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Abstract Cooperative games with coalition structures are considered and
the principle of coalition structure stability with respect to some cooperative
solution concepts is determined. This principle is close to the concept of Nash
equilibrium. The existence of a stable coalition structure with respect to the
Shapley value and the equal surplus division value for the cases of two-
and three-person games is proved. In this paper, the problem of existence
of a stable coalition structure with respect to the Shapley value and the
equal surplus division value for the case of four-person games with special
characteristic function is examined.
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1. Introduction

When the nature of the game allows to form not only grand coalition but also
smaller coalitions, we may consider the games with coalition structures and find
cooperative solutions according to the structure. In the paper we consider single-
valued solution concepts such as the Shapley value (Shapley, 1953) and the ES-
value (Driessen and Funaki, 1991). The Shapley value modified for the games with
coalition structure is introduced in (Aumann and Dreze, 1974). If players may form
different coalitions, hence different coalition structures, an essential question arises:
which coalition structure is stable in some sense? By stability one may assume dif-
ferent properties of a coalition structure. By stable coalition structure we mean
a partition of players which is stable against individual deviations of any player.
Deviating from a coalition structure a player has several options: (i) to become a
singleton, (ii) to join another coalition from the coalition structure. If these devi-
ations are not profitable for any player, we call the coalition structure stable. We
also assume that in all coalitions belonging to the structure, the players’ payoffs are
defined according to the same cooperative solution. Therefore, we determine stable
coalition structure with respect to a cooperative solution like the Shapley value and
the ES-value.

Some ideas of stability concepts of coalition structures are introduced in the pa-
pers (Ha er in ger, 2001, Hart and Kurz, 1983). Following (Carraro, 1997) the sta-
ble coalition structure should satisfy three basic properties: (i) internal stability,
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i. e. each player looses if she leaves her coalition becoming a singleton, (ii) external
stability, i. e. each player-singleton looses if she joins any coalition or another sin-
gleton, and, finally, (iii) intracoalitional stability, i. e. each player from a coalition
looses if she leaves her coalition and joins another one. Here we may find some
similarities with the Nash equilibrium concept.

In (Sedakov et al., 2013) it is proved that in three-player games stable coalition
structure always exists with respect to the Shapley value and the ES-value. A spe-
cial game of cost reduction in which characteristic function has a specific form is
considered in (Pari li na and Se da kov, 2014a). For the game the stable coalition
structures are found. Communication between players may be also restricted by a
graph structure. Therefore, the definition of a stable coalition structure should take
this into account. The problem of stability of coalition structures in the games with
a given communication structure is examined in (Pari li na and Se da kov, 2014b).

In the present paper we consider several special cases of characteristic function
in four-player games and find the conditions for which there exists a stable coalition
structure with respect to the Shapley value and the ES-value. There are some cases
when there are no stable coalition structures which proves that in general case in
four-player games the stable coalition structure does not always exist.

The paper has the following structure. In Section 2 the model of the game with
coalition structure is given. The definition of stable coalition structure with respect
to a solution concept is introduced. In Sections 3—6 we introduce some special cases
of characteristic functions of four-player cooperative games and find the conditions
for which at least one stable coalition structure exists or there are no stable coalition
structures with respect to the Shapley value and the ES-value. We conclude in
Section 7.

2. Game with coalition structure

2.1. Basic definitions

Cooperative game is a tuple (N,v) where N is a set of players and v : 2V — R is a
characteristic function defined for every nonempty set S C N called coalition. We
suggest that grand coalition N should be formed and then players from N allocate
the total payoff v(IV) according to some solution concept. We also suppose that the
characteristic function might not be supperadditive, i. e. there exist at least two
disjoint coalitions S,T C N such as v(SUT) < v(S) + v(T). Therefore, in general
not only the grand coalition but smaller ones can be formed. It can take place when
some players get larger payoft if they form a smaller coalition. Therefore, we allow
formation of not only grand coalition, and consider games with coalition structure.

Definition 1. Coalition structure = is a partition {Bi,...,B;,} of set N, i. e.
Blu...UBm:N, and BiﬂszmeI‘ aul,jzl,,m,l#j

Denote a game with player set N, characteristic function v and coalition struc-
ture m by (N, v, ).

Definition 2. A profile 2™ = (27,...,27) € R™ is a payoff distribution in the game
(N, v, 7) with coalition structure 7 if the efficiency condition, i. e. 3¢ p 27 = v(B;)
holds for all coalitions B; € m, j =1,...,m.

Definition 3. A payoff distribution ™ is an allocation in the game (N, v, 7) with

coalition structure 7 if the individual rationality condition, i. e. 2 > v({i}) holds
for any player ¢ € N.
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Denote the coalition partition m_p, = m \ B; C m by n_p,, and the coalition
which contains player ¢ € N by B(i) € .

2.2. Stable coalition structures

Defining a stable coalition structure we use an approach which takes into account
the player’s payoff as a member of her coalition. The player compares his payoff
according to the current coalition structure with the payoffs that she can obtain if he
deviates from his coalition and other players do not deviate. She can change coalition
structure becoming a singleton or joining another coalition from the current coalition
structure. And if any player cannot increase her payoff by the way describing above,
the coalition structure is stable. More formally we use the following definition of
stability.

Definition 4. (Sedakov et al., 2013) Coalition structure 7 = {By, ..., B,,} is said
to be stable with respect to a single-valued cooperative solution concept if for any
player ¢ € N the inequality

al > xf/ holds for all B; € m U0, B; # B(7).

Here 2™ and 2™ are two payoff distributions calculated according to the chosen
cooperative solution concept for games (N, v, 7) and (N, v, 7’') with coalition struc-
tures 7, 7' respectively, where 7’ = {B(i) \ {i}, B; U{i}, 7_puus, }-

The stability concept from Definition 4 is similar to the Nash equilibrium concept.
Consider stable coalition structure 7 and calculate player i’s payoff according to
the some cooperative solution concept like the Shapley value. Now imagine that
player ¢ has the following set of strategies: to stay in a current coalition, to become
a singleton or to join any other existing coalition in the coalition structure. If each
player compares his payoft ', ¢ € N with all the possible payoffs that he can obtain
using one of the above mentioned strategies (when all other players do not deviate)
and finds out that he cannot get larger payoff, then the current players’ strategies
form the Nash equilibrium. In other words, the current coalition structure is stable
with respect to the chosen cooperative solution concept.

As single-valued cooperative solution concepts we can consider concepts as the
Shapley value (Shapley, 1953), the ES-value.

