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Abstra
t In this paper, two-stage network games are studied. At �rst stage

of the game players form a network, while at se
ond stage they 
hoose strate-

gies a

ording to the network realized at the �rst stage. However, there are

two kinds of two-stage networks. The �rst is a spe
ial 
lass of two-stage

network games when players have the opportunity to revised their network

whi
h they formed before. And the se
ond is 
lassi
al two-stage network.

Cooperative setting is 
onsidered. In the 
ooperative 
ase, we use Nash Bar-

gaining Solution as a solution 
on
ept. It is demonstrated that the Nash

Bargaining Solution satis�es the time 
onsisten
y property for the spe
ial


lass of two-stage network game. But its not true for a 
lassi
al two-stage

network game.
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1. Model

Consider the model in details. Let N = {1, ..., n} be a �nite set of players who


an intera
t with ea
h other. The intera
tion between two players means the ex-

isten
e of a link 
onne
ting them and,therefore,
ommuni
ation between them. On

the 
ontrary, the absen
e of a link 
onne
ting players means the absen
e of any


ommuni
ation between them. Under these assumptions 
ooperation of players is

said to be restri
ted by a 
ommuni
ation stru
ture (or a network). A pair (N, g) is

alled a network, where N is a set of nodes (it 
oin
ides with the set of players),

and g ∈ N ×N is a set of links. If a pair (i, j) ∈ g, there is a link 
onne
ting players
i and j, and, therefore, generating 
ommuni
ation of players in network. Below to

simplify notations, the network will be identi�ed with a set of its links and denoted

by g, and a link (i, j) in the network will be denoted by ij. All links are non-dire
ted,
so ij = ji. The two stage network game under 
onsideration we denote as G.

2. First stage: network formation

Having the player set N given, de�ne the link formation rule in a standard way:

links are formed as a result of players' simultaneous 
hoi
es. Let Mi ⊆ N/ {i} be

the set of players whom player i ∈ N 
an o�er a mutual link, and ai ∈ {0, ..., n− 1}
be the maximal number of links whi
h player i 
an maintain (and, therefore, 
an

o�er). Behavior of player i ∈ N at the �rst stage is an n-dimensional pro�le gi =
(gi1, ..., gin) whose entries are de�ned as:

gij =

{
1, if player i o�er a link to j ∈Mi

0, otherwise
(1)

subje
t to the 
onstraint:
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∑

j∈N

gij ≤ ai. (2)

The 
ondition gij = 0, i ∈ N ex
ludes loops from the network, whereas (2) shows

that the number of possible links is limited. If Mi = N/ {i}, player i 
an o�er a

link to any player, whereas if ai = n − 1, he 
an maintain any number of links. A

set of all possible behaviors of player i ∈ N at the �rst stage satisfying (1), (2) is

denoted by Gi. The Cartesian produ
t

∏
i∈N Gi is the set of behavior pro�les at

the �rst stage. It is supposed that players 
hoose their behaviors at the �rst stage

simultaneously and independently of ea
h other. In parti
ular, player i ∈ N 
hoose

gi ∈ Gi, and as a result the behavior pro�le gi = (gi1, ..., gin) is formed. Under the
above assumptions, an undire
ted link ij = ji is established in network g if and

only if gij = gji, g 
onsists of mutual links whi
h were o�ered only by both players.

3. Se
ond stage: 
hoosing 
ontrols

Denote the game on the se
ond stage over the network g, as Γ (g). Having formed the
network g, players 
hoose their behaviors at the se
ond stage. De�ne neighbors of

player i in the network g as elements of set Ni(g) = {j ∈ N \ {i} : ij ∈ g}. Players
are allowed to re
onsider their de
isions made at the �rst stage by giving them

the opportunity to break the previous sele
ted links. De�ne 
omponents of an n-
dimensional pro�le di(g) as follows:

dij =

{
1, player i doesn't break the link formed with player j ∈ Ni(g).

0, otherwise

(3)

Elements di(g) satisfying (2), (3) are denoted by Di(g), i ∈ N . It is obvious that

pro�le (d1(g) . . . dn(g)) applied to the network g 
hanges its stru
ture and forms a

new network,denoted by gd. Network gd is obtained from g by removing links ij
su
h that either dij(g) = 0 or dji(g) = 0.

