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Abstrat For games with preferene relations we introdue an aeptability

onept. An outome of a game is alled an aeptable one if no players whih

have an objetion to it in the form of some strategy (all of the required de�-

nitions are lari�ed in the introdution, see setion 1). It is easy to show that

every outome at equilibrium point is an aeptable one but the onverse is

false. An aim of this artile is a �nding of onditions for existene of aept-

able outomes for games with preferene relations (see setions 2 and 3).

These onditions relate both to strategies and the preferene relations of

the players. The main requirements onerning the preferene relations are

ayli and transitivity. It is a very important fat, that for game in whih

the sets of strategies of players are �nite, the set of aeptable outomes is

non empty. For the lass of games with payo� funtion aeptability ondi-

tion is equivalent to individual rationality ondition. An example of in�nite

game in whih the set of aeptable outomes is empty is given in setion 4.

Keywords: game with preferene relations, Nash equilibrium point, general

equilibrium point, aeptable point.

1. Introdution

It is known that the equilibrium onept is the main game-theoreti optimality

priniple. However for realization of this priniple we need in the introdution of

mixed strategies. This fat is burdensome in terms of the appliations of game

theory what stimulates an investigation of other solution onepts.

In this artile we study the so alled aeptability onept for games with pref-

erene relations that is games in whih a goal struture is given by binary relations

on the set of possible outomes. We onsider aeptable situations and aeptable

outomes as optimal solutions in game with preferene relations. Let us give preise

de�nitions.

Formally, a game of n players with preferene relations in the normal form an

be given as a system of the type

G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 (1)

where N = {1, . . . , n} is a set of players, n ≥ 2; Xi is a set of strategies of the

player i; A is a set of outomes; ρi ⊆ A2
is a preferene relation for player i; F is

a realization funtion, i.e. a mapping from the set of all situations X =
∏
i∈N

Xi into

the set of outomes A. We assume that |Xi| ≥ 2 for all i ∈ N and |A| ≥ 2. A game

G is alled �nite one if all sets Xi (i ∈ N) are �nite. In general ase we suppose the
binary relations ρi are re�exive and other properties must be indiated additionally.

The orrelation a1
ρi

. a2 means that the outome a2 is not less preferable than the

outome a1 for player i. A game G is said to be a game with ordered (or quasi-

ordered) outomes if all (ρi)i∈N are order (respetively, quasi-order) relations.
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De�nition 1. A situation x0 =
(
x0i
)
i∈N

in the game G of the form (1) is alled

Nash equilibrium point if for all i ∈ N and xi ∈ Xi the orrelation

F
(
x0 ‖ xi

) ρi
. F

(
x0
)

holds.

In the ase when preferene relations (ρi)i∈N not satisfy the linearity ondition,

we an onsider a ertain generalization of Nash equilibrium onept in the following

manner.

De�nition 2. A situation x0 =
(
x0i
)
i∈N

in game G is alled a general equilibrium

point if there does not exist i ∈ N and xi ∈ Xi suh that

F
(
x0 ‖ xi

) ρi
> F

(
x0
)
.

Obviously, any Nash equilibrium point is a general equilibrium point also but the

onverse is false. In the ase when all binary relations (ρi)i∈N satisfy the linearity

ondition these onepts are equivalent to eah other.

We now onsider a onept of aeptable outome for game G of the form (1). Fix

some i ∈ N and put XN\i =
∏
j∈N
j 6=i

Xj . It is evident that we an onsider XN\i as a set

of strategies of the omplementary oalition N \ i. A pair

(
xi, xN\i

)
where xi ∈ Xi

and xN\i ∈ XN\i uniquely de�nes some outome in game G whih is denoted by

F
(
xi, xN\i

)
.

De�nition 3. We say that a strategy x0i ∈ Xi is an objetion of player i to outome
a ∈ A if for any strategy xN\i ∈ XN\i of the omplementary oalition the orrelation

F
(
x0i , xN\i

) ρi
> a holds. An outome a ∈ A is alled an aeptable one for player i if

he has not objetions to it. An outome a is alled aeptable one in game G if this

outome is aeptable for all players i ∈ N .

Therefore an outome a ∈ A is an aeptable one in game G if for any i ∈ N and

xi ∈ Xi there exists a strategy xN\i ∈ XN\i of the omplementary oalition suh

that the ondition ¬
(
F
(
xi, xN\i

) ρi
> a

)
holds. Indiated strategy xN\i of omple-

mentary oalition is alled a punishing strategy.