3. The case of symmetric two- and three-player coalitions

3.1. The ES-value as a cooperative solution

In the game (N, v, ) with coalition structure 7 = {By, ..., By, }, we can choose the
ES-value ¥™ = (¢T,...,9¥T) as the cooperative solution. And its components are
calculated as follows:

v(B(i) — Y v({i})
JEB(7)

oF =v({ih + B0 1)

for any i € N.
Consider four-person cooperative games with characteristic function v(-) deter-
mined by the following way:

v({1,2,3,4}) = ¢, v({1}) = v({2}) = v({3}) = v({4}) = 0,
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U({172}) = U({173}) = U({174}) = U({273}) = U({274}) = U({374}) = (1, (2>
v({1,2,3}) = v({1,2,4}) = v({1,3,4}) = v({2,3,4}) = c2.
The ES-values calculated for all possible coalition structures and “Stable if" condi-
tions are represented in Table 1.

Table 1. The ES-value for a four-player game determined by (2) and “Stable if" conditions.

LS (o S S “Stable if" condition
m = {{1,2,3,4}} c/4 c/4 c/4 c/4 c>0
m = {123,410 /3 /3 ca/3 f;omax{o’ 3e1/2}
c2 > max{0, 3¢1/2}
c<0
c2 > max{0, 3¢ /2}
c<0

ms = {{4},{1,2,3}} /3 /3 /3 0 2250”‘“{0’301/2}

me ={{1,2},{3,4}} /2 c1/2 a1/2 /2 ¢ > max{0,2cs/3}
w7 ={{1,3},{2,4}} c1/2 a1/2 c1/2 c1/2 1 > max{0,2c2/3}
ms ={{1,4},{2,3}} /2 c1/2 a1/2 c1/2 ¢ > max{0,2c2/3}

mo={{1L{2,{3,4}} 0 0 /2 a2 1 >0and e <0

ms={{20,{1,3,41} /3 0 /3 /3

= {30, {1,2,4)} /3 /3 0 /3

c2<0
c1>0andc; <0
w0 = {{1},{3},{2,4}} 0 ¢ci/2 0 c1/2 12> 1 <
c2<0
c1>0andc; <0
= {1 {4423} 0 a/2a/2 0 77 1 <
c2<0
c1>0andc; <0
M2 = {{172}7 {3}7 {4}} 01/2 01/2 0 0 1z 1>
c2<0
c1>0andc; <0
mis = {{1,3},{2},{4}} /2 0 /2 O 1> 1 <
c2<0
>0andc; <0
ma= (L4 2L {3)) @2 0 0 age (aSlamdas
c2<0
ms = {{1},{2},{3},{4)) 0 0 0 0 1 <0

There are two obvious results:

1. From Table 1 and calculations, we can find that the coalition structures
T = {{1}7 {2}5 {374}}: Ti0 = {{1}a {3}7 {2’ 4}}7 T = {{1}5 {27 3}’ {4}}7
m2 = {{1,2},

{3}, {4}}, mis = {{1,3}, {2}, {4}}, ma = {{1,4},{2}, {3}} are always unstable
with any c or ¢;,7 = 1,2. Because for stability we get ¢; > 0 and ¢; < 0 at the
same time, which is possible if ¢; = 0.

2. Notice that if ¢ > 0, then coalition structure m = {{1,2,3,4}} is always stable
with respect to the ES-value for any ¢;,7 = 1,2. And we can also notice that if
¢1 <0, then coalition structure w15 = {{1}, {2}, {3}, {4}} is always stable with
respect to the ES-value.
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There is an analysis of another cases:

1. Let ¢1,c2 > 0 and ¢ > 0, then coalition structures my, 7g, 77, mg may be stable
with respect to the ES-value. And for all ¢, ¢; > 0, i = 1,2, coalition structures
m1 is always stable. But coalition structure 7g, 77, ms are stable when ¢; > %Q.

2. Let ¢c1 >0, co <0 and ¢ > 0, then coalition structures w1, mg, 77, T are always
stable with respect to the ES-value.

3. Let ¢; <0, co >0 and ¢ > 0, then coalition structures 7y, w15 are always stable
with respect to the ES-value.

4. Let ¢1 <0, co <0 and ¢ > 0, then coalition structures w1, w15 are always stable
with respect to the ES-value.

5. Let c1,c2 > 0 and ¢ < 0, then coalition structures 7o, 73, 74, 75, Tg, 77, Tg MAay
be stable with respect to the ES-value. But coalition structures mo, 73, 74, 75
are stable when ¢y > %cl and coalition structures mg, 77, g are stable when
c1 > %02. Therefore, the solutions of these seven systems of inequalities cover
the whole first quadrant constructed by ¢, c2 when ¢1,¢c0 > 0,¢ < 0.

6. Let ¢c; > 0, co < 0 and ¢ < 0, then coalition structures mg, 77, T are always
stable with respect to the ES-value.

7. Let ¢ <0, cog > 0 and ¢ < 0, then coalition structures mo, w3, T4, 75, T15 are
always stable with respect to the ES-value.

8. Let ¢ <0, ce <0 and ¢ <0, then coalition structures 75 is stable with respect
to the ES-value.

Therefore, we prove the following proposition.

Proposition 1. Let characteristic function be given by (2). In this case, there al-
ways exists at least one stable coalition structure with respect to the ES-value.

3.2. The Shapley value as a cooperative solution

In the game (N, v, ) with coalition structure 7 = {B, ..., By, }, we can choose the
Shapley value ¢™ = (¢7,...,¢T) as the cooperative solution. And its components
are calculated as follows:

o= > UBOLZBRISI= Dl iy(s) - (s gy ®

sé%s(i)
for any i € N.

Consider four-person cooperative games with characteristic function v(-) deter-
mined by (2). The Shapley value calculated for all possible coalition structures and
“Stable if" conditions are represented in Table 2.

There are two obvious results:

1. From Table 2 and calculations, we can find that the coalition structures
9 = {{1}5 {2}7 {35 4}}7 Ti0 = {{1}a {3}7 {2’ 4}}7 T = {{1}7 {25 3}7 {4}}7
me = {{1,2},

{3},{4}}, m3 = {{1,3},{2}, {4}}, m1a = {{1,4}, {2}, {3} } are always unstable
with any c or ¢;,7 = 1,2. Because for stability we get ¢; > 0 and ¢; < 0 at the
same time, which is possible if ¢; = 0.
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Table 2. The Shapley value for a four-player game determined by (2) and “Stable if"
conditions.

s R I W 2 “Stable if" condition
m = {{1,2,3,4}} c/4 c/4 c/4 c/4 c>0
m = {123,410 /3 /3 ca/3 22501““{0’ 3e1/2}
c2 > max{0, 3¢ /2}
c<0
c2 > max{0, 3¢ /2}
c<0