Moreover, at the se
ond stage player i ∈ N 
hooses 
ontrol ui form a �nite set

Ui. Then, behavior of player i ∈ N at the se
ond stage is a pair (di(g), ui): it de�nes,
on the one hand, links to be removed (di(g), and, on the other hand, 
ontrol ui.

A payo� fun
tion Ki of player i ∈ N depends on both new network gd and


ontrols ui, i ∈ N . Spe
i�
ally, it depends on player i's behavior at the se
ond

stage as well as behavior of his neighbors in the network gd. i.e., Ki

(
ui, uNi(gd)

)

is a nonnegative real-valued fun
tion de�ned on Ui ×
∏
j∈Ni(gd)

Uj . Here uNi(gd)

denotes a pro�le of 
ontrols uj 
hosen by all neighbors j ∈ Ni(g
d) of players i in

the network gd. Assume that fun
tions Ki, i ∈ N , satisfy the following property:

(P): For any two networks g and g′ s.t. g′ ⊆ g, 
ontrols (ui, uNi(gd)) ∈ Ui ×∏
j∈Ni(gd)

Uj , and players i, the inequality |Ni (g) | ≥ |Ni (g′) | implies the inequality
Ki

(
ui, uNi(g)

)
≥ Ki

(
ui, uNi(g′)

)
. Also we suppose that the payo� of an isolated

player is equal to 0.

3.1. Introdu
e the de�nition of Nash Bargaining solution

Let K be the set of all possible payo�s in the game. Denote vi the lower value of the
zero-sum game between player i and player N/i, with the payo� of player i equal
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to Ki. Consider the following expression:

max
K1≥v1,Ki≥vi,...,Kn≥vn;(K1,K2,...,Kn)∈K.

(K1 − v1) . . . (Kn − vn) =

=
(
K̄1 − v1

) (
K̄2 − v2

)
. . .
(
K̄n − vn

)

Ve
tor K̄ =
(
K̄1, K̄2, . . . , K̄n

)
is 
alled Nash Bargaining solution.

Suppose, we use Nash Bargaining solution K̄ =
(
K̄1, K̄2, . . . , K̄n

)
in two stage

game, this leads us to network ḡ, whi
h is formed on the �rst stage, and subgame

Γ (ḡ) on the se
ond stage. Pair (ḡ, Γ (ḡ)) we shall 
all Nash Bargaining traje
tory.

Proposition 1. Nash Bargaining solution is time-
onsistent in G (two-stage game),

if Nash Bargaining solution 
omputed for game G 
oin
ides with Nash Bargaining

solution 
omputed for subgame Γ (ḡ). Nash Bargaining solution is time-
onsistent

in game G.

Proof. Consider the Nash Bargaining solution in two-stage game.Be
ause players

from the set N \ i have the possibility not to form links with player i, the lower
value of zero sum game vi will be equal to 0, sin
e player i 
an be isolated. K̄ =(
K̄1, K̄2, . . . , K̄n

)
is the Nash Bargaining solution in two-stage game, and we have

max
K1≥v1,Ki≥vi,...,Kn≥vn;(K1,K2,...,Kn)∈K.

(K1 − v1) . . . (Kn − vn) =

=
(
K̄1 − v1

) (
K̄2 − v2

)
. . .
(
K̄n − vn

)
=

n∏

i=1

K̄i,

Here K is the set of all possible payo�s in two stage game.

Consider the Nash Bargaining solution on the se
ond stage.

max
K1

′≥v1′,...,Kn
′≥vn′;(K1

′,K2
′,...,Kn

′)∈K′.
(K1

′ − v1
′) . . . (Kn

′ − vn
′) =

=
(
K̄1

′ − v1
′
) (
K̄2

′ − v2
′
)
...
(
K̄n

′ − vn
′
)
=

n∏

i=1

K̄i
′,

Where K ′ ⊂ K is the set of all possible payo�s on the se
ond stage.