Some strengthening of the aeptability onept is the following.

De�nition 4. An outome a ∈ A is alled quite aeptable one for player i if there
exists a strategy xN\i ∈ XN\i of omplementary oalition suh that for any xi ∈ Xi

holds the ondition ¬
(
F
(
xi, xN\i

) ρi
> a

)
. An outome a is alled quite aeptable

one in game G if it is quite aeptable for all players i ∈ N .

These onepts are transferred from outomes of game G to its situations.

Namely, a situation x ∈ X in game G is alled aeptable (or quite aeptable)

one if the outome F (x) is aeptable (or quite aeptable) respetively.

Remark 1. A general equilibrium point is a quite aeptable (and hene an a-

eptable) situation in game G with preferene relations.
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Indeed, let x0 =
(
x0i
)
i∈N

be a general equilibrium point in game G with pref-

erene relations. Put x0N\i be the projetion of situation x0 on XN\i. Using the

de�nition 2, we obtain for any i ∈ N and xi ∈ Xi

¬
(
F
(
xi, x

0
N\i

) ρi
> F

(
x0
))
.

Hene for eah i ∈ N the strategy x0N\i of the omplementary oalition N \ i is a
punishing one and it does not depend on the deviation of player i. Therefore the
outome F

(
x0
)
is a quite aeptable one and the situation x0 is a quite aeptable

also.

Remark 2. Equilibrium points and aeptable situations are stable situations of

game in the following sense. For aeptable situation, any player's deviation from

its original strategy ould be �punished� by the omplementary oalition of other

players. In the ase of equilibrium point suh punishment ours when the omission

of the other players, i.e. automatially. In the general ase of aeptable situation the

omplementary oalition has only �iruit response� to every possible deviation of

the player from his initial strategy (that is �stable based on threats� in terminology of

H. Moulin, see Moulin, 1981). Finally, if a situation of a game is quite admissible,

the hoie of �punishment� by omplementary oalition does not depend on the

deviation of the player. Therefore in this ase for omplementary oalition it is

su�iently to know only the fat of deviation of a player from its original strategy.

Note that aeptable points in general ooperative n-person games with pay-

o� funtions was study by Aumann and Dreze, 1974. See also the monograph

of Moulin, 1981.

2. Su�ient onditions for existene of aeptable outomes

2.1. Games with ayli preferenes

Theorem 1. Let G be a game with preferene relations of the form (1) in whih

the sets of players strategies are �nite. If for any i ∈ N the preferene relation ρi is
ayli then the set of aeptable outomes in game G is not empty.

Proof (of theorem 1). First suppose the set of outomes in game G is �nite. Denote

by Wi the set of all outomes to whih player i ∈ N has some objetion, i.e.

Wi = {a ∈ A : (∃xi ∈ Xi)
(
∀xN\i ∈ XN\i

)
F
(
xi, xN\i

) ρi
> a}. (2)

The ase 1: all Wi 6= ∅. Sine aording to our assumptions the set A is �nite

and preferene relation ρi is ayli then in graph of strit preferenes 〈A, ρ∗i 〉 no
in�nite paths hene every non-empty subset of the set A has a maximal element

(see Rozen, 2013). Fix for all i ∈ N some maximal element a∗i under preferene

relation ρi in the subset Wi. Beause a
∗
i ∈ Wi, we obtain using (2) that for every

i ∈ N there exists a strategy x0i ∈ Xi satisfying for any strategy xN\i ∈ XN\i the

orrelation

F
(
x0i , xN\i

) ρi
> a∗i . (3)

Consider the situation x0 =
(
x0i
)
i∈N

. Sine i-th omponent of this situation is the

strategy x0i then for situation x0 the orrelation (3) holds for all i ∈ N i.e.
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(∀i ∈ N)F
(
x0
) ρi
> a∗i . (4)

Beause element a∗i is a maximal one in the subset Wi, it follows from (4) that

F
(
x0
)
/∈ Wi for all i ∈ N , i.e. the outome F

(
x0
)
is an aeptable one for eah

player i ∈ N . Hene x0 is an aeptable point in game G.
The ase 2: Wi 6= ∅ for some i ∈ N . Put N0 = {i ∈ N : Wi = ∅} and

