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Abstract This paper investigates the use of egalitarian criteria to select
allocations in bankruptcy problems. In our work, we characterize the sets of
Lorenz maximal elements for these problems. We show that the allocation
selected by the Proportional Rule is the only allocation that belongs to all
these Lorenz maximal sets. We prove that the Talmud Rule selects the lex-
icographic maximal element within a certain set. We introduce and analyze
a new rule for bankruptcy problems that shares strong similarities with the
Talmud Rule.
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1. Introduction

A bankruptcy problem consists of a set of claimants who must divide between them
an infinitely divisible good (the endowment) that is not sufficient to satisfy their
claims in full. The aim of this paper is to introduce two egalitarian criteria for
solving bankruptcy problems.

The use of egalitarian criteria to select outcomes from a given set has been widely
analyzed in many different settings. For example, in the literature on coalitional
games it is well-known that the most important solution concepts can be seen as
selectors of egalitarian optimal outcomes from a certain set'. This approach is not
entirely new in bankruptcy problems since it is known that the Talmud Rule, one
of the most important sharing rules for bankruptcy problems, coincides with the
nucleolus of the associated bankruptcy games and the nucleolus is a solution that
selects lexicographic maximal elements from a certain set. In this paper we consider
two egalitarian criteria: the Lorenz and lexicographic criteria.

It has been noted by various authors? that if the set of feasible allocations of
a bankruptcy problem is considered it must be concluded that the lexicographic

* We thank W. Thomson, C. Kayi and E. Inarra for helpful comments and suggestions. J.
Arin acknowledges financial support from Project 9/UPV00031.321-15352/2003 of the
University of the Basque Country, Projects SEJ-2006-05455 and EC0O2009-11213 of the
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maximal allocation coincides with the allocation selected by the sharing rule known
as Constrained Equal Awards, a rule that seeks to give the same amount to each
claimant whenever that amount does not exceed her /his claim®. Constrained Equal
Losses (a rule that seeks to divide the loss equally whenever no claimant receives a
negative payoff) is also a lexicographic maximizer since it selects the lexicographic
maximal allocation from the set of vectors of losses. We prove that the Talmud Rule
selects the lexicographic maximal allocation in the set of vectors of awards/losses
considered in absolute terms. The analysis suggests the definition of a new sharing
rule: the Lexmax Rule. The definition of this rule is based on a lexicographic crite-
rion and it is a natural counterpart of the Talmud Rule, or even a kind of reverse
Talmud Rule. This fact relates the new Lexmax Rule with the Reverse Talmud Rule
introduced by Thomson (2007). We discuss the relationship between these rules.

Concerning the second egalitarian criterion, the Lorenz criterion 4, we character-
ize the sets of Lorenz maximal vectors of awards/losses. The existence of different
Lorenz maximal sets is due to the fact that the vectors of awards/losses can be
weighted and can be considered in real terms or absolute terms (see Subsection 2.3
for details). If the intersection of the different Lorenz sets is considered in absolute
terms it is found to contain only the allocation provided by the Proportional Rule.

The rest of the paper is organized as follows: Section 2 introduces bankruptcy
problems, sharing rules and egalitarian criteria. Section 3 deals with the different
Lorenz maximal sets. Section 4 is devoted to the lexicographic rules — the Talmud
Rule and the Lexmax Rule — and Section 5 concludes.

2. Preliminaries

2.1. Bankruptcy problems
The tuple (N, d, E) is a bankruptcy problem if:

a) N is a finite nonempty set.

iEN

N represents the set of agents or claimants, E € Ry represents the amount to
be divided, and d € Rf is a vector of claims whose i-th component is d;. Then i < j
means that we assume d; < d; and d; > 0. We denote by I" the class of bankruptcy
problems.

An allocation to the claimants is represented by a real valued vector 2 € RY that
satisfies ) ;. y ;i = E. The i-th coordinate of the vector x denotes the allocation
given to claimant 1.

We say that an allocation x satisfies claim boundednes and non negativity if
d; >x; >0forallie N.

We denote by F(N,d, E) the set of allocations that satisfy claim boundednes
and non negativity.