— c2 > max{0, 3c1/2}
ms = {{4},{1,2,3}} c2/3 ¢c2/3 c2/3 0 c<0

w6 = {{1,2},{3,4}} c1/2 c1/2 c1/2 c1/2 1 > max{0,2c2/3}
mr={{1,3},{2,4}} /2 c1/2 a1/2 /2 ¢ > max{0,2c2/3}
ms = {{1,4},{2,3}} c1/2 c1/2 c1/2 c1/2  c1 > max{0,2¢c2/3}

mo={{1},{21,{3,4}} 0 0 /2 a2 1 >0andc; <0

ms={{20,{1,3,41} /3 0 /3 /3

= {30, {1,2,4)} /3 /3 0 /3

c2<0
>0and e <0
o = {{1}7 {3}7 {274}} 0 01/2 0 01/2 ¢ zUandc >
c2<0
>0 and <0
min = {{1},{4},{2,3}} 0 /2 ei/2 0 ¢ z0and e <
c2<0
>0andc; <0
T2 = {{172}7 {3}7 {4}} 01/2 01/2 0 0 c1 2 0and c; <
c2<0
>0andc; <0
ms = {{1,3}{2},{4}} @a/2 0 /2 O c1>0and c; <
c2<0
>0andc; <0
T4 = {{174}7 {2}7 {3}} 01/2 0 0 01/2 c1 2 0and c; <
c2<0
ms = {{1},{2},{3},{4)) 0 0 0 0 1 <0

2. Notice that if ¢ > 0, then coalition structure m = {{1,2,3,4}} is always stable
with respect to the Shapley value for any ¢;,7 = 1,2. And we can also notice
that if ¢; < 0, then coalition structure w5 = {{1},{2}, {3}, {4}} is always stable
with respect to the Shapley value.

We analyse all possible cases:

1. Let ¢1,c2 > 0 and ¢ > 0, then coalition structures w1, mg, 77, s may be stable
with respect to the Shapley value. And for all ¢, ¢; > 0,i = 1,2, coalition
structures m is always stable. But coalition structures mg, 77, wg are stable
when ¢; > %cz.

2. Let ¢c1 > 0, co <0 and ¢ > 0, then coalition structures w1, mg, 77, Ts are always
stable with respect to the Shapley value.

3. Let ¢1 <0, co > 0and ¢ > 0, then coalition structures w1, w15 are always stable
with respect to the Shapley value.

4. Let ¢;1 <0, co <0 and ¢ > 0, then coalition structures my, 715 are always stable
with respect to the Shapley value.
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5. Let c1,c2 > 0 and ¢ < 0, then coalition structures 7o, 73, 74, 75, Tg, 77, Tg MY
be stable with respect to the Shapley value. But coalition structures ma, 73, 74,
75 are stable when ¢y > %cl and coalition structures g, 77, g are stable when
c > %02. Therefore, the solutions of these seven systems of inequalities cover
the whole first quadrant constructed by ci,c2 when ¢1,c0 > 0,¢ < 0.

6. Let ¢; > 0, c2 < 0 and ¢ < 0, then coalition structures mg, 77, g are always
stable with respect to the Shapley value.

7. Let ¢ <0, co > 0 and ¢ < 0, then coalition structures mo, w3, T4, 75, T15 are
always stable with respect to the Shapley value.

8. Let ¢ <0, ce <0 and ¢ <0, then coalition structures 75 is stable with respect

to the Shapley value.

Proposition 2. Let characteristic function be given by (2). In this case, there al-
ways exists at least one stable coalition structure with respect to the Shapley value.

4. The case of symmetric two-player coalitions and non-symmetric
three player coalitions

4.1. The ES-value as a cooperative solution

In the game (N, v, 7) with coalition structure # = { By, ..., B,,}, the components of
the ES-value are defined as (1). Consider the cooperative games with characteristic
function v(-) determined by the following way:

U({lv 2, 374}) =6 U({l}) = U({2}) = U({?’}) = U({4}) =0,

v({1,2}) = v({1,3}) = v({L,4}) = v({2,3}) = v({2,4}) = v({3,4}) = c1, (4)
v({1,2,3}) = v({1,2,4}) = c2,v({1,3,4}) = v({2,3,4}) = c3.

The ES-values calculated for all possible coalition structures and “Stable if" condi-
tion are represented in Table 3.
There are two obvious results:

1. From Table 3 and calculations, we can find that the coalition structure
9 {1 {2} {3,4}}, mo = {{1}, {3}, {2,4}}, mu = {{1},{2,3},{4}},
me = {{1,2},

{3}, {4}}, m3 = {{1,3}, {2}, {4}}, ma = {{1,4},{2}, {3}} are always unstable
with any c or ¢;,7 = 1, 2, 3, because the existence requires ¢; > 0 and ¢; < 0 at
the same time, which is possible only if ¢; = 0.

2. Notice that if ¢ > 0, then coalition structure m = {{1,2,3,4}} is always stable
with respect to the ES value for any ¢;,7 = 1,2,3. And we can also notice that if
¢1 <0, then coalition structure w15 = {{1}, {2}, {3}, {4}} is always stable with
respect to the ES value.

Analysis of the results for these cases:

1. Consider the case when ¢ > 0. We can find that coalition structure 7 is always
stable for any ¢;,7 = 1,2,3. When ¢; > 0, co > 0, ¢3 > 0, from Fig. 3, we
can conclude that the coalition structures 7g, 77, g are stable when solutions
of these three systems of inequalities cover the first octant in region II. When
c1 >0,c0 >0, c3 <0, from Fig. 3, we can conclude that coalition structures
g, T7, g are stable when solutions of these three systems of inequalities cover
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Table 3. The ES-value for a four-player game determined by (4) and “Stable if" conditions.

E R R “Stable if" condition
m={{1,2,3,4}}  ¢/4 c/4 c/4 c/4 c>0
cs > max{0, 3c1/2}
c<0
c3 > max{O, 361/2}
c<O0
c2 > max{O, 361/2}
c<O0
> 0,3c1/2
={{4},{1,2,3}} /3 c2/3 ¢c2/3 0 C2<_Omax{ ,3c1/2}
C —
me = {{1,2},{3,4}} /2 a/2 a/2 a/2 o >max{0,2c2/3,2cs/3}
mr={{1,3},{2,4}} /2 a/2 a1/2 c1/2 ¢ > max{0,2c2/3,2¢3/3}
ms = {{1,4},{2,3}} /2 /2 &1/2 a/2 o > max{0,2c/3,2c3/3}
>0andc; <0
mo = {{1}, {2}, {3,4}} 0 0 c1/2 c1/2 c1 >0andc; <
c3 <0
cg>0and c; <0
c2 <0
c3 <0
c1 >0andc; <0
c2 <0
c3 <0