N1 = {i ∈ N : Wi 6= ∅}. Like in the ase 1 we an �x some maximal element b∗i
under preferene relation ρi in every non-void subset Wi

(
i ∈ N1

)
. In aordane

with (2) for every i ∈ N1
there exists the strategy x1i ∈ Xi suh that for any strategy

xN\i of omplementary oalition N \ i the ondition F
(
x1i , xN\i

) ρi
> b∗i holds. Now

for every i ∈ N0
�x arbitrary a strategy x1i ∈ Xi. Then in situation x1 =

(
x1i
)
i∈N

for all i ∈ N1
holds

F
(
x1
) ρi
> b∗i . (5)

Sine element b∗i is a maximal one under preferene relation ρi in subset Wi, it

follows from (5) the ondition F
(
x1
)
/∈Wi i.e. the outome F

(
x1
)
is an aeptable

one for all players i ∈ N1
. Beause for any i ∈ N0

holds Wi = ∅ then every

outome in game G is aeptable for any player i ∈ N0
. Therefore the outome

F
(
x1
)
is aeptable for all players i ∈ N , i.e. F

(
x1
)
is an aeptable outome and

the situation x1 is an aeptable one in game G.
It is shown the existene of aeptable situation (and aeptable outome also)

in assumption that the set of outomes of game G is �nite. Now onsider the ase

when the set of outomes in game G is in�nite. Consider the game

G0 = 〈N, (Xi)i∈N , A
0,
(
ρ0i
)
i∈N

, F 〉
where A0

is the range of funtion F and for eah i ∈ N the preferene relation

ρ0i is the restrition of relation ρi under subset A
0
. Sine in aordane with our

assumption the sets of strategies of players are �nite then subset A0
is �nite also

and relations ρ0i remains to be ayli. As proved above, the game G0
has some

aeptable outome a∗ ∈ A0
. Let us show that the outome a∗ is an aeptable

one in game G also. Indeed, in the opposite ase there exists a player i ∈ N and a

strategy x′i ∈ Xi whih is its objetion to the outome a∗ in game G, i.e. holds

(
∀xN\i ∈ XN\i

)
F
(
x′i, xN\i

) ρi
> a∗. (6)

Sine elements F
(
x′i, xN\i

)
and a∗ belong to the set A0

then onditions

F
(
x′i, xN\i

) ρi
> a∗ and F

(
x′i, xN\i

) ρ0i
> a∗

are equivalent. Then using (6) we obtain that the strategy x′i ∈ Xi is an objetion

of player i to outome a∗ in game G0
whih leads to ontradition. ⊓⊔

Corollary 1. An antagonisti game with preferene relations G = 〈X,Y,A, F, ρ〉
in whih sets of strategies X,Y are �nite and the preferene relation ρ of player 1 is

ayli, has an aeptable situation (hene an aeptable outome also). In partiu-

lar, any �nite antagonisti game with ordered outomes has an aeptable outome.

For the proof it is su�iently to remark that the ayli ondition for relation ρ
implies the ayli ondition for inverse relation ρ−1

.
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2.2. Games with quasi-ordered outomes

In this setion we onsider n-person game G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 with
quasi-ordered outomes. Our aim is a �nding of ondition for existene of aeptable

points in suh game. For arbitrary i ∈ N de�ne βi-domination of strategies for player

i ∈ N in game G by the equivalene

x1i
βi

. x2i ⇔
(
F
(
x2i , XN\i

))↑ ⊆
(
F
(
x1i , XN\i

))↑
. (7)

Remark 3. We denote by

(
F
(
xi, XN\i

))↑
the set of all majorant for subset

(
F
(
xi, XN\i

)) df
= {F

(
xi, xN\i

)
: xN\i ∈ XN\i}

under quasi-order ρi, i.e.

(
F
(
xi, XN\i

))↑
= {a ∈ A :

(
∃xN\i ∈ XN\i

)
a
ρi

& F
(
xi, xN\i

)
}.

Note that subset

(
F
(
xi, XN\i

))↑
is the dual ideal generated by xi-row F

(
xi, XN\i

)

in quasi-ordered set 〈A, ρi〉.