A sharing rule ¢ in a set of problems I' is a mapping that associates a vector
¢ (N,d,E) € F(N,d, E) with every problem (N,d, E) in I.

3 In Subsection 2.2 we introduce the two lexicographic criteria. The first criterion is based
on the minmax principle and the second one is based on the maxmin principle.

4 In the literature on egalitarianism it is agreed that an allocation should be maximal
according to the Lorenz criterion as a minimal requirement for being called egalitarian.
This fact motivates the study of Lorenz maximal allocations for bankruptcy problems.
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Some well-known sharing rules are’:
Constrained Equal Awards (CEA). This solution divides the endowment
equally among the agents under the constraint that no claimant receives more than
his\her claim. Formally:

CEA(N,d,E) = (min(B,d;)),cn

where f3 solves the equation ), min(3,d;) = E.

Constrained Equal Losses (CEL). This solution divides the total loss ( > d;—
iEN
E) equally among the agents under the constraint that no claimant receives a neg-
ative amount. Formally:

CEL(N,d,E) = (maz(0,d; — B));cn

and (3 solves the equation ),y max(0,d; — 8) = E.
The Proportional Rule (PR). This solution divides the endowment among
the claimants proportionally to their claims. Formally:

PR(N,d,E)=5-d

where >0 and 3 - (EieN d;) =E.
Some convenient, well-known properties of a rule ¢ in I" are the following.

— ¢ satisfies order preservation for awards and losses if for each (N,d, E)
in I' we have that ¢(N,d, E) is order preserving for awards and losses. An
allocation x is order preserving for awards and losses if d; < d; implies that
X, S.l?j anddi—a:i Sd] — Ty

— ¢ satisfies consistency if for any problem (N,d, E) and any S C N it holds
that ¢’L(S’ (di)i657 ZiES ¢i(Na da E)) = ¢’L(Nﬂ da E) for all 7 € S.

— ¢ satisfies half claim boundednes (HCB) if for any (N,d, E) € I' we have
that either ¢;(N,d, E) > % for alli € N or ¢;(N,d, E) < % for all i € N.

— ¢ satisfies A\-claim boundednes (A-CB) if for any (N, d, E) € I" we have that
either ¢;(N,d, E) > Ad; for all i € N or ¢;(N,d,E) < A\, for all i € N.

HCB is discussed in Aumann and Maschler (1985). This property is satisfied by
the Talmud Rule and by the Proportional Rule. The A-CB is clearly inspired by
HCB and is satisfied by the Proportional Rule for any A € [0, 1].

2.2. [Egalitarian Criteria

For any vector z € R? we denote by 0(z) the vector that results from z by permuting
the coordinates in such a way that 61(2) < 02(z) < ... < 04(z). Let z,y € R%.
We say that the vector x Lorenz dominates the vector y (denoted by z >, y) if

k k
>20:(x) > > 0;(y) for all k € {1,2,...,d} and if at least one of these inequalities is
i=1 i=1
strict. The vector x weakly Lorenz dominates the vector y (denoted by x >, y) if

k k
>20i(x) > > 0;(y) for all k € {1,2,...,d}.
i=1 i=1

5 A long list of rules can be found in a survey by Thomson (2003).
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We say that the vector x lexicographically dominates the vector y (denoted by
T ep y) if either O(x) = 6(y) or there exists k such that 6;(x) = 6;(y) for all
i€{1,2,....k — 1} and 6 (x) > Or(y).

This lexicographic criterion provides Lorenz maximal allocations.

We say that the vector = lexmax dominates the vector y (denoted by z >,
y) if either 6(x) = 6(y) or there exists k such that 0;(z) = 0;(y) for all i €
{k+1,k+2,...,n} and 0;(z) < 0x(y).

The lexmax criterion provides Lorenz maximal allocations.

The last two criteria can be considered lexicographic criteria. The first one can
be renamed as a maximin criterion and has been widely analyzed in many different
models. The second criterion, a minimax criterion is a natural counterpart of the
maximin criterion but has not received the same attention. The maximin criterion
is also known as the Rawlsian criterion.

