], 22112211
37373737 64646464

If we need to determine the indices of the columns in the extended matrices in
the game oI" for the elements as1, bo1, and we know that (2,1) € NE ("), we can
use relation (f1) from the second method. So in this case indices of columns are k =
1,2,5,6, but only one of these columns contains N E equilibrium (2,1) € NE(21").
O

Remark. In the case when the numbers n™ and m'™ are very big this algorithm
for determination of NFE equilibria for the informational extended games and the
generation methods of the extended matrices are more complex. But all these op-
erations can be executed operating with the corresponding numbers represented in
the base m or n respectively to the informational extension (11" or oI respectively).

The operating with numbers represented in the base n.

Consider the informational extended game o1

For the game 21" the extended matrices will have the dimension [m x n™] (by
definition).

According to the second method, to each element from the row ¢ we assign two
numbers : nrbl = n*~! blocks and each of them has the length L = n™ ",

The relation (1) used in the second method for the game oI" can be written in
the next form:

k=n""" (n-nrbl —n+(j — 1)) + L. (3)

We will represent all numbers from the relation (3) in the base n with m com-
ponents:
n= (00...010) :
2 n
ni-l = N, = (0...010...9) Ci=T,m;

n

m—i+1

the number of blocks is determined by: nrbl = 1,ni~1, so

nrbl:(00...01)n,...,(O...OlO...(l)) :

the length of blocks is determined by: L = 1,n™~%, thus
L=(00...01),,,..., <O...Om_1i+10...(1))n.
Using the relation (3) all operations can be done, operating with numbers rep-
resented in the base n.
Thus, in the relation (3) using the numbers represented in the base n, we deter-
mine k.
All arithmetic operations (*,4,-) will be executed in the base n.

Remark. The operation ”*” in the base n for one number with other number in the

form (0. . 0&10. . (3) = n is equivalent to moving to the left with i positions of
(3
n

the components from the first number (so add ¢ zeroes to the right).

Remark. The operations (+,-) for two numbers in the base n are done according
to the well-known rules characteristic for the base 10.
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Ezample 8. Consider that the game I' have matrices of dimension [6 x 6], i.e. m =
6, n = 6, and we need to determine the index of the column & for the elements ass
and bys in the extended matrices for the game oI (i.e. i = 2,5 = 5), m—i+1 = 5; it is
known that for the number of blocks (series) it holds next (1 < nrbl < ni~! =n), so
we have nrbl = (0...01)g, ..., (0...010) in the base 6, and n™~* = (010000)s. Consider
that nrbl = 000005 and L = (015355)¢. Using the relation (3), all operations can
be done operating with numbers represented in the base 6 :

000005 = nrbl

x000010 =n
000050
+000004 = j — 1
000054
—000010 =n
000044
¥010000 = n™~*
440000
+015355 =L
455355 =k

Thus, we just have obtained one of the indices (represented in the base 6: k =
455355) of the columns for the elements ass, bas in the extended matrices for the
game o1

Remark. In this algorithm we can do operations in other order for determination
Nash equilibria in the informational extended games 11, oI Using this modified
algorithm, we can determine also the number of Nash equilibria in the games 11,
oI, without using the extended matrices. Thus for the game 1T, (o1") firstly we de-
termine the maximum payoff for the first (or second) player and the corresponding
strategy for this maximum element; then we determine the corresponding combi-
nations for that we obtain the maximum payoff and the corresponding strategy for
the second (first) player, respectively.

In this way for the game ;I", we can firstly to determine the maximum elements
for the first player, and for the corresponding elements we determine if there ex-
ist some combinations in the matrix of the second player for that we have Nash
equilibria.

4.3. The modified algorithm

For the game ;I', we determine the maximum element in each column from the
matrix 4, i.e. a;;; = max {a1j,a25,...,am;}, for Vj =1,n.

For each element a;;;, j = 1,n thus obtained, we determine the corresponding
elements with the same indices from the matrix B : b;,;, j = 1,n.

For each of these pairs a;,;, b;,;, (j = 1,—n) we determine if these values can be
the payoffs for players for some Nash equilibria.

Thus if V& € X5\ {j} Jbir : bir < by, 4, then the pair a;,;, b;,;; can be the payoffs
for players for some Nash equilibria in the game 1I"; consider this pair @« =, by« j=.

