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Abstract In the contribution a problem of pollution control is studied
within the game-theoretic framework (Kostyunin et al., 2013; Gromova and
Plekhanova, 2015; Shevkoplyas and Kostyunin, 2011). Each player is assumed
to have certain equipment whose functioning is related to pollution control.
The i-th player’s equipment may undergo an abrupt failure at time T;. The
game lasts until any of the players’ equipment breaks down. Thus, the game
duration is defined as T'= min(T4, ..., Ty), where T; is the time instant at
which the i-th player stops the game.

We assume that the time instant of the i-th equipment failure is described
by the Weibull distribution. According to Weibull distribution form parame-
ter, we consider different scenarios of equipment exploitation, where each of
player can be in “an infant”, “an adult” or “an aged” stage. The cooperative
2-player game with different scenarios is studied.

Keywords: differential game, cooperative game, pollution control, random
duration, Weibull distribution.

1. Introduction

When considering game-theoretic problems of pollution control it is important to
take into account the fact that the game may end abruptly. The reason for this can
be an equipment failure, an economical break-down or a natural disaster among
many others. In this paper we consider one particular case when the game duration
is determined by the life duration of the equipment. Typically, when describing the
life circle of a technical system one considers three different stages: the ”infant”
stage, the ”adult” or regular stage, and the "aged” or weared-out stage. It is well
known that the life-time for all these stages can be well described by the Weibull
distribution (Weibull, 1951).

In this paper, we consider a pollution control problem for n players. We assume
that the equipment of each player at the beginning of the game can be in any
of three states ("infant”, "adult” or "aged”). Thus the life-time of the equipment
differs for each player. The game ends with the occurence of the first failure.

The proposed approach is illustrated by an example of pollution control problem
with two players.

* This work was supported by the grant 9.38.245.2014 from St. Petersburg State Univer-
sity
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2. The Problem Statement

Consider a game-theoretic model of pollution control based on the models
(Breton et al., 2005; Shevkoplyas and Kostyunin, 2011). There are n players (coun-
tries) involved in the game. Each player ¢ manages his emission e; € [0,b;], b; > 0,
i = 1,n. Each country is assumed to have certain equipment whose functioning is
related to pollution control.

The game starts at the time instant ¢y. The i-th player’s equipment may undergo
an abrupt failure at time T;. The game lasts until any of the players’ equipment
breaks down. Thus, the game duration is defined as T = min(T1, ..., T),), where T;
is the time instant at which the i-th player stops the game.

We assume that the time instant of the i-th equipment failure is the ran-
dom variable T; with known probability distribution function Fi(t), i = 1,n
(Petrosjan and Murzov, 1966). Assume also that {7;}!~; — independent random
variables. It is obvious, that T' = min{T1,T>,...,T,} is a random variable too. Us-
ing the cumulative distribution functions of the random variables {T;}7 ,, we can
write the expression for F'(t).

Proposition 1. Let {T;}7, — independent random variables, with probability dis-
tribution functions {F;(t)}7—,. Then probability distribution function F(t) of the
random variable T = min{Ty,Ts,...,T,} has the following form:

n
Fiy=1-[[(1-F@). (1)
i=1
Proof. According to the distribution function definition:

F(t)=P{T <t}.

Here
P{T <t} =1-P{T >t}.

The random variable T is defined as T' = min{T1,Ts,..., Ty}, so:
P{T >t} = P{min{T1,Ts,..., T} > t}.
{T;}!_, — independent random variables, then
P{min{Ty,Ts,...,Tn} >t} = P{Th > t}P{Tx > t}... P{T,, > t}.
Using again the distribution function definition, we have
P{Th > t}P{Ty>t}... P{T, >t} =(1—Fi(t)) (1 — F(t)) ... (1= Fu(t)),

ie.:
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The net revenue of player i at time instant ¢ is given by quadratic functional form:

1

Rife) = eit) (b= i) 1 € [, )

Denote the stock of accumulated net emissions by P(t). The dynamics of the
stock is given by the following equation with initial condition:

n

P(t) = Ze’i(t)a te [t07T]a (4)