Where K ′ ⊂ K is the set of all possible payo�s on the se
ond stage. The value of

zero sum game vi
′
still will be equal to v̄i = 0 sin
e player i 
an be isolated (be
ause

players 
an break links on the se
ond stage). We have that K̄ =
(
K̄1, K̄2, . . . , K̄n

)

is the Nash Bargaining solution in two-stage game. Also along the Nash Bargaining

traje
tory of the 
ooperative game, K̄ will remain in the subsetK ′
(
K̄ ∈ K ′

)
. Hen
e,

Nash Bargaining solution on the se
ond stage K̄ ′ =
(
K̄1

′, K̄2
′, . . . , K̄n

′
)
will always

be equal to K̄ =
(
K̄1, K̄2, . . . , K̄n

)
.

Therefore, Nash Bargaining solution is time-
onsistent in this model.

4. Example

In this se
tion, we 
onsider a three-person game as an illustration, i.e., the set of

players N = {1, 2, 3}. Assume that player 1 
an maintain 2 links and players 2,
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3 
an only maintain 1 link. Moreover player 3 
an o�er a link only to player 1.
Under these restri
tions, we have: subsets of players to whom ea
h player 
an o�er

links are M1 = {2, 3} ,M2 = {1, 3} ,M3 = {1}, a number of links ea
h player 
an

maintain: a1 = 2, a2 = a3 = 1. Therefore, at the �rst stage sets of players' behaviors
are: G1 = {(0, 0, 0) ; (0, 0, 1) ; (0, 1, 0) ; (0, 1, 1)}, G2 = {(0, 0, 0) ; (1, 0, 0) ; (0, 0, 1)},
G3 = {(0, 0, 0) ; (1, 0, 0)}, and only four networks 
an be formed at the �rst stage

of the game: the empty network (the network without links, g = ∅), g = {1, 2},
g = {1, 3}, g = {1, 2, 3} . Suppose that sets of 
ontrols Ui at the se
ond stage for

any network g realized at the �rst stage are the same U1 = U2 = U3 = {A,B}, and
payo� fun
tions are de�ned as: Ki(ui): Ki(A)=0, Ki(B)=0; i = 1, 2, 3

K1,2
1 (u1, u2) : K1,2

1 (A,A) = 2; K1,2
1 (A,B) = 4; K1,2

1 (B,A) = 1;

K1,2
1 (B,B) = 3;

K1,3
1 (u1, u3) : K1,3

1 (A,A) = 3; K1,3
1 (A,B) = 5; K1,3

1 (B,A) = 1;

K1,3
1 (B,B) = 3;

K1,2
2 (u2, u1) : K1,2

2 (A,A) = 2; K1,2
2 (A,B) = 4; K1,2

2 (B,A) = 1;

K1,2
2 (B,B) = 3;

K1,3
3 (u3, u1) : K1,3

3 (A,A) = 2; K1,3
3 (A,B) = 5; K1,3

3 (B,A) = 1;

K1,3
3 (B,B) = 4;

K1,2;1,3
1 (u1, u2;u1, u3) : K1,2;1,3

1 (A,A,A) = 6; K1,2;1,3
1 (A,A,B) = 7;

K1,2;1,3
1 (A,B,A) = 5; K1,2;1,3

1 (A,B,B) = 2; K1,2;1,3
1 (B,A,A) = 4;

K1,2;1,3
1 (B,A,B) = 6; K1,2;1,3

1 (B,B,A) = 1; K1,2;1,3
1 (B,B,B) = 9

Consider the network g={1, 2}:
(
(2, 2, 0) (4, 1, 0)
(1, 4, 0) (3, 3, 0)

)
&

(
(2, 2, 0) (4, 1, 0)
(1, 4, 0) (3, 3, 0)

)
(4)

Here player 1 
hooses the rows of the matrix (the �rst row 
orresponds to the


hoi
e of the strategy A and the se
ond of B), player 2 
hoose the 
olumns of the

matrix (the �rst 
olumn 
orresponds to the 
hoi
e of the strategy A and the se
ond

to B), and player 3 
hooses one of the matri
es (the �rst matrix 
orresponds to

the 
hoi
e of the strategy A and the se
ond to B). In the des
ribed game,the Nash

bargaining solution gives the payo�s K1(B,B) = K2(B,B) = 3,K3(A) = K3(B) =
0.