It is possible that for the pair a;«;«,b;« j« there are more Nash equilibria.

If we wish to determine how many Nash equilibria there are in the game 11" for
the pair a;«;-, bj-j» we determine the number of elements which there are in each
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column k € X5\ {j} from the matrix B for that b;, < b;+j+. Denote by n;, j =1,n
the number of elements b;; from the column j for that b;; < b+, and for j* we
have nj«) = 1.

Then the number of Nash equilibria corresponding to the payoffs a;« ;- and by« =,
can be determined by:

Nj*:nann(]*_l)ln(]*_;’_l)nn, (4)

And the number of all Nash equilibria in the game 11" can be determined by:

N =3 N,.
J

If the pair of elements a;;;,b, . can be the payoffs, corresponding to some Nash
equilibrium in the informational extended game 11, then j will be the strategy
for the second player. And because X; # X;, we have to determine the strategy
for the first player, for which the elements ;- ;«, b« will correspond to one Nash
equilibrium.

In this way we determine the elements b;,1, biy2, ..., bi,5, ..., bi,n, for that
bikk < bijj; Vk € XQ\ {j}

Then using the indices of the rows of these elements, we can determine the
strategy for the first player by:

i =(i = )m" (- D)m" P+ 4 - D) m" T 4 (G, — )mP+ 1. (5)

So, the pair 4/,7 is Nash a equilibrium for the informational extended game
12 (¢,5) € NE(1I') . Similarly, for the game oI" , we can determine the strategy
for the second player by:

J=G =)™ G = )™ P 4G = )™ T L+ (e — D)0+ 1, (6)

where the indices j; (z =1, m) are determined by the indices of columns of the
elements b;;, = max {bj1,bi2,...,bin}, Vi=1,m.
J

Example 9. Consider the game I defined by:

9260 3539
2772 | 8257
A=15495 | B~ | 7541
3541 2314

For this game NE(I') = (. For the informational extended games 1I", oI" the
extended matrices will have the dimension [256 x 4] and [4 x 256], respectively.

For the game ;1" we determine the maximum elements in each column from
the matrix A, and for the corresponding elements we determine if there are some
combinations in the matrix B such that the pair (@« ;=, b;»j«) will be the payoffs for
the players.

So, the pair (a11,b11) = (9, 3) will be the payoffs for the players, and the strategy
for the second player will be j* = 1.

We determine the combination of elements for which we have NE in the game
1F : (b117 b22, b137 634) = (3, 2, 3, 1) 5 for that

i = (i1 — 1) 43+ (ia — 1) 42+ (i3 — 1) 41 +(ig — 1)4°4+1 = 0+1-42+0+2-4°4+1 =
19,50 (19,1) e NE(1T).

For the pair (a11,b11) = (9, 3) we have {(19,1), (31,1),(51,1),(63,1)} e NE(4I).
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Similarly, for the pair (ass3,bss) = (9,4) we obtain
{(27,3), (28,3), (59, 3), (60,3), (219, 3), (220,3), (251,3), (252,3)} € NE (,T');

for the pair (ag2,b22) = (7,2) we obtain {(223,2)} € NE(1I").

Thus, in the game ;I there are 13 Nash equilibria.

Similarly, for the game oI" we can determine the set of Nash equilibria.

In this case for the pair (as1, b31) = (5,7) we obtain the follow Nash equilibria:
(3,65), (3,66), (3,67), (3,68), (3, 113), (3,114), (3,115), (3,116), (3,193), (3,194),
(3,195), (3,196), (3,241), (3,242), (3,243), (3,244) in the game oI

Thus, in the game oI there are 16 Nash equilibria.

5. Conclusions

The definitions of the informational extended bimatrix games are presented in this
paper. The properties of the Nash equilibrium for this type of informational ex-
tended bimatrix games are given and two methods for the generation of the extended
matrices are described. The algorithm for determination of Nash equilibrium is con-
structed, using the combination of this two methods for generation of the extended
matrices. The algorithm for determination of the Nash equilibria is modified and it
is presented in other form for the case when the extended matrices have the dimen-
sion too big. The numerical examples for the properties of the Nash equilibria in the
informational extended bimatrix games, for the methods of the matrices generation,
and for the both algorithms are given.
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