|
|
|
|

T2 = {{1}7{273,4}} 0 03/3 03/3 03/3
™3 = {{2}, {1,3,4}} 63/3 0 63/3 63/3

= {{30,{1,2,4)} /3 /3 0 /3

3
ot

mo={{1, 31,{2,4}} 0 /2 0 ¢1/2

mu = {{1},{4},{2,3}} 0 /2 aa/2 0

m2 = {12}, {31, {4}} /2 a/2 0 0

CQSO
cg>0and c; <0
CQSO

CSSO

ct >0andc; <0
CQSO

CgSO

ms = {{1},{2},{3},{4}} 0 0o 0 0 a <0

ms = {13}, {2}, {4}} /2 0 /2 0

ma = {{L,4},{2},{3}} «/2 0 0 «/2

the fifth octant in region II. When ¢; > 0, co < 0, ¢3 > 0, from Fig. 3, we can
conclude that coalition structures g, 77, mg are stable when solutions of these
three systems of inequalities cover the fourth octant in region II. When ¢; > 0,
ca <0, c3 <0, coalition structures mg, 77, ms are always stable, because from
Fig. 3, we can find that the solutions of these three systems of inequalities cover
the whole eighth octant in region II.

2. When ¢ > 0 and ¢; < 0, we can conclude that coalition structures m; and 715
are always stable for any ¢;,7 = 2, 3.

3. When ¢ < 0. When ¢; > 0, co > 0, c3 > 0, the coalition structures mo, 73 are
stable when solutions of these two systems of inequalities cover the first octant
in region I from Fig. 1, coalition structures w4, 75 are stable when solutions
cover the first octant in region I from Fig. 2 and coalition structures mg, 77, 7s
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C3

C1

Fig. 1. Coalition structures m2,m3 are stable in region I with respect to the ES-value.

0.5

3Ch - 205 =0

c2 1 06 04

Fig. 2. Coalition structures 74, 75 are stable in region I with respect to ES-value.

are stable when solutions cover the first octant in region II from Fig. 3. And
we can find that the solutions of these seven systems of inequalities cover the
whole first octant constructed by ¢y, co, c3. Therefore, there always exists stable
coalition structure when ¢ <0 and ¢; >0, ca >0, ¢c3 > 0.

4. When ¢ < 0and ¢; > 0, co > 0, cg < 0, the coalition structures w4, 75 are
stable when solutions of these two systems of inequalities cover the fifth octant
in region I from Fig. 2 and coalition structures mg, m7, 7mg are stable when
solutions cover the fifth octant in region II from Fig. 3. And we can find that
the solutions of these five systems of inequalities cover the whole fifth octant
constructed by c1, c2, c3. Therefore, there always exists stable coalition structure
when c < 0and ¢c; >0, ¢y >0, c3 <0.
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Fig. 3. Coalition structures 7g, 77, mg are stable in region II with respect to ES-value.

5. When ¢ < 0 and ¢; > 0, co < 0, cg > 0, we can conclude that coalition
structures 7y, 73 are stable when solutions of these two systems of inequalities
cover the fourth octant in region I from Fig. 1 and coalition structures g, 77,
mg are stable when solutions cover the fourth octant in region II from Fig. 3.
And we can find that the solutions of these five systems of inequalities cover
the whole fourth octant constructed by ¢y, co, c3. Therefore, there always exists
stable coalition structure when ¢ <0 and ¢; > 0, co <0, c3 > 0.

6. When ¢ < 0 and ¢; > 0, c2 <0, ¢3 < 0. From Fig. 3, we can conclude that
coalition structures mg, 77, mg are always stable because the solutions of these
three systems of inequalities cover the whole eighth octant in region II.

7. Consider the case when ¢ < 0. And we can find that when ¢; < 0, coalition
structure 75 is always stable for any ¢;,i = 2,3. When ¢; <0, ¢ >0, ¢3 > 0,
we can conclude that coalition structures ms, w3 are stable when solutions of
these two systems of inequalities cover the second octant in region I from Fig.
1 and coalition structures my4, 75 are stable when solutions cover the second
octant in region I from Fig. 2. When ¢; < 0, ¢2 > 0, ¢3 < 0, from Fig. 2, we
obtain that coalition structures 74, 75 are stable when solutions of two systems
of inequalities cover the sixth octant in region I. When ¢; < 0, c2 <0, ¢3 > 0,
from Fig. 1, the coalition structures mo, w3 are stable when solutions of two
systems of inequalities cover the third octant in region I. And when ¢; < 0,
ca <0, c3 <0, the only coalition structure w5 is always stable.

Proposition 3. Let characteristic function be given by (4). In this case, there al-
ways exists at least one stable coalition structure with respect to the ES-value.

4.2. The Shapley value as a cooperative solution

In the game (N, v, 7) with coalition structure 7 = {Bj, ..., By, }, the components of
the Shapley value are defined as (3). Consider the cooperative games with character-
istic function v(-) determined by (4). The Shapley value calculated for all possible
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coalition structures is represented Table 6 (see Appendix) and “Stable if" conditions

are represented in Table 4.

Table 4. The “Stable if" conditions respected to Shapley value for a four-player game

determined by (4).

Fengyan Sun, Elena Parilina

™ “Stable if" condition
= ((1.2,5.4)} {3c+2(:2—2(:3 >0

3c—2ca+2c3 >0

3c+ 2ca —2¢c3 <0
m = {{1},{2,3,4}} {301 < 2c3

C3 Z 0

3c+2c2 —2¢3 <0
m = {{2},{1,3,4}} 3c1 < 2¢3

C3 Z 0

3c—2ca +2c3 <0
ma = {{3},{1,2,4}} 3c1 < 2¢

C2 2 0

5 = {{4}7 {17 27 3}}

6 = {{17 2}7 {37 4}}
mr = {{1,3},{2,4}}
TS = {{17 4}7 {27 3}}

Ty = {{1}7 {2}7 {37 4}}

10 = {{1}7 {3}7 {27 4}}

T = {{1}7 {4}7 {27 3}}

m2 = {{1,2}, {3}, {4}}

ms = {{1,3}, {2}, {4}}

ma = {{1, 4}, {2}, {3}}

m5 = {{1}7 {2}7 {3}7 {4}}

3c—2ca+2c3 <0
301 SQCQ
C2 ZO

c1 > max{0, 2c2/3, 2¢c3/3}
¢1 > max{0, 2c2/3, 2c3/3}
c1 > max{0, 2c2/3, 2¢c3/3}

ct >0andc; <0
CSSO
c1>0andc; <0
CQSO
c3 <0

c1>0andc; <0
CQSO
CgSO

ct >0andc; <0
CQSO
ct >0andc; <0
Cgéo
c1>0andc; <0
CQSO
c3 <0
C1§0

There are two obvious results:

1. From Table 4 and calculations, we can find that the coalition structures

{{1}5{2}7{354}}7 710 = {{1}5{3}7{2’4}}7 11 = {{1}7{253}7{4}}5

79

T = {{1, 2},
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{3}, {4}}, mis = {{1,3}, {2}, {4}}, ma4 = {{1,4},{2}, {3}} are always unstable
with any c or ¢;,7 = 1, 2,3, because the stability requires ¢; > 0 and ¢; <0 at
the same time, which is possible only if ¢; = 0.