P(ty) = Py. (5)

The expected integral payoff of the player ¢ can be represented as the following
mathematical expectation:

K; (Po,to, e1, ¢, s en) = E(/T (Ri(er) - diP(s))ds),

to

where d; P(t) — is a cost of player i for decreasing of his emission at the moment ¢.
Then we have the following integral payoff for player i:

K (Posto, e1, 62, e0) = / N / (Ruler) — diP(s))dsdF (1), (6)

After simplification of the integral payoff (Kostyunin and Shevkoplyas, 2011),
we get

(o)
K; (Po,to, €1, 9 2) :/ (Riler) — diP(s)) (1 — F(s))ds. (7)
to

Denote the described game starting at the time instant ¢y from the situation Py by
I'(tg, Po). Let the game I'(tg, Py) develops along the trajectory P(t). Then at the
each time instant 6 € [to;T] players enter new game (subgame) I'(6, P(6))) with
initial state P(#) and duration (T — 6). The expected payoff of the player i under
the condition that the game is not finished before the moment 6 can be calculated
by following formula:

m(Pw),e,el,ez,...,en):I%F(g) /:O (Ri(e:) — diP(s)) (1 = F(s))ds. (8)

Further we assume an existence of a density function:

f(t) =F (), (9)
and using the Hazard function A(¢) which is given by the following definition:

o) = 10 (10)
we have .
| F(s)=e 107 (11)

We can prove the following proposition.
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Proposition 2. Let {Ti}?zl — independent random variables with probability dis-
tribution function F;(t), i =1,n and the hazard functions {\;(t)};—,. Then for the
random variable T = min{Ty,Ts, ..., Ty} the hazard function A(t) can be calculated

by the following formula:

A(t) = Z)\Z—(t). (12)
Proof. As we say in (1):
F(t)=1-[[a~F@). (13)

using (11), we have:
—fk(T)dT
0 .

[[Ta-F®m) =e

1=

—

Taking the log of both sides in (14), we obtain:

(] -F@)) = —/)\(T) dr. (15)

<.
—

Then we have:
n t

> n(1-F(t) = f/A(T) dr. (16)

i=1 0
Similarly, we see that

- ft Ai(T)dT
e 0

and
t
In (1 - Fl(t)) = - / i (1) dr. (18)
0
Substituting (18) in (16), we obtain:
n t t
/)\i (r)dr = /)\(T) dr (19)
=17 0
So we can conclude that .
At) =D Xi(t)
i=1
O

One of probability distributions that can be used for description of random
variables T; is Weibull Law. The Weibull failure rate function is given by:

A = A0, >0, A>0; >0, (20)
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where § is the shape parameter and A is the scale parameter of the distribution.
Using Weibull distribution allows to consider three “scenarios” of the game in the
sense of behaviour of the random variables T;:

1. 0 < 1 corresponds to “burn-in” period, when the equipment failure is mostly
caused by deficiencies in design (new equipment);

2. 0 =1 corresponds to “adult” period, when failures are due to random events;

3. § > 1 corresponds to “wear-out” period (worn-out equipment).

For Weibull distribution we have:

— [ isirticldr
1—Fi(s)=e © =N (21)

Then the payoff of player ¢ in subgame I'(6, P(6)) can be represented as:

> A0% -3 st
=1

Ko (P(8).6,er,e.... en) = /:O<Ri(ez->dip<s>)e =M (2

Suppose that players are agree to cooperate and maximize the joint payoft:

K1+K2+"'+Kn:T

—(di+da+--+dy)P(s)) (1 - F(s))ds. (23)

1 = /:o (R1(61) + Ra(ez) + -+ Ry(en)—

According to the Proposition 1:

n
F(s)=1-]] (1= F(s)),
=1
then:
1= F(s) = e~ Qa5 Has® ot Ans®™) (24)

As a result, the expected total payoff of players in the subgame I'(6, P(6)) with
initial state P(#) and duration (T — ) is given by the following equation:

n . 00
ZKZ _ 6A1981+A2902+..-+An95” A (Rl(el) + RQ(GQ) + e + Rn(en)*
i=1
—(dy +dy o+ dy)P(s)) e Ous PR s g (95)

3. 2-player game

Consider 2-player cooperative game-theoretic model of pollution control.