2.3. The set of awards-losses vectors

Let (N,d, E) be a problem and let x be an allocation. Each agent measures x; in
two ways. In one sense z; measures how much he\she receives. In the other sense,
d; — x; measures how much he\she does not receive. Given the allocation « we define
its associated ordered vector of awards-losses as follows:

AL
= (21, e, Ty 1 — 1y ey Ty — ).

We also use the following notation:

= (21,...,2,) and ¥ = (z1 — dy, ...,z — dy).

In this vector, awards and losses are equally weighted and equally treated. We
also consider vectors where awards and losses are not equally treated. Given the
allocation = we define its associated weighted vector of awards-losses as follows:

Azl = (1 =Nz, o, (1= Nz, Mz — di), ooy Mzn — dy))

where A € [0,1]. Note that A-zL with A = 1 is the vector of equal weights, which
in our study is equivalent to considering 4% or A-z4L with A = % The following
set

INMAL(N,d, E)| = {|A»-2*"|: 2 € F(N,d,E)}

is the set of vectors of awards-losses taken in absolute terms. Note that we use
the notation A-z” instead of A-z4L (N, d, E). We consider there is no confusion, so
we prefer the notation A\-z” for the sake of simplicity.

3. The Lorenz criterion

The first egalitarian criterion we consider is the Lorenz criterion. The Lorenz order
is not complete and therefore by applying this criterion we do not, in general, obtain
uniqueness. In this sense, the set of Lorenz maximal allocations (the set of Lorenz
undominated allocations) can be seen as the maximal set of fair allocations. A
Lorenz dominated allocation is not a candidate for selection when looking for fair
allocations. The set of Lorenz undominated allocations is defined as follows:

such that yAL -, xAL

L(N,d, E) = {xeF(N,d,E);there isnoy e F(N,d,E) }
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The Lorenz maximal set coincides with the set of allocations that satisfy order
preservation in both ways, awards and losses Theorem 1). Therefore, order preser-
vation emerges as a minimal requirement for a fair allocation.

The proof of this result relies on the following fact. For two elements k and [, a
vector z, and a real number « > 0, we say that (k,l,x,«) is an equalizing bilateral
transfer (of size « from k to | with respect to x) if

T —a > 1+ Q.

Now, Lemma 2 of Hardy, Littlewood and Polya (1952) implies that an allocation
y Lorenz dominates another allocation x only if y can be obtained from z by a finite
sequence of equalizing bilateral transfers.

Theorem 1. The Lorenz maximal set coincides with the set of all allocations that
satisfy order preservation in both ways: awards and losses.

Proof. Let € F(N,d, E) be such that z is not order preserving for awards. There-
fore, there are claimants 7, j such that d; > d; and x; < x;, Then it also holds that
di — x; > d; — x;. Consider the following allocation z :

r+e ifl=i
=R x—¢ ifl=j
x; otherwise

i ws (dimwi)—(dj—w;
where & = min(=5= ,ldize )2( =)

It is not difficult to check that z4% =, x4L since it still holds that z < z; and
d; — z; > dj — z;j. The proof is similar in the case where x violates order preservation
for losses.

Let = be an allocation satisfying order preservation for awards and losses. Then

Z Hi(J?AL)ZE— Z di

1<i<n 1<i<n

since the first n elements of the vector §(zA%) are the ordered losses (z, —
dyn,...,71 — d1)%. Note also that

2n
Z Hi(xAL) = Z €T; = FE

i=n+1 1<i<n

since the last n elements of the vector 6(x“%) are the ordered awards (21, ..., Z,,).

6 If there is any z1 < (z; — d;) we have the following contradiction:
21 < (s —d;) < (21 —d1) < 1.
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Therefore, if there is an allocation z such that z4% = 2% should be the case
that 2% =1 oL and 24 =1 24 or 2L = 2L and 24 = z4. If 24 =1 24 then 24
can be obtained from z# by a finite sequence of equalizing bilateral transfers.