2. Notice that if ¢; < 0, then coalition structure ms = {{1},{2}, {3}, {4}} is
always stable with respect to the Shapley value.

We analyse these cases:

1. Consider the case when ¢ > 0. When ¢; > 0, co > 0, c3 > 0, we can observe
that solutions of the eight systems of inequalities cover the whole first octant
constructed by ¢y, co, c3. From Fig. 4, we can conclude that the coalition struc-
ture m; is stable in region I; coalition structures 7y, 73 are stable in region IT;
coalition structures my, 75 are stable in region III and coalition structures 7,
77, g are stable in region V.

c,

Fig. 4. Case ¢ > 0 and c1,c2,c3 > 0.

2. When ¢ > 0 and ¢; > 0, co > 0, c3 < 0, we can observe that solutions of the
six systems of inequalities cover the whole fifth octant constructed by ¢y, c2, c3.
From Fig. 5, we can conclude that coalition structure m; is stable in region IIT;
coalition structures 74, 75 are stable in region I and coalition structures 7g, 77,
mg are stable in region II.

3. When c>0and ¢; >0, co <0, c3 > 0, we can observe that solutions of the six
systems of inequalities cover the whole fourth octant constructed by ¢, c2, c3.
From Fig. 6, we can conclude that coalition structure 7 is stable in region I17;
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Fig.5. Case ¢ > 0 and c¢1,c2 > 0,¢3 < 0.

coalition structures my, 73 are stable in region I and coalition structures mg, 77,
mg are stable in region II.

4, When ¢ > 0 and ¢; > 0, co < 0, ¢c3 < 0, from the “Stable if" condition, we
can observe that coalition structures mg, 77, ms are always stable, because the
solutions of these three systems of inequalities cover the whole eighth octant
constructed by cq, ca, c3.

5. Consider the case when ¢ < 0, the analysis is very similar to the the cases
when ¢ > 0 described above. When ¢; > 0, co > 0, c3 > 0, we can conclude
that coalition structures 7y, w3, 74, 75, 76, 77, Tg are stable. And the solutions
of these seven systems of inequalities cover the whole first octant constructed
by ¢1,c2,¢c3. When ¢ > 0, c2 > 0, ¢cg3 < 0, we can conclude that coalition
structures my, 75, g, 77, Tg are stable. And the solutions of these five systems
of inequalities cover the whole eighth octant constructed by c¢q,ca,c3. When
c1 >0, co <0, c3 >0, we can conclude that coalition structures mo, 73, g,
7, mg are stable when solutions of these five systems of inequalities cover the
whole fourth octant constructed by c¢1,ca,c3. When ¢; > 0, c2 <0, ¢35 <0, we
can conclude that coalition structures mg, w7, g are always stable because the
solutions of these three systems of inequalities cover the whole eighth octant.

6. When ¢; < 0, the coalition structure 75 is always stable for any ¢ and ¢;,i =
2,3.

By the above calculation we prove the following proposition.
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Fig. 6. Case ¢ > 0 and c1,c3 > 0,c2 < 0.

Proposition 4. Let characteristic function be given by (4). In this case, there al-
ways exists at least one stable coalition structure with respect to the Shapley value.

5. The case of symmetric three-player coalitions and non-symmetric
two-player coalitions

5.1. The ES-value as a cooperative solution

In the game (N, v, 7) with coalition structure m# = { By, ..., By}, the components of
the ES-value are defined as (1). Consider the cooperative games with characteristic
function v(-) determined by the following way:

v({1,2,3,4}) = c,v({1}) = v({2}) = v({3}) = v({4}) =0,
v({1,2}) =v({1,3}) = v({1,4}) = c1,v({2,3}) = v({2,4}) = v({3,4}) = c2, (5)

v({1,2,3}) =v({1,2,4}) = v({1,3,4}) = v({2,3,4}) = cs.

The ES values calculated for all possible coalition structures and “Stable if" condi-
tion are represented in Table 5.

There is an obvious result. From Table 5, we notice that if ¢ > 0, then coalition
structure m = {{1,2,3,4}} is always stable with respect to the ES-value for any
civi=1,2,3.

There are another cases:



238 Fengyan Sun, Elena Parilina

Table 5. The ES-value for a four-player game determined by (5) and “Stable if" condition.

m A “Stable if" condition
m ={{1,2,3,4}} c/4 c/4 c/4 /4 c>0
s >
T = {{1},{2,3,4}} 0 c3/3 cs/3 c3/3 {C" = max{0, 31 /2}
c<O0
3 > 2 2
mo = (2L L3N cof3 0 cof3 epfy |7 OB/ 3e/2)
c<0
3 > 2 2
m= (3L AL cs/3 /3 0 co/3 c3 > max{0, 3c1/2, 3c2/2}
c<0
3 > 2 2
s = (411,23} cs/3 /3 cs/3 0 c3<_0max{0,301/ ,3c2/2}
c _—

c1 > max{0, 2c3/3}
c2 > max{0, 2c3/3}
c1 > max{0, 2c3/3}
¢z > max{0, 2¢3/3}
c1 > max{0, 2¢c3/3}
c2 > max{0, 2c3/3}

c1 <0

o = {{1}, {2}, {3,4}} 0 0 c2/2 c2/2 c2>0

C3 S 0

<0

7T6:{{1,2},{3,4}} C1/2 61/2 62/2 62/2
mr ={{1,3},{2,4}} c1/2 c2/2 c1/2 c2/2

7T8:{{1,4},{2,3}} C1/2 62/2 62/2 61/2

C1
mo = {1}, {3},{2,4}} 0 /2 0 /2
{Cg S 0
c1 <0
m={{1},{4},{2,3}} 0 /2 /2 0 c2>0
{Cg S 0
C1 2 0
mz = {{1,2},{3},{4}} a/2 a/2 0 0 c2<0
{Cg S 0
c1 >0
{02 S 0
C3 S 0
c1 >0
C2 S 0
C3 S 0

T3 = {{1,3},{2},{4}} C1/2 0 C1/2 0

ma ={{L4},{2},{3}} «a/2 0 0 «a/2

1<0
2 <0

ms = {1}, {2}, {31, {4} 0 0 0 0

C
C

1. Let ¢ > 0. When ¢; > 0, co > 0, c3 > 0, from Fig. 9, we can conclude that the
coalition structures 7g, 77, mg are stable when solutions of these three systems
of inequalities cover the first octant in region II. When ¢; > 0, ¢c2 > 0, ¢3 <0,
from Table 5, we can conclude that coalition structures g, 77, ms are always
stable. When ¢; > 0, ¢ <0, ¢3 > 0, only coalition structure 7 is always stable.
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When ¢; > 0, co2 < 0, cg3 < 0, from Table 5, we can observe that coalition
structures 72, T3, T4 are always stable.