Let T} — the time instant of the equipment failure for the player 1 with probabil-
ity distribution function Fj(¢) and failure rate function A (¢). T» — the time instant
of the equipment failure for the player 2 with probability distribution function F5(t)
and failure rate function A2 (t).

The game duration is defined as T = min{T1,T>}.

The game is considered over time ¢ € [0,T], where T is a random variable with
known probability distribution function F'(¢t) = 1—(1—Fy(¢))(1—Fa(t)) and failure
rate function A(¢) = A1 (t) + Az (¢).
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We use Weibull distribution as a distribution of random variables T and T5.
The players are assumed to have the identical scale parameter A = A\; = As.
Using (25), we get the equation for the joint payoff of players:

K+ Ky = / h (Ri(er) + Rales) — (di + da) P(s))e A"+ ds. (26)
0

To find the optimal emissions €y, e for players 1, 2, we apply Pontrygins max-
imum principle.:

ma (K -+ ) = / (Ri(e1) + Ro(82) — (di + do) P(s))e 6" +)ds, (27)
el ,01], 0
e2€[0,b2]

where
Kz' = Kz (Po,el,eg), 1= 1,2,

P(t)= e (t) +ea(t),
P(0) = F.
The Hamiltonian for this problem is as follows:
H(PaelaeQaA) -
1 1 “A(4514452)
= | er(®)(br — ger(?)) + ea(t) (b2 — 5e2(t) — (dy +d2)P(2) | e +
+ A (L) (ex(t) +e2(t)) . (28)
From the first-order optimality condition

OH
861' a

we get the following formulas for optimal emissions:

(b, —e;) e M H2) L A@) =0, i =1,2, (29)

(t) = b + A@t) ) =1 2, (30)

Adjoint variable A(t) can be found from the from the differential equation:

. 9H
i=-55. (31)
Then
t
A(t) = (dy + do) / e M) gs 1 (32)
0

We consider the problem with time ¢ € [0, 00) and the condition for A(t) has a
form:

lim A(t) = 0. (33)

t—o00
3.1. Optimal emissions

Different scenarios with possible conditions of players’ equipment are considered in
this section.
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The normal operating mode of the equipment Let’s consider the case, when
the equipments of both players are used in the normal operating mode. It means
that §; = d2 = 1 (“adult” scenario).

Using (30), we have the following form for optimal emissions

gi(t) = b; + A(t)e*. (34)

Adjoint variable in this case has a form:

t

, dy +d dy +d
A) = (d +do) [ eods 4 o= DT ) e (idda) o gy
2\ 2
0
where ¢ can be found from (33):
(d1 + da)
=<7 36
c o (36)
So (s + do)
+dz) _
A _ 1T Y2 2Xt
(=12 (37)
Then substituting (37) in (34) we obtain the two optimal strategies:
0; bz § dl;;\d2;
e(t) = 38
t) b_id1+d2 b->d1+d2i*12 (38)
’ 22 2\ T

The mode of normal operation of the equipment and worn-out equipment
Assume now that the equipment of the first country is in the normal operating mode
(01 = 1) and the second one uses the worn-out equipment (52 > 1). Without loss of
generality we assume d2 = 2 (the Rayleigh distribution).

Using (30), we have the following form for optimal emissions:

Ei(t) = b; + A(t) ), (39)

Adjoint variable in this case has a form:
t
A(t) = (di + do) / e+ ds 4o =
0

e
= BT BNE (iR VD) (VD) +e, (0

where ¢ can be found from (33). Then we get

Teil
At) = % <erf(\/Xt+ %\/X) - 1> : (41)

o, (dy o do)y/reireX ) 1
ei(t) = b + oy erf(\/Xt+2\/X) 1),
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and

As, ={t| &(t) <0}
Then we get:

(42)

0, if t € Ag,;
ait) = { 1 :

€;(t), otherwise.