Now consider a vector y* resulting from z* after a bilateral equalizing transfer.
Let 4, j two claimants such that z; < x;

v +e fl=1
=R x—¢c ifl=yj
x; otherwise
where 0 < ¢ < Zi2%E,
It is clear that y* >; 2 implies that 2* >, y” and therefore y** does not
Lorenz dominate z4%.
A similar consideration follows for the case where we consider Lorenz domination
with respect to the vector z¥. That is, if there exists an allocation y such that
yY =1 o’ then 24 > y* and therefore y4% does not Lorenz dominate z4%. a

Figure 1 shows the Lorenz maximal set when F moves from 0 to d; + ds. As
we know by theorem 1, figure 1 also is representing the set of all allocations that
satisfy order preservation in awards and losses when E moves from 0 to dy + ds.

X2
d2 == CEL
D Lorenz Set
== CEA
d: X1

Fig. 1: Illustration of the Lorenz maximal set when E moves from 0 to di + da.

The following corollary arises immediately since a convex combination of order
preserving allocations is also order preserving.

Corollary 2. The Lorenz maximal set is convex.

Note that if an allocation « is order preserving in (N, d, E) then (z;);cs is also
order preserving in (S, (di)ies, ) _;cg i) and therefore the Lorenz set satisfies the
consistency principle.
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Corollary 3. Let v € L(N,d, E). Then (z;)ics € L(S, (di)ies, Y ;cq Ti)-

We also define the weighted Lorenz maximal set for A € [0, 1] as follows:
_ _ Jxz e F(N,d,E);there isno y € F(N,d, E)
A—L(N,d, E) = { such that A-yAL > A-zAL )

A direct consequence of the proof of Theorem 1 is that for A € (0, 1) the weighted
Lorenz maximal sets coincide. This is so because whenever A € (0,1) it is still true
that 32, <, Oi(A-att) = ME=21<icndi) and 32, 1 <icon 0i(A —24) = (1-N)E.
Therefore the arguments of the proof can be repeated.

However it is immediately apparent that if we take A =0

L(N,d, E) = {xeF(N,d,E);there isnoy € F(N,d, E) }

such that y > x

coincides with CEA(N,d, E) and if we take A = 1 the set
_Jz e F(N,d,E);thereisno y € F(N,d, E)
L(N,d, B) = { such that y” > x

coincides with CEL(N,d, E).

The last two results were noted by Bosmans et al. (2007) when studying Lorenz
comparisons between vectors of n elements (being n the number of claimants). Many
other authors have considered Lorenz comparisons of vectors of n elements in their
works. For example, this type of analysis can be found in Thomson (2007).

This analysis points out a natural question: If we consider the vector of awards-
losses in absolute terms does the new Lorenz set coincide with the set of allocations
that satisfy order preservation in both ways? The answer is not.

We define the new Lorenz maximal set as a set of Lorenz undominated allo-
cations in the following terms:

Lar(N,d, E) = {xeF(N,d,E);there isnoy € F(N,d, E) }

such that |yAL‘ I ‘a:AL|
The new set is a subset of the Lorenz set defined above.

Theorem 4. The set Lar(N,d, E) coincides with the set of all allocations that sat-
isfy half claim boundednes and order preservation in both ways: awards and losses.

Proof. Let x € F(N,d, E) be such that x is not order preserving for awards. There-
fore, there are claimants 7, j such that d; > d; and x; < x;, Then it also holds that
d; —x; > d;j — x;. Consider the following allocation z :

r+e ifl=i
=R x—¢ ifl=j
x; otherwise

zij—mi (di—xi)—(d;j—x;)

where € = min( , 5

It is not difficult to check that |zAL‘ ~r ‘xAL| since it still holds that z; < z; and
d; — z; > dj — z;. The proof is similar in the case where 2 violates order preservation
for losses.
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Let x € F(N,d, E) be such that x does not satisfy HCB. Therefore, there are
claimants 7, j such that z; < % and x; > %J Then it also holds that d; — z; > x;
and z; > d;j — x;. Consider the following allocation z :

ry+e ifl=i
= x—¢ ifl=j
x; otherwise

where ¢ is such that still holds that d; — z; > z; and z; > d; — 2;.

It is not difficult to check that }zAL| = |xAL} .

Assume that F < % > d; and let x be an allocation satisfying HCB and order

iEN

preservation in both ways. For any two claimants ¢,j (assuming d; < d;) it holds
that (by HCB of z) d; — x; > z; and d; — x; > x;. Since z also satisfies order
preservation it also holds that z; > z; and d; — z; > d; — ;.