2. Continue to consider the case when ¢ > 0. When ¢; <0, ¢co > 0, c3 > 0, from
Table 5, we know that only coalition structures m; is stable. When ¢; < 0,
ca >0, c3 <0, from Table 5, we know that coalition structures g, 719, 11 are
stable. When ¢; <0, ¢ <0,c3 > 0and ¢; <0, ¢ <0, cg <0, from Table 5,
we know that coalition structure 75 is stable.

Fig. 7. Coalition structure 7z is stable in region I with respect to the ES-value.

3C 203 =0

Fig. 8. Coalition structures m3,m4,m5 are stable II with respect to ES-value.

3. Consider the case when ¢ < 0. When ¢; > 0, ¢ > 0, ¢3 > 0, from Fig. 10, we can
find that coalition structures 7o is stable when solutions of these two systems of
inequalities cover the region III, IV; coalition structures ms, m4, 75 are stable
when solutions cover region IV and coalition structures mg, 77, wg are stable
when solutions cover the region II. However, we can find that the solutions of
these seven systems of inequalities cannot cover the whole first octant. Because
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Fig. 9. Coalition structures 7e,m7,ms are stable II with respect to ES-value.

there doesn’t exist any stable coalition structure in region I in Fig. 10 which is
the set {¢ <0,3c; > 2¢3,3c2 < 2¢3,¢; > 0,i=1,2,3}.

C1 c2

Fig.10. Case ¢ <0 and ¢1,c2,c3 > 0.

4. When ¢ < 0 and ¢; > 0, co2 > 0, c3 < 0, from Table 5, we can conclude that
coalition structures g, 77, s are always stable because solutions of these three
systems of inequalities cover the whole fifth octant constructed by ci,c2,cs.
Therefore, there always exists stable coalition structure when ¢ < 0 and ¢; > 0,
¢z 2 0,c3 <0.

5. When ¢ < 0 and ¢;1 > 0, c2 <0, c3 > 0, from Table 5 and Fig. 11, we can
conclude that coalition structures mo, 73, T4, 75 are stable when solutions of
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3*C1-27C3=0

€3

Fig. 11. Case when ¢ < 0 and c¢1,¢c3 > 0,c2 < 0.

these four systems of inequalities cover the fourth octant in region I. However, we
can find that the solutions of these four systems of inequalities cannot cover the
whole fourth octant. Because there doesn’t exists any stable coalition structure
in region IT in Fig. 11 which is the set {¢ < 0,3¢; > 2¢3,¢1 > 0,¢2 < 0,¢5 > 0}.

6. Continue to consider the case ¢ < 0 and ¢; > 0, c2 <0, ¢3 < 0. From Table 5,
we can conclude that coalition structures 72, m13, m14 are always stable because
the solutions of these three systems of inequalities cover the whole eighth octant
constructed by ¢y, ca, c3.

7. Let ¢ < 0. When ¢y <0,¢c3 > 0,c3 > 0, from Fig. 7, we can observe that coalition
structures mo is always stable when solutions of this system of inequalities cover
the whole second octant in region I. When ¢; < 0, co > 0, ¢3 < 0, from Table
5, we can find that coalition structures mg, m1g, m11 are always stable where
solutions of these three systems of inequalities cover the whole sixth octant.
When ¢; <0, co <0, c3 > 0, we can conclude that coalition structure mo is
stable from Fig. 7, coalition structures 73, m4, 75 are stable from Fig. 8 and we
can find that the solutions of these four systems of inequalities cover the whole
third octant. When ¢; < 0, ¢2 <0, ¢3 < 0, only coalition structure ;5 is always
stable.

The following proposition is proved.

Proposition 5. Let characteristic function be given by (5). In this case, at least
one stable coalition structure always exists excluding the cases: (i) {¢ < 0,3¢1 > 2 X
cs,3c0 < 2¢3,¢; > 0,i=1,2,3} and (i) {c <0,3c1 > 2¢3,¢1 > 0,0 <0,¢3 > 0}.

5.2. The Shapley value as a cooperative solution

In the game (N, v, 7) with coalition structure 7 = {Bj, ..., By, }, the components of
the Shapley value are defined as (3). Consider the cooperative game with character-
istic function v(-) determined by (5). The Shapley value calculated for all possible
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coalition structures are represented in Table 7 (see Appendix) and “Stable if" con-
ditions are represented in Table 8 (see Appendix).

In this case, there are many possible sets of combinations of parameters for
which there are no stable coalition structures and all of the results are obtained
by calculations. Here, we find the stable coalition structures which can satisfy the
conditions of ¢, ¢, 2, c3. Maybe there also exists another coalition structure which
is stable in the same range but we focus on existence result.

First, we describe the sets which always have stable coalition structures:

1. When ¢; > 0, c2 > 0, c3 < 0, coalition structures g, 77, mg are always stable
for any ¢. When ¢; > 0, ¢3 <0, ¢3 < 0, coalition structures 7o, m3 are always
stable for any ¢. When ¢; <0, ¢o > 0, ¢3 < 0, coalition structures mg, m19, T11
are always stable for any ¢. When ¢; <0, ¢c2 <0,¢c3 >0and ¢ <0, c2 <0,
c3 < 0, coalition structure 5 is always stable for any c.

2. Consider the case ¢; <0, cg > 0, c3 > 0. When ¢ > 0, coalition structures my,
o are stable and the solutions of these two systems of inequalities cover the
whole second octant constructed by ci, s, cs. When ¢ < 0, coalition structure
o is always stable.

Second, we consider the regions where there are no stable coalition structures:

1. Consider the case when ¢ > 0 and ¢; > 0, ¢co > 0, ¢3 > 0, from Table 8 and
calculations, we can conclude that coalition structures my, ma, 73, 74, 75, T, 77,
g can be stable in the first octant constructed by c1, co, c3. But the solutions of
these eight systems of inequalities cannot cover the whole first octant. Therefore,
there doesn’t always exist stable coalition structure when ¢ > 0, ¢; >0, co > 0,
C3 Z 0.

2. Continue to consider the case ¢ > 0. When ¢; > 0, co < 0, ¢3 > 0, from
Table 8 and calculations, we can conclude that coalition structures 7y, 73, 74,
s, M2, W13 can be stable in the fourth octant constructed by c1,co,c3. But
the solutions of these six systems of inequalities cannot cover the whole fourth
octant. Therefore, there doesn’t always exist stable coalition structure when
c>0,c120,c0<0,c3 >0.