Strategy pro�les are (d∗1(g), u
∗
1) = ((0, 1, 0), B), (d∗2(g), u

∗
2) = ((1, 0, 0), B)
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Consider the network g={1, 3}:
(
(3, 0, 2) (3, 0, 2)
(1, 0, 5) (1, 0, 5)

)
&

(
(5, 0, 1) (5, 0, 1)
(3, 0, 4) (3, 0, 4)

)
(5)

In the des
ribed game, the Nash bargaining solution gives the payo�sK1(B,B) =
3,K3(B,B) = 4,K2(A) = K2(B) = 0,

Strategy pro�les are (d∗1(g), u
∗
1) = ((0, 0, 1), B), (d∗3(g), u

∗
3) = ((1, 0, 0), B).

Consider the network g={1, 2, 3}:
(
(6, 2, 2) (5, 2, 2)
(4, 4, 5) (1, 3, 5)

)
&

(
(7, 2, 1) (2, 1, 1)
(6, 4, 4) (9, 3, 4)

)
(6)

In the des
ribed game, the Nash bargaining solution gives the payo�s

K1(B,B,B) = 9,K2(B,B,B) = 3,K3(B,B,B) = 4,
Strategy pro�les are (d∗1(g), u

∗
1) = ((0, 1, 1), B), (d∗2(g), u

∗
2) = ((1, 0, 0), B)

(d∗3(g), u
∗
3) = ((0, 0, 1), B).

Now, 
onsider two stage game, the Nash bargaining solution gives the pay-

o�s K1(B,B,B) = 9,K2(B,B,B) = 3,K3(B,B,B) = 4, and strategy pro�les are

(g∗1 , d
∗
1(g), u

∗
1) = ((0, 1, 1), (0, 1, 1), B), (g∗2 , d

∗
2(g), u

∗
2) = ((1, 0, 0), (1, 0, 0), B),

(g∗3 , d
∗
3(g), u

∗
3) = ((0, 0, 1), (0, 0, 1), B). In the subgame starting from the se
ond

stage, after realized Nash Bargaining solution 
omputed for two stage game on the

�rst stage. we obtain the Nash bargaining solution whi
h is equal (9, 3, 4). More-

over, Nash bargaining solution 
oin
ide with (9, 3, 4) whi
h is the Nsah bargaining

solution in the game starting from the �rst stage. We see that the Nash bargaining

solution is a time-
onsistent solution 
on
ept.

5. The 
lassi
al two-stage network game

The �rst stage, is as in previous 
ase. However, at the se
ond stage, we do not give

the players opportunity to revise the network. So they just 
hoose 
ontrol at the

se
ond stage. Player i ∈ N 
hooses only 
ontrols ui form a �nite set Ui.
A payo� fun
tion Ki of player i ∈ N depends on both network g and 
ontrols

ui, i ∈ N . Spe
i�
ally, it depends on player i's behavior at the se
ond stage as well

as behavior of his neighbors in the network g. i.e., Ki

(
ui, uNi(g)

)
is a nonnegative

real-valued fun
tion de�ned on Ui ×
∏
j∈Ni(g)

Uj. Here uNi
denotes a pro�le of


ontrols uj 
hosen by all neighbors j ∈ Ni(g) of players i in the network g.

Proposition 2. Nash Bargaining solution is time-in
onsistent in G (two-stage ga-

me)

Proof. Consider the Nash Bargaining solution in two-stage game.

Be
ause players from the set N \ i have the possibility not to form links with

player i. The lower value of zero sum game vi will be equal to 0, sin
e player i 
an
be isolated. K̄ =

(
K̄1, K̄2, . . . , K̄n

)
is the Nash Bargaining solution in two-stage

game, and we have

max
K1,Ki,...,Kn;K1≥v1,Ki≥vi,...,Kn≥vn;(K1,K2,...,Kn)∈K.

(K1 − v1) . . . (Kn − vn) =

=
(
K̄1 − v1

) (
K̄2 − v2

)
. . .
(
K̄n − vn

)
=

n∏

i=1

K̄i,
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Here K is the set of all possible payo�s in two stage game.