Obviously, βi-domination of strategies for player i ∈ N is an quasi-ordering

on Xi. The strit part and the symmetri part of quasi-order

βi

. an be written

respetively in the form

x1i
βi

< x2i ⇔ F
(
x2i , XN\i

)↑ ⊂ F
(
x1i , XN\i

)↑
; (8)

x1i
βi∼ x2i ⇔ F

(
x1i , XN\i

)↑
= F

(
x2i , XN\i

)↑
. (9)

Theorem 2. Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered

outomes. Suppose that every player i ∈ N uses its βi-maximal strategy x
0
i ∈ Xi.

Then the situation x0 =
(
x0i
)
i∈N

is aeptable one and the outome F
(
x0
)
also is

an aeptable one in game G.

A proof of theorem 2 is based on lemma 1 whih has some independent interest.

Lemma 1. Let x0i ∈ Xi be βi-maximal strategy of player i. Then for any situation

x ∈ X the outome F
(
x ‖ x0i

)
is an aeptable one for player i.

Proof (of lemma 1). Fix an arbitrary strategy x0N\i ∈ XN\i. We need to show that

the outome F
(
x0i , x

0
N\i

)
is an aeptable one for player i. Indeed, otherwise there

exists a strategy x1i ∈ Xi suh that for any xN\i ∈ XN\i holds

F
(
x1i , xN\i

) ρi
> F

(
x0i , x

0
N\i

)
. (10)

Let us show the inlusion

(
F
(
x1i , XN\i

))↑ ⊆
(
F
(
x0i , x

0
N\i

))↑
. (11)
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Indeed, assume a ∈
(
F
(
x1i , XN\i

))↑
i.e. a

ρi

& F
(
x1i , xN\i

)
for some xN\i ∈ XN\i.

Using the transitivity of quasi-order ρi and (10) we obtain a
ρi

& F
(
x0i , x

0
N\i

)
then

a ∈
(
F
(
x0i , x

0
N\i

))↑
. Moreover sine

(
F
(
x0i , x

0
N\i

))↑
⊆
(
F
(
x0i , XN\i

))↑
we have

(
F
(
x1i , XN\i

))↑ ⊆
(
F
(
x0i , XN\i

))↑
. (12)

We now prove that in (12) the inverse inlusion is false. Indeed, otherwise beause

F
(
x0i , x

0
N\i

)
∈ F

(
x0i , XN\i

)
⊆
(
F
(
x0i , XN\i

))↑
,

we obtain F
(
x0i , x

0
N\i

)
∈
(
F
(
x1i , XN\i

))↑
i.e. F

(
x0i , x

0
N\i

) ρi

& F
(
x1i , x

′
N\i

)
for

some x′N\i ∈ XN\i. On the other hand aording with (10) we have the strit

inequality F
(
x1i , x

′
N\i

) ρi
> F

(
x0i , x

0
N\i

)
that ontradits the previous orrelaton.

Thus the strit inlusion

(
F
(
x1i , XN\i

))↑ ⊂
(
F
(
x0i , XN\i

))↑
holds and aording

with (8) we obtain x1i
βi

> x0i that ontradits the βi-maximality ondition of strategy
x0i . Lemma 1 is proved. ⊓⊔

Theorem 2 is a diret onsequene of lemma 1. Indeed, aording with lemma 1

the situation x0 =
(
x0i
)
i∈N

in whih eah player i ∈ N uses its βi-maximal strategy

x0i is aeptable for all players N that is an aeptable situation in game G and the

outome F
(
x0
)
is an aeptable one also.

We now show some su�ient onditions for an existene of aeptable outomes

in game with quasi-ordered outomes. These onditions are based on theorem 2.

Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered outomes.

Consider the following onditions onerning dual ideals in quasi-ordered set 〈A, ρi〉
(i ∈ N).

(C1). For eah i ∈ N there exists a strategy xi ∈ Xi suh that any strit de-

sending hain of dual ideals of the form

(
F
(
xi, XN\i

))↑ ⊃
(
F
(
x1i , XN\i

))↑ ⊃
(
F
(
x2i , XN\i

))↑ ⊃ . . . (13)

is terminated at some �nite number.

(C2). For eah i ∈ N and strategy xi ∈ Xi any strit desending hain of dual

ideals of the form (13) is terminated at some �nite number.