3. Similarly, consider the case when ¢ < 0 and ¢; > 0, co > 0, ¢3 > 0, from
Table 8 and calculations, we can conclude that coalition structures my, 73, 74,
s, T, T7, Tg can be stable in the first octant constructed by c1,co,c3. But
the solutions of these seven systems of inequalities cannot cover the whole first
octant. Therefore, there doesn’t always exist stable coalition structure when
c<0,c120,c0>0,c3>0.

4. Consider the case when ¢ < 0 and ¢; > 0, co < 0, ¢3 > 0, from Table 8 and
calculations, we can conclude that coalition structures mo, w3, 74, 75, T12, T13
can be stable in the fourth octant constructed by c1, c2, c3. But the solutions of
these six systems of inequalities cannot cover the whole fourth octant. Therefore,
there doesn’t always exist stable coalition structure when ¢ < 0 and ¢; > 0,
C2 S 0, C3 Z 0.

Thus we prove Proposition 6.

Proposition 6. Let characteristic function be given by (5). In this case, the stable
coalition structure always exists with respect to the Shapley value excluding the cases:
(i) {c1 > 0,c0 > 0,c3 >0, any c}, and (i) {c1 > 0,c2 <0,c3 > 0, any c}.
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6. The case of non-symmetric two-player and three-player coalitions

For this case, we only consider the ES-value as a cooperative solution and find the
stable coalition structures with respect to the ES-value which can cover the whole
region. Maybe other coalition structure can be stable in the same region but we
focus on existence result. And we also find the region for which there doesn’t exist
any stable coalition structure.

In the game (N, v, 7) with coalition structure 7 = { By, ..., Bn,}, the components
of the ES-value are defined as (1). Counsider the cooperative games with character-
istic function v(-) determined by the following way:

v({1,2,3,4}) = c,o({1}) = v({2}) = v({3}) = v({4}) = 0,

v({1,2}) =v({1,3}) = v({1,4}) = c1,v({2,3}) = v({2,4}) = v({3,4}) = c2, (6)
v({1,2,3}) =v({1,2,4}) = ¢3,v({1,3,4}) =v({2,3,4}) = c4.

The ES-values calculated for all possible coalition structures and “Stable if" condi-
tion are represented in Table 9 (see Appendix).

In this case, there exist many sets of parameters for which there doesn’t exist
stable coalition structure and all of the results are obtained by calculations. Here, we
introduce the stable coalition structures. Maybe there also exists another coalition
structure which is stable in the same range but we focus on the existence result.

From Table 9, we notice that there is an obvious result, which is the following.
If ¢ > 0, coalition structure m; = {{1,2,3,4}} is always stable with respect to the
ES-value for any ¢;,7 = 1, 2, 3, 4. Therefore, we should consider the case when ¢ < 0.

First, we find the sets for which there always exist stable coalition structures:

1. Consider the case when ¢ < 0. When ¢; > 0, co > 0, ¢c3 < 0, ¢4 > 0, from
calculations and Table 9, we can conclude that the coalition structures 7o and
g are stable where the solutions of these two systems of inequalities cover the
whole fifth octant constructed by ¢y, co,c3. When ¢1 >0, ¢ >0, ¢3 <0, ¢4 <0,
the coalition structures 7, mg are always stable. When ¢; > 0, c3 <0, c3 <0,
c4 > 0, the coalition structure 75 is always stable. When ¢; > 0, c2 <0, ¢35 <0,
c4 < 0, the coalition structures w2, m13, m14 are always stable.

2. Continue to consider the case when ¢ < 0. When ¢; < 0, ¢4 > 0, we can conclude
that the coalition structures 7 is always stable for any ¢;,7 = 2,3. When ¢; <0,
ca > 0, cg <0, we obtain that the coalition structures mg is always stable for
any cs. When ¢; < 0, co <0, ¢4 < 0, the coalition structures m5 is always
stable for any cs.

Second, we introduce the regions for which there are no stable coalition struc-
tures:

1. Let c < 0and ¢; > 0,co >0, c3 > 0, ¢4 < 0. By calculations and Table 9,
we conclude that coalition structures w4, 75, 7g, 77, s can be stable. However,
the solutions of these five systems of inequalities cannot cover the whole region.
That is, there doesn’t exist any stable coalition structure when the region is
constructed by the set {¢ < 0,¢; > 0,¢0 > 0,¢3 > 0,¢4 <0,2¢5 < 3c¢1,2¢3 > 3 X

CQ}.
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2. When c < 0andc; >0,ce <0, c3 >0, cqg >0, by calculation and Table 9,
we eagsily prove that coalition structures me, 73, 74, ™5 can be stable. However,
the solutions of these four systems of inequalities do not cover the whole region.
That is, there doesn’t exist any stable coalition structure when the region is
Ly \ L, where L1 = {¢ < 0,¢1 > 0,c0 < 0,¢3 > 0,¢4 > 0} and Ly = {c <
O,Cl Z O,Cg S 0,03 2 0,04 2 0,204 2 301,203 Z 301}.

3. Whenc<0andc; >0, c3 <0, c3 >0, cg <0, by calculations and Table 9, we
obtain that coalition structures m4, w5 can be stable. However, the solutions of
these two systems of inequalities do nor cover the whole region. That is, there
doesn’t exist any stable coalition structure when the region is L3 \ L4, where
Ls ={c <0,¢c; > 0,¢0 <0,¢3 > 0,c4 <0} and Ly = {¢c < 0,¢1 > 0,c0 <
0,03 Z 0,04 S 0, 203 Z 301,203 2 302}.

4. Specially, when ¢ < 0 and ¢; > 0, co > 0, c3 > 0, ¢4 > 0, by calculations and
Table 9, we obtained that the stable coalition structures cannot cover the whole
region. But it is more difficult to describe the exact region. Therefore, we denote
L5 is the region which doesn’t exist stable coalition structure when ¢ < 0 and
c1>0,c902>0,c32>0,c4 >0.

The following result is proved.

Proposition 7. Let characteristic function be given by (6). In this case, the coali-
tion structure always exists excluding the cases: (i) {c < 0,¢; > 0,c2 > 0,¢3 >
0,04 S 0,203 S 301,203 Z 302}, (’LZ) L1 \Lg, (’LZ’L) L3 \L4, and (’L’U) L5.

7. Conclusion

In the paper we consider the class of four-player games with coalition structures and
find the conditions of existence of stable coalition structures with respect to the ES-
value and the Shapley value for special characteristic functions. The definition of
stable coalition structure is similar to the Nash equilibrium meaning that there is no
player who may benefit from deviation from the coalition which is a part of stable
coalition structure.