Therefore we conclude that x; is the minimum among the four numbers while
d; — x; is the maximum. Assume that allocation z results from a bilateral transfer
made by claimant ¢ to claimant j. That implies that z; < x; and therefore ‘ZAL|
cannot Lorenz dominate ‘mAL| . Assume that allocation z results from a bilateral
transfer made by claimant j to claimant . That implies that d; — z; > d; — z;
and therefore |ZAL| cannot Lorenz dominate |xAL‘ . The proof is almost identical if

we consider £ > % > d;. Therefore there is no bilateral transfer between claimants
=

allowing a new allocation that can be used to claim that x is not an element of the

set Lap(N,d, E). O

Figure 2 illustrates the set Lar (N, d, E) in two-claimant problems when E moves
from 0 to dy +dz which coincides with the set of allocations that satisfy HCB. Figure
2(a) shows the set of allocations that satisfy HCB when £ < ds —dy, and similarly,
figure 2(b) shows the set of allocations that satisfy HCB when 2 > dp — d;.

Following almost identical arguments as in Theorem 4, the following theorem

can be proved.

Theorem 5. The set \-Lar(N,d, E) coincides with the set of all allocations that
satisfy A-claim boundednes and order preservation in both ways: awards and losses.

The set A»-Lar(N,d, E) is defined as follows:

x € F(N,d, E);there isno y € F(N,d, E) }

ALar(N,d, E) = { such that |/\ - yAL| =L |)\ - JTAL‘

Since the Proportional Rule is the only sharing rule satisfying A-CB for any
A € (0,1) the following corollary is immediate.

Corollary 6. \ @1))\-LAT(N’ d,E)={PR(N,d,E)}.
€(o,

Proof. Let (N, E,d) be a bankruptcy problem and let A = ﬁ . Then E =
A nsi>1 di and therefore A-L(N, d, E) = {A\d} = {PR(N, d, BE)}. O

The Proportional Rule is the only rule that selects Lorenz maximal outcomes
for any problem whenever awards and losses are simultaneously considered”.

" Note that if we only consider awards or losses the only allocation that is Lorenz maximal
is the CEA allocation or the CEL allocation.
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X2 X2
d2 T d2 T
| |
| |
| |
| |
/
/
da| _ Z da
2 2
/
/
| |
| |
| |
| |
| |
d X d X
2 v 2 & !
2(a) Lar when 2 > dy —d; 2(b) Lar when 2 < dy —dy

Fig. 2: Illustration of the set Lar(N,d, E) in two-claimant problems when E moves from
0 to dy + ds.

4. The Lexicographic criterion

4.1. The Maximin Principle

A central rule in the literature of bankruptcy problems is the Talmud Rule in-
troduced by Aumann and Maschler (1985). This rule explains the resolution of
three numerical examples that can be found in the Talmud. For many years was an
open problem what rule was behind these examples. Aumann and Maschler prove
that their rule prescribes the proposals of the examples in the Talmud. They also
prove that the rule coincides with the nucleolus of a TU game associated with the
bankruptcy problem. Given a bankruptcy problem (N, d, E) we define its associ-
ated bankruptcy game as a TU game (N,v) where N is the set of claimants and
v(S) = max {E — 2igs di,0} . See O'Neill (1982).

The nucleolus (Schmeidler, 1969) selects lexicographical maximal elements in
the set of vectors of satisfactions of the coalitions. We prove that the Talmud Rule
is also a Lexicographic rule. First we introduce the definition of the Talmud Rule.

Let (N, d, E) be a bankruptcy problem. Then

T,(N,d, E) = min {%,a}  if B < Zezi®
o 4+ max{% —a,0}  otherwise

where « is chosen such that >~ .. T;(N,d, F) = E.
This rule provides the allocation whose vector of awards-losses is the lexico-
graphically maximal vector in the set |AL (N, d, E)|. That is,

Theorem 7. Let (N,d, E) be a bankruptcy problem. Then
T(N,d,E) = {a: € F(N,d, E); |xAL‘ lex |yAL , for ally € F(N,d, E)} )

Proof. Let z=T(N,d, E). We distinguish 4 cases:
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) d
a) ES anézl l

Then the first n elements of the vector 9(‘2

and z; < % for all 7 € .