(C3). For arbitrary i ∈ N let X0
i ⊆ Xi be some subset of strategies of player

i suh that for every x′i, x
′′
i ∈ X0

i dual ideals

(
F
(
x′i, XN\i

))↑
and

(
F
(
x′′i , XN\i

))↑
are omparable under inlusion. Then there exists a strategy x∗i ∈ Xi satisfying the

ondition ⋂

xi∈X0
i

(
F
(
xi, XN\i

))↑
=
(
F
(
xi∗ , XN\i

))↑
. (14)

Theorem 3. Assume for game G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 with quasi-ordered
outomes at least one of onditions (C1)â��-(C3) holds. Then in game G there

exists an aeptable situation and an aeptable outome also.
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Proof (of theorem 3). Assume the ondition (C1) holds. Suppose the hain (13)

is terminated at some member

(
F
(
xmi , XN\i

))↑
where xmi ∈ Xi. Then(

F
(
xmi , XN\i

))↑
is a maximal dual ideal of the form

(
F
(
x′i, XN\i

))↑
, x′i ∈ Xi

in quasi-ordered set 〈A, ρi〉. In aordane with (8) the strategy xmi is βi-maximal
strategy for player i and using theorem 2 we obtain the required statement. In the

ase when the ondition (C2) holds, the proof is similar. Assume now that the on-

dition (C3) satis�es. Then it follows from (11) that the quasi-ordered set

〈
Xi,

βi

.
〉

is indutive one and aording with Zorn`s lemma it has a maximal element. It

remains to use theorem 2. ⊓⊔

3. Conditions for uniqueness of aeptable outome

In this setion we onsider the uniqueness of aeptable outome problem for games

with quasi-ordered outomes. Firstly note the following

Remark 4. Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered

outomes of the form (1). Consider the so-alled a natural equivalene relation ε =⋂
i∈N

εi where εi = ρi ∩ ρ−1
i . Sine for every i ∈ N the inlusion ε ⊆ ρi holds, the

onditions a1
ρ
> a2 and a2

ε≡ a′2 imply a1
ρ
> a′2 for all a1, a2, a

′
2 ∈ A. It follows that

if some outome a ∈ A is aeptable one for player i ∈ N then any outome a′
ε≡ a

is an aeptable one for player i ∈ N also. Therefore the uniqueness of aeptable

outome in game G an be onsidered �up to natural equivalene ε� only.

Lemma 2. Let x0 be Nash equilibrium point in game G with quasi-ordered outomes

of the form (1). For any i ∈ N de�ne a set Wi onsisting of strit guaranteed

outomes of player i:

Wi = {a ∈ A : (∃xi ∈ Xi)
(
∀xN\i ∈ XN\i

)
F
(
xi, xN\i

) ρi
> a}.

Then the following inlusion holds:

Wi ⊆ {a ∈ A : a
ρi
< F

(
x0
)
}. (15)

Proof (of lemma 2). Assume a ∈ Wi i.e. there exists a strategy x
∗
i ∈ Xi suh that

F (x ‖ x∗i )
ρi
> a for any x ∈ X . Set x = x0 and we get F

(
x0 ‖ x∗i

) ρi
> a. On the other

hand, sine x0 is Nash equilibrium point, the orrelation F
(
x0 ‖ x∗i

) ρi
. F

(
x0
)
holds.

Beause relation

ρi

. is transitive, it follows from last two orrelations that a
ρi
< F

(
x0
)

whih was to be proved. ⊓⊔
Corollary 2. Let x0 be Nash equilibrium point in game G with quasi-ordered out-

omes of the form (1). Then

⋃

j∈N

Wj ⊆
⋃

i∈N

{a ∈ A : a
ρi
< F

(
x0
)
}. (16)

De�nition 5. Nash equilibrium point x0 in game G is alled a speial one if in (16)

the equality holds, i.e.

⋃

j∈N

Wj =
⋃

i∈N

{a ∈ A : a
ρi
< F

(
x0
)
}. (17)
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De�nition 6. Let A be an arbitrary set and a olletion (ρi)i∈N of quasi-orders

on A is given. An element c ∈ A is alled a entri one if for any a ∈ A holds a
ε≡ c

or a
ρi
< c for some i ∈ N , where ε is the natural equivalene relation.

It is easy to show the following statement.

Lemma 3. Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered out-

omes whih has Nash equilibrium point x0. Then F
(
x0
)
is an unique up to the

natural equivalene ε aeptable outome in game G if and only if the situation x0

is a speial one and element F
(
x0
)
is a entri.

Lemma 3 gives a solution of the uniqueness aeptable outome problem for

games having Nash equilibrium point. A main result onneting this problem for

lass of games with quasi-ordered outomes is the theorem 4. We need in the fol-

lowing de�nition.