The existence of stable coalition structure with respect to the ES-value and the
Shapley value in three-player games has been proved in (Sedakov et al., 2013). In
case of four-player games the problem is more difficult. Therefore we consider some
special cases of characteristic function and find the conditions for which at least one
stable coalition structure exists. We also prove that for some conditions there are
no stable coalition structures with respect to the ES-value and the Shapley value.
This result proves that in general case in four-player games there does not always
exist stable coalition structure with respect to the ES-value and the Shapley value.
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Appendix

Table 6. The Shapley value for a four-player game determined by (4).
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s

m = {{1,2,3,4}}

2 = {{1}7 {27 3, 4}}
3 = {{2}7 {17 3, 4}}

T4 = {{3}7 {17 274}}
s = {{4}7 {17 27 3}}
6 = {{17 2}7 {37 4}}

7 = {{17 3}7 {274}}
T8 = {{17 4}7 {27 3}}
m = {{1},{2}, {3,4}}
0 = {{1}7 {3}7 {27 4}}
T = {{1}7 {4}7 {27 3}}
m2 = {{1,2}, {3}, {4}}
ms = {{1,3},{2}, {4}}
ma = {{1,4},{2}, {3}}
ms = {{1},{2}, {3}, {4}}

Y1 ¥3 Y3 Y1
3¢+ 2¢ca — 2¢3 3¢+ 2¢2 — 2¢3 3¢ — 2¢2 + 2¢3 3¢ — 2¢s + 2c3
12 12 12 12
0 03/3 03/3 03/3
03/3 0 03/3 63/3
02/3 02/3 0 02/3
02/3 02/3 02/3 0
c1/2 c1/2 c1/2 c1/2
01/2 01/2 01/2 01/2
01/2 01/2 01/2 01/2
0 0 c1/2 c1/2
0 01/2 0 01/2
0 01/2 01/2 0
c1/2 c1/2 0 0
01/2 0 01/2 0
01/2 0 0 01/2
0 0 0 0

Table 7. The Shapley value for a four-player coalition game determined by (5).

m YT Y3 Y3 1
o= {{1,2,3,4}} C-l-cjl—cz 3c—1c;+02 30—;;—&—02 30—3—1—02
T2 = {{1}7{27374}} 0 63/3 C3/3 63/3
= {2}, {134y 24=2re . Zecatele-aroe
mo={{3},{1,2,4}} £ 032 +es 203 = gl +c2 0 203—++C2
m={{a),{1,2,3)) S-gEfelecatreiacara
o= {{1,2},{3,4}} /2 er)2 )2 /2
7 :{{173}7{274}} Cl/2 C1/2 C1/2 61/2
8 :{{174}7{273}} C1/2 Cl/2 C1/2 61/2
9 = {{1}7{2}7{374}} 0 0 02/2 02/2
mo = {{1},{3},{2,4}} 0 c2/2 0 c2/2
m1 = {{1},{4},{2,3}} 0 c2/2 c2/2 0
m2 = {{1,2}, {3}, {4}} c1/2 /2 0 0
ms = {{1,3},{2},{4}} c1/2 0 c1/2 0
ma = {{1,4}, {2}, {3}} c1/2 0 0 /2
mis = {{1}, {2}, {3}, {4}} 0 0 0 0
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Table 8. The “Stable if" conditions for the Shapley value in four-player game determined

by (5).

™

“Stable if" condition

m ={{1,2,3,4}}

T2 = {{1}7 {2a 374}}

3 = {{2}7 {L 374}}

Ty = {{3}7 {L 274}}

5 = {{4}7 {L 2, 3}}

e — {{17 2}’ {374}}

7 = {{17 3}a {274}}

8 = {{174}a {27 3}}

9 = {{1}7 {2}5 {374}}

10 = {{1}a {3}7 {25 4}}

T = {{1}a {4}7 {2a 3}}

ct+e—c22>0
3c—c1+c2>0
c+ecp—c <0
cs > max{0,3c1/2}
3c—c1+c3 <0
cit—co+c3 >0
263—01—20220
2c3—c1+c2 >0
3c—c1+c3 <0
cg—cat+e3>0
263—01—20220
2c3 —c1+c2 >0
3c—c1+c2 <0
cg—ca+e3 >0
263—01—20220
2c3—c1+c2 >0
¢1 > max{0,2c3/3}
c1+ 2co —2¢c3 >0
c >0
c1 > max{0,2¢c3/3}
c1+2c—2c3>0
co >0
¢1 > max{0,2c3/3}
c1+2c0—2c3>0
CQZO
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0120
ma = {{1,2},{3},{4}} {e2<0
203—01+CQ SO
c1 >0
ms = {{1,3},{2},{4}} {e2<0
2c3 —c1+c2 <0
0120
c <0
2c3 —c1+c2<0
c1—ca+c3 <0
1 <0
CQSO

14 = {{174}a {2}7 {3}}

ms = {{1}, {2}, {3}, {4}}
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Table 9. The ES-value for a four-player game determined by (6) and the “Stable if"

conditions.

3 T vy vy Yf “Stable if" condition

m =1{{1,2,3,4}} c/d c/d c/4 c/4
me = {{1},{2,3,4}} 0 ca/3 ca/3 ca/3 {

c<0

3 = {{2}5 {17354}} 04/3 0 04/3 04/3 c<0

7T4:{{3},{1,2,4}} 63/3 03/3 0 63/3 CSO

7T5:{{4}’{172a3}} 03/3 03/3 03/3 0 c<0

c1 > max{0,2¢y/3}
e = {{1,2},{3,4}} c1/2 1/2 /2 /2 co > max{0,2c3/3}

c>0

7T7:{{1,3},{2,4}} 01/2 62/2 61/2 02/2

7T8:{{1,4},{2,3}} 61/2 02/2 02/2 61/2

c>0

cq > max{0,3c1/2}
cq > max{0,3c1/2,3c2/2}
cs > max{0,3c1/2,3ca/2}

cs > max{0,3c1/2,3ca/2}

c1 > max{0,2c3/3,2¢4/3}

co > max{0,2¢c3/3,2¢4/3}

c1 > max{0,2c3/3,2¢4/3}

co > max{0,2c3/3,2¢4/3}
c1 <0

mo = {{1},{2},{3,4}} 0 0 c2/2 c2/2 co >0

cs <0
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Cl<0
0220

Wloz{{l},{3},{2,4}} 0 02/2 0 02/2

m1 = {{1}, {4}, {2,3}} O 02/2 62/2 O

7T12:{{1,2},{3},{4}} 01/2 01/2 0 0 CQSO

7T13:{{1,3},{2},{4}} 01/2 0 01/2 0

7T14:{{1,4},{2},{3}} 01/2 0 0 01/2

ms = {1}, {2}, {8}, {4}} 0 0 0 0 {
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