The new equipment for both countries Assume that both of countries use the
new equipment, the shape parameters in this case are §; = do = %
Using (30), (32),(33), we have:

Eit) = b + A(t)ePVT, (43)

(di + do) 2\/te VI 4 =2V 1)

Alt) = — e + ¢, (44)
where @ )
+ do
CcC = —ET. (45)
Then we get
—2)\/t —2)\/t
A(t) _ (dl + d2)(2)\\/1_f€ +e ) . (46)

2X2

Let’s find optimal emissions in this case. If b; < dl;A';i?, then

g;(t) =0. (47)
If b; > 4t then
2A2b; —dy — dy \
0 t> (#) ;
_ 2X(dy + d2)
ei(t) = 2 (48)
,  (d +d2) (20t + 1) 0 < 2N2b; — dy — dy
! 22 ’ - 2)\(6[1 + dg)

The worn-out equipment for both countries Consider the problem in the case
when equipment of both countries is worn-out (d; > 1, d2 > 1). Fix the following
values of the shape parameters: 61 = 6o = 2.

Using (30), (32),(33), we have:

i(t) = b; + A(t)e* (49)

(dy + do)v/2merf(v/2)t) N

Alt) = ™oy

¢, (50)

where ¢ can be found from (33).
Then we get the following form for adjoint variable:

(dl + dg)\/%(erf(\/ﬁt) — 1).

A(t) = r

(51)
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Denote by
V2me2 M (erf(V2AL) — 1
Gi(t) = b + (dy + do)V/2me? (erf(vV2)t) )7
4VX
and
Agi = {t | gi(t) < 0}
Then we get:

0, if te As;
g(t) =19 - f (52)
€;(t), otherwise.

The graphic representation of the optimal emissions for four scenarios of the
game we can see at the Fig. 1.
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Fig. 1: Optimal emissions of the player 1 for four scenarios of the game.

4. Conclusion

In the paper a problem of pollution control was studied within the game-theoretic
framework. Each player was assumed to have certain equipment whose functioning
is related to pollution control. The i-th player’s equipment may undergo an abrupt
failure at random time 7; which is described by the Weibull distribution with dif-
ferent parameters corresponding to different modes of operation of the equipment.
The game lasts until any of the players’ equipment breaks down. Thus, the game
duration is defined as T = min(71,...,T,), where T; is the time instant at which
the i-th player stops the game.

A cooperative 2-player game with different scenarios was studied in detail.



A Game-Theoretic Model of Pollution Control with Asymmetric Time Horizons 179

References

Breton, M., Zaccour, G., Zahaf, M. (2005). A Differential Game of Joint Implementation
of Environmental Projects. Automatica, 41(10), 1737-1749.

Kostyunin, S.Yu., Palestini, A., Shevkoplyas, E.V. (2013). On a ezhaustible resource
extraction differential game with random terminal instants. Vestnik S.-Petersburg Univ.
Ser. 10. Prikl. Mat. Inform. Prots. Upr., no. 3, 73-82.

Gromova, E., Plekhanova, K. (2015). A differential game of pollution control with par-
ticipation of developed and developing countries. Contributions to Game Theory and
Management, 8, 64-83.

Kostyunin, S. and E. Shevkoplyas (2011). On simplification of integral payoff in the dif-
ferential games with random duration. Vestnik St. Petersburg University. Ser. 10, Issue
4, 47-56.

Shevkoplyas, E., Kostyunin, S. (2011). Modeling of Environmental Projects under Condi-
tion of a Random Time Horizon. Contributions to Game Theory and Management, 4,
447-459.

Petrosjan, L. A., Murzov, N. V. (1966). Game-theoretic problems of mechanics. (Russian)
Litovsk. Mat. Sb., 6, 423-433.

Yeung, D. W. K., Petrosjan, L. A. (2006). Cooperative Stochastic Differential Games. New-
York, Heidelberg, London: Springer, 242 P.

Weibull, W. (1951). A statistical distribution function of wide applicability. J. Appl. Mech.-
Trans. ASME 18 (3), 293-297.