De�nition 7. An arbitrary quasi-ordered set 〈A, ρ〉 is said satis�es (AC) ondition
if every strit asending hain of the form a1

ρ
< a2

ρ
< . . .

ρ
< ak

ρ
< . . . is terminated,

i.e. it has a last element.

Theorem 4. Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered

outomes and for every i ∈ N quasi-ordered set 〈A, ρi〉 (AC) ondition satis�es.

Then there exists an unique up to the natural equivalene ε aeptable outome if

and only if game G has a speial Nash equilibrium point x0 and outome F
(
x0
)
is

a entri.

Proof (of theorem 4). Neessity. Let a∗ be an unique up to the natural equivalene

ε aeptable outome in game G. For any i ∈ N onsider the set Wi onsisting of

strit guaranteed outomes of player i (see lemma 2). Denote by N0 the set of all

i ∈ N satisfying Wi 6= ∅ and by N1 the set of all i ∈ N satisfying Wi = ∅. For
every i ∈ N0 �x in non-empty setWi a maximal element a

∗
i under quasi-order ρi (an

existene of maximal element it follows from (AC) ondition). Sine a∗i ∈ Wi then

there exists a strategy x∗i ∈ Xi suh that the orrelation F
(
x∗i , xN\i

) ρi
> a∗i holds

for any xN\i ∈ XN\i (i ∈ N0). Moreover for all i ∈ N1 �x an arbitrary strategy

x∗i ∈ Xi. Let us show that the outome in situation x∗ = (x∗i ) is an aeptable one

in game G. Indeed, for every i ∈ N0 the orrelation F (x∗)
ρi
> a∗i holds and beause

a∗i is a maximal element in subset Wi, we obtain F (x∗) /∈ Wi, that is the outome

F (x∗) is an aeptable one for every player i ∈ N0. Sine Wi = ∅ for all i ∈ N1,

any outome of game G is aeptable for eah player i ∈ N1. Therefore the outome

F (x∗) is an aeptable one for all players i ∈ N i.e. it is an aeptable one in game

G, hene in aordane with uniqueness ondition we get F (x∗)
ε≡ a∗ where ε is a

natural equivalene in game G.
We a�rm that x∗ is Nash equilibrium point in game G. Indeed assume that

in situation x∗ some player k ∈ N instead of strategy x∗k uses another strategy

xk ∈ Xk. In aordane with de�nition of situation x∗ we obtain that outome

F (x∗ ‖ xk) remains to be aeptable for all players i ∈ N , where i 6= k. It is
possible the following two ases.

Case 1. The outome in situation x∗ ‖ xk remains to be aeptable for player k.
Then outome F (x∗ ‖ xk) is an aeptable for all players i ∈ N , hene in aordane
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with uniqueness ondition we have F (x∗ ‖ xk)
ε≡ a∗ and sine F (x∗)

ε≡ a∗ we obtain

F (x∗ ‖ xk)
ε≡ F (x∗). Beause ε ⊆ εk ⊆ ρk, in this ase we have F (x∗ ‖ xk)

ρk

.
F (x∗).

Case 2. The outome in situation x∗ ‖ xk is not aeptable for player k. Then
F (x∗ ‖ xk) ∈ Wk hene Wk 6= ∅. In aordane with (AC) ondition for quasi-

ordered set 〈A, ρk〉, the subset Wk has a maximal element b∗k ∈ Wk suh that

F (x∗ ‖ xk)
ρk
. b∗k. Let x

′
k ∈ Xk be a strategy of player k whih strit guarantees the

outome b∗k to him. Then F (x∗ ‖ x′k)
ρk
> b∗k, hene, using a maximality ondition for

element b∗k in subset Wk, we get F (x∗ ‖ x′k) /∈ Wk, that is outome F (x∗ ‖ x′k) is
an aeptable for player k. Sine the outome F (x∗ ‖ x′k) remains to be aeptable
for other players i ∈ N where i 6= k, we get that the outome F (x∗ ‖ x′k) is an
aeptable one in game G. Then in aordane with uniqueness ondition we have

F (x∗ ‖ x′k)
ε≡ a∗ where ε is a natural equivalene in game G. Thus we have the

following sequene of orrelations:

F (x∗ ‖ xk)
ρk
. b∗k

ρk
< F (x∗ ‖ x′k)

ε≡ a∗
ε≡ F (x∗) .