E E
are (32, ..., 7

lexicographically dominates any other vector |yAL ‘ where y is an allocation.

b) E < M and z = % for all | € {1,...,k}. Then the first 2k elements

2
of the vector 6(|z4L]) are (B, 4, %’“, %’“) and the next (n — k) elements are

(E7%Zk2121dl E7%2k2121 dy
n—k LR n—k
other vector |yAL‘ where y is an allocation.

c) E> M and d; > z; > % for all 7 € N. Then the first n elements of the

vector 9(‘2‘“‘) (Z”Z@n1 dliE, . Z”212”11'43) and clearly ‘ZAL| lexicographi-

cally dominates any other vector |yAL ‘ where y is an allocation.

d) E > M and z; = % for all € {1,...,k}. Then the first 2k elements of

the vector 9(‘2‘4’:‘) are (%, %, ey %’“, %) and the next (n — k) elements are

AL ) and clearly |24|

). Clearly |zAL ‘ lexicographically dominates any

are

1 1 1 1
32 msiski1 =3B 3 ssppi i — 3E

( p— oo p— ).

Clearly ‘ZAL ‘ lexicographically dominates any other vector ‘yAL | where y is an
allocation. 0O

Weighted Talmud Rules® are introduced and studied by Moreno-Ternero and
Villar (2006). They call this family of rules the TAL-family.
Let (N,d, E) be a problem. Then

‘ B min {\d;, a} HfE<AY <51 di
A-Ti(N,d, E) = { Ad; + max {(1 — \)d; — a,0} otherwise

where « is chosen such that > ;o »Ti(N.d,E) = E.

It is not difficult to check that this rule provides the allocation whose vector of
awards-losses is maximal in the set ‘AL)‘(I (N,d, E))‘ . That is for A € (0,1) we
have that

AT (N,d,E) = {z € F(N,d, E); |»-a*"| = e [Ny?"|, forally € F(N,d,E)} .

Given a bankruptcy problem (N,d,F) and A = ﬁ it holds that E =

n>1>1 4

A, >>1 di and therefore A\-T;(N, d, E) = Ad;. This fact is the proof of the following
corollary.

Corollary 8. Let (N,d,E) be a problem where E = XY o,~,;di. Then \-
T((N,d, ) = PR((N.d, E)). =

8 The term Weighted Talmud Rule is introduced by Hokari and Thomson (2003). In their
case the weights refer to the claimants and not to awards\losses. We keep the term since
we think there is no confusion and it is more consistent with the rest of the paper.
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Aumann and Maschler (1985) characterize the Talmud Rule as the unique consistent
rule for bankruptcy problems (Theorem A). In their work consistency is also called
CG-consistency and explained as follows:

Intuitively, a solution is consistent if any two claimants i,j use the con-
tested garment principle to divide between them the total amount x; + x;
awarded to them by the solution.

The contested garment principle is a solution used to solve two-claimant prob-
lems. The solution coincides with the Talmud Rule and the theorem can be inter-
preted as follows; the Talmud Rule is the unique solution that consistently extends
to n claimant problems the contested garment principle.

Replacing the contested garment principle by the solution prescribed by a
Weighted Talmud Rule in two claimant problems we can characterize this Weighted
Talmud Rule as the unique rule that consistently extends to n claimant problems
this solution prescribed for two claimant problems.

4.2. The Minimax Principle

This interpretation of the Talmud Rule, as a rule based in a lezicographic maximin
criterion, suggests the definition of a new rule based on the lexmaz (lexicographic
minimaz) criterion. In the literature of TU games this criterion inspires the defi-
nition of the Lexmax rule and the antinucleolus (see Arin (2007)). See also Luss
(1999) for the application of the minimax principle in other models.

We call the new rule Lezmaz Rule, and we denote it by LM, formally,

Definition 9. Let (N,d,E) be a bankruptcy problem. Then LM(N,d,E) =
{z € F(N,d, E); |2L| = |yAL|, forally € F(N,d,E)}.