Consider the Nash Bargaining solution on the se
ond stage.

max
K1

′,Ki
′,...,Kn

′;K1
′≥v1′,Ki

′≥vi′,...,Kn
′≥vn′;(K1

′,K2
′,...,Kn

′)∈K′.
(K1

′ − v1
′)·

· (Ki
′ − vi

′) . . . (Kn
′ − vn

′) =
(
K̄1

′ − v1
′
) (
K̄2

′ − v2
′
)
...
(
K̄n

′ − vn
′
)
=

n∏

i=1

K̄i
′,

Where K ′ ⊂ K is the set of all possible payo�s on the se
ond stage. The value

of zero sum game vi
′
will be v′i = max

i
min
N−i

K ′
i(ui;u{Ni(gd)}), We have that K̄ =

(
K̄1, K̄2, . . . , K̄n

)
is the Nash Bargaining solution in two-stage game where vi will

be equal to 0. Also along the Nash Bargaining traje
tory of the 
ooperative game,

K̄ will remain in the subset K ′
(
K̄ ∈ K ′

)
. So, obviously, K̄ =

(
K̄1, K̄2, . . . , K̄n

)

is not 
oin
ides with

(
K̄1

′, K̄2
′, . . . , K̄n

′
)
Therefore, Nash Bargaining solution is

time-in
onsistent in this model.

5.1. Example

By using the same example, we 
an get the following: Consider the network g={1, 2}:
(
(2, 2, 0) (4, 1, 0)
(1, 4, 0) (3, 3, 0)

)
&

(
(2, 2, 0) (4, 1, 0)
(1, 4, 0) (3, 3, 0)

)
(7)

Here player 1 
hooses the rows of the matrix (the �rst row 
orresponds to the


hoi
e of the strategy A and the se
ond of B), player 2 
hoose the 
olumns of the

matrix (the �rst 
olumn 
orresponds to the 
hoi
e of the strategy A and the se
ond

of B), and player 3 
hooses one of the matri
es (the �rst matrix 
orresponds to the


hoi
e of the strategy A and the se
ond of B). In the des
ribed game,the Nash bar-

gaining solution gives the payo�s K1(B,B) = K2(B,B) = 3,K3(A) = K3(B) = 0.

Consider the network g={1, 3}:
(
(3, 0, 2) (3, 0, 2)
(1, 0, 5) (1, 0, 5)

)
&

(
(5, 0, 1) (5, 0, 1)
(3, 0, 4) (3, 0, 4)

)
(8)

In the des
ribed game, the Nash bargaining solution gives the payo�sK1(B,B) =
3,K3(B,B) = 4,K2(A) = K2(B) = 0.

Consider the network g={1, 2, 3}:
(
(6, 2, 2) (5, 2, 2)
(4, 4, 5) (1, 3, 5)

)
&

(
(7, 2, 1) (2, 1, 1)
(6, 4, 4) (9, 3, 4)

)
(9)

In the des
ribed game, the Nash bargaining solution gives the payo�s

K1(B,A,B) = 6,K2(B,A,B) = 4,K3(B,A,B) = 4.
Now, 
onsider two stage game, the Nash bargaining solution gives the payo�s

K1(B,B,B) = 9,K2(B,B,B) = 3,K3(B,B,B) = 4.
In the subgame starting from the se
ond stage, after realized Nash Bargaining

solution 
omputed for two stage game on the �rst stage. we obtain the Nash bar-

gaining solution whi
h is equal (6, 4, 4). Therefore, Nash bargaining solution is not


oin
ide with (9, 3, 4) whi
h is the Nsah bargaining solution in the two stage game.

We see that the Nash bargaining solution is not a time-
onsistent solution 
on
ept.
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6. Con
lusion

In the spe
ial 
lass of two-stage network where players have the opportunity to

revise their network whi
h they formed before, Nash Bargaining solution is time-


onsistent. We also 
onsider in the 
lassi
al two-stage network game where players

are just 
hoosing 
ontrols at the se
ond stage. Cooperative setting is 
onsidered.

In the 
ooperative 
ase, we use Nash Bargaining Solution as a solution 
on
ept. It

is demonstrated that the Nash Bargaining Solution satis�es the time 
onsisten
y

property for this spe
ial 
lass of two-stage network game. But it does not satisfy

the time 
onsisten
y property for the 
lassi
al two-stage network game.
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