Sine ε ⊆ εk ⊆ ρk and binary relation ρk satis�es the transitivity ondition, we

get in this ase F (x∗ ‖ xk)
ρk
< F (x∗).

We show that situation x∗ is Nash equilibrium point in game G, that is the
�rst a�rmations of theorem 4. Then other statements of theorem 4 are to be diret

onsequenes of lemma 3. ⊓⊔

Corollary 3. A game G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 with quasi-ordered out-

omes in whih for every i ∈ N quasi-ordered set 〈A, ρi〉 (AC) ondition satis�es

has an aeptable outome.

Indeed, in theorem 4, a proof of the fat that outome F (x∗) is an aeptable

one in game G does not use an existene and uniqueness of an aeptable outome

ondition.

4. Examples

4.1. Antagonisti games with payo� funtions

Consider an antagonisti game with payo� funtion Γ = 〈X,Y, u〉 where X is a set

of strategies of player 1, Y is a set of strategies of player 2, u is a payo� funtion.

We an mean Γ a game with ordered outomes, in whih the set of strategies of

players are the same, a set of outomes is real numbers R, realization funtion is the
funtion u (x, y) and preferene relation is determined by the value of payo�. Put

v1 = sup
x∈X

inf
y∈Y

u (x, y) be the lower value and v2 = inf
y∈Y

sup
x∈X

u (x, y) the upper value

of game Γ . Consider now the following ondition.

(C) If the external extremum of sup
x∈X

inf
y∈Y

u (x, y) is realized at the point x0 ∈ X

then the inner extremum of inf
y∈Y

u (x0, y) must be realized at some point y0 ∈ Y .

It is easy to show that for game Γ onsidered as a game with ordered outomes,

the set of all aeptable outomes for player 1 is the interval (v1,∞) and possibly

the point v1. Moreover, the outome v1 is an aeptable one for player 1 if and only
if the ondition (C) holds. For �nding of all aeptable outomes for player 2 we an
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use a dual ondition (C*). Thus the set AcΓ onsisting of all aeptable outomes

of game Γ is the interval (v1, v2) and possibly points v1 and v2. In partiular let the
sets X,Y be ompat topologial spaes and the funtion u is ontinuous on X×Y .
Then the onditions (C) and (C*) hold, hene in this ase we have AcΓ = [v1, v2].

4.2. n-person games with payo� funtions

A �nding the set of aeptable outomes in n-person game with payo� fun-

tions an be redued to this problem for antagonisti game. Namely let G =
〈(Xi)i∈N , (ui)i∈N 〉 be a game of players N = {1, . . . , n} where Xi is a set of strate-

gies and ui is a payo� funtion of player i. We an onsider G as a game with

quasi-ordered outomes in whih RN is a set of outomes and for any two vetors

(y1, . . . , yn) , (y
′
1, . . . , y

′
n) ∈ RN put

(y1, . . . , yn)
ρi

. (y′1, . . . , y
′
n) ⇔ yi ≤ y′i.

Suppose in game G set of strategies of players are ompat topologial spaes

and payo� funtions are ontinuous on

∏
i∈N

Xi. Then aeptable outomes in game G

are exatly vetors

(
y01 , . . . , y

0
n

)
∈ RN suh that for any i ∈ N the ondition y0i ≥ νi

holds, where νi is the lower value of antagonisti game of player i against the
omplementary oalition N \ i.

4.3. An example of game whih has not of aeptable outomes

Consider an antagonisti game Γ1 with payo� funtion given by table 1.

Table 1. Payo� funtion of game Γ1

Y y1 y2 y3 . . . yn . . . inf

X

x1 1 1/2 1/3 . . . 1/n . . . 0

x2 2 −1/2 −1/3 . . . −1/n . . . −1/2

sup 2 1/2 1/3 . . . 1/n . . . ν1 = ν2 = ν = 0

In this game a set of outomes is real numbers R. It follows from table 1 that any

outome r ≤ 0 is not aeptable for player 1 sine the strategy x1 is an objetion

of player 1 to suh outome. Moreover, any outome r > 0 is not aeptable for

player 2: an objetion of player 2 to suh outome r > 0 is its strategy yn where

n = [1/r] + 1. Therefore in game Γ1 the set of aeptable outomes is empty.
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