This rule satisfies order preservation (in both ways) and HCB since it provides
allocations that belong to the set Lar (N, d, E). It is also quite immediately apparent
that the new rule satisfies consistency.

The three facts can be used to define the following algorithm in order to compute
the Lexmax Rule of a bankruptcy problem.

A procedure for computing the Lexmax Rule of a bankruptcy problem

Let (N,d, E) be a problem. In order to obtain LM ((N,d, E)) consider the fol-
lowing 4 cases:

a) Let £ < 22221 anq du < g — CEL,(N,d, E). Then
LM(N,d,E) = CEL(N,d, E).

b) Let E < Z2221% 4y & >, — CEL,(N,d, E). Then

LM,(N,d,E) = dn

To obtain the allocation for the rest of the claimants consider the problem
Any = (N\{n},(di)icqr,..n-1}, B — %), If 2L < d,, 1 — CEL,_1(Ap—1) then

LM (Ap_1) = CEL(A,_1).
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If dn271 2 dn—l _ CELn—l(An—l) then

dp —1

LMnfl(Anfl) = 9

To obtain the allocation for the rest of the claimants consider the problem

Apa = (N\{n,n -1}, (di)ieq,....n—23, E — %’” — %) and continue with this pro-

cedure until an allocation for all claimants is obtained.

¢) Let B > Z221% 4y da < g, — CEA,(N,d, E). Then

LM(N,d,E) = CEA(N,d, E).

d) Let B > Z2221% and e > 4, — CEA,(N,d, E). Then

LM, (N,d,E) = %”.

To obtain the allocation for the rest of the claimants consider the problem
An—1 = (N\{n}, (di)ieqr,...nm1}, B — §). If 4t < dypoy — CEA,_1(Ap—1) then

LM (A1) = CEA(A,-1).
If 4452 > d,y — CELy—1(A-1) then

dp —1
5

LMnfl(Anfl) =

To obtain the allocation for the rest of the claimants consider the problem

Apa = (N\{n,n -1}, (di)ieq1,....n—2}, E — %’” — d”Q’l) and continue with this pro-

cedure until an allocation for all claimants is obtained.

In case a CEL satisfies HCB and losses are higher than awards. In case b CEL of
the original problem violates HCB and therefore we fix the allocation of claimant n
in order to preserve HCB. The consistency of the Lexmax Rule allows us to seek the
allocation of the rest of the claimants in a new reduced problem where again losses
are higher than awards. If in the new case CEL satisfies HCB this is the allocation
for the rest of the claimants and otherwise we fix the allocation of claimant n — 1
and we continue with a new reduced problem where again losses are higher than
awards.

Cases ¢ and d are the reverse of cases a and b when awards are higher than
losses and the reference is CEA instead of CEL.

Figure 3 illustrates how these rules perform in two-claimant problems when F
moves from 0 to d; + dz. Figure 3(a) shows the Lexmax Rule when % < (da — dy).
Similarly, figure 3(b) shows the case 2 > (dy — dy).

Similarly, given a bankruptcy problem (N, d, E), the A-Lexmax Rules are defined
as follows:

ALM(N,d,E) = {z € F(N,d, E); |»-a®"| =1, |\-y*L], forally € F(N,d,E)}.
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X2 X2
ds d» — ---- CEL
2 == Lexmax
e e CEA
do da|
2 2
|
(dz — dl) Lo
o
... I
. |
o’ |
hd |
1 X1 d—21 1 X1
2(a) LM when £ < dy — d; 2(b) LM when 2 > dy — dy

Fig. 3: Illustration of the Lexmax Rule when E moves from 0 to di + ds.

The computation of the Weighted Lexmax Rules results from replacing the pa-
rameter % by A in the procedure above. The procedure can be used to provide the
following alternative definition of the Lexmax Rule that shares similarities with the
definition of the Talmud Rule..

Let (N, d, E) be a bankruptcy problem. Then

LMi(N,d, E) = max{min{%,di - Oz} 70} if B < L"E;Idl
B min {max{a, %} ,di} otherwise

where « is chosen such that - -, LM;(N,d,E) = E.

If the Estate is less than half of the total claims the Talmud Rule provides the
CEA allocation whenever this allocation satisfies HCB (See Chun et al. (2001)). In
the other case the Talmud Rule assigns the CEL allocation whenever this allocation
satisfies HCB. The Lexmax Rule replaces CEA by CEL in the first case and CEL
by CEA in the second case. Therefore the Lexmax Rule is a natural counterpart of
the Talmud Rule. The following table represents different bankruptcy problems all
of them with the same set of claimants and claims ((100, 200, 300)).
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Talmud Lexmax Talmud Lexmax
E Awards Awards Losses Losses

100 (33%,334,331) | (0,0,100) [(662,1662,2662)|(100,200,200)
200/  (50,75,75) (0,50,150) | (50,125,225) (100,150, 150)
300/ (50,100,150) | (50,100,150) | (50,100,150) | (50,100, 150)
400 (50,125,225) [(100,150,150)| (50,75, 75) (0,50, 150)

500[(662,1662,2662)((100, 200, 200)| (33%,333,333) | (0,0,100)

The first three problems, mentioned in the Talmud, motivate the paper by Au-
mann and Maschler (1985).

Note that if E < Z2222% then T(N, d, E) =, LM(N, d, E).
IfE> =

%ldl then LM (N,d, E) > T(N,d,E). The situation is reversed
if we compare losses, that is, if £ < M then (d — LM(N,d, E)) =1 (d —

T(N,d, E)) and if E > Z2221% then (4 — T(N,d, E)) =, (d — LM(N,d, E)).
This explanation necessarily links the new rule with a well-known rule in the

literature of bankruptcy problems, the ReverseTalmud Rule, defined as follows:

max {4 —a,0} if £ < 72"2;1 &

RT;(N,d,E) = . .
( ) {%+min{%,a} otherwise

Arin and Benito (2010) show that the Reverse Talmud Rule is a Least Square
value”. In the following, we explain why the two rules van be seen as reverse Talmud
rules. The Talmud Rule allows two different interpretations:

2 di
1T B < 2z dt

satisfies HCB. If £ >
allocation satisfies HCB.
2-If FE < %ﬂil the rule provides the CEA allocation of a new problem
anzz1 d;
2

the rule provides the CEA allocation whenever the allocation

Enzzzl d;

5 the rule provides the CEL allocation whomever the

where the claims are half of the original claims. If F > the rule provides
to each claimant half of his\her claim plus the CEL allocation of a new problem

d
where the claims are half of the original claims and the Estate results £ — %

Replacing CEA by CEL and CEL by CEA the first interpretation provides
the Lexmax rule. In the second interpretation the same replacement originates the
Reverse Talmud rule.

? That is, RT(N,d, E) = {x € F(N,d, E); |z*"| =Ls [y*"|, for all y € F(N,d,E)}.

The vector z is said to least square dominate the vector y (denoted by = =rs y ) if

d d
Sa? < S y? (assuming z,y € RY).
i=1 i=1
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5. Conclusions

This research can be summarized with the table below. In the table rules are linked
with egalitarian criteria and sets and can be interpreted as answers to the following
two questions:

1. What egalitarian criterion is used to make egalitarian comparisons between
elements?
2. From what set are those elements taken?

Rule Criterion Set Weight : \

CEA|Lex and Lexmax| A(N,d, FE)

CEL |Lex and Lexmax| L(N,d, FE)

LM lexmax [»-AL(N,d, E)| 3

T Lex  |MALN.4.B)|| 3
AT Lex A-AL(N,d, E)|[| A
PR |Lexmax and Lex||\-AL(N,d, E)| ﬁ

The table gives a unified framework to place many different rules that have been
introduced and analyzed by several authors.

The table!? also indicates how to extend this type of solutions to other differ-
ent settings. In particular, in airport problems (Littlechild, 1974) it is generally
accepted that solutions must select core allocations and not merely imputations.
Therefore, the search for egalitarian maximal elements should be restricted to the
core of the airport problem. In other settings, other constraints may exist and solu-
tions are required to satisfy them. This is a restriction of the set where egalitarian
maximal elements are sought. Also in claim problems different constraints could be
considered.
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