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Abstrat Transport industry in eonomy had been studied for many years,

however, only reently researhers have begun to widely apply onepts of

ooperative game theory to optimize osts and pro�ts whih are inurred in

hauling. Today a wide range of ost/pro�t alloation methods have beome

a trend in transport segment, partiularly in logistis operations. The most

of these methods based on ooperative game theory onsider the e�et of ol-

laboration (ooperation) whih means the integration of ompanies as a key

way to share transportation osts or pro�ts. This study aims to ontribute

to this area of researh by exploring di�erent alloation methods suh as the

Shapley value, the nuleolus and some other exess based solution onepts

of transferable utility game (TU game). In this work we overview existing

studies on the subjet and onsider methodology of ooperative game the-

ory. Further, we alulate numerial example of three shipping ompanies

based on real data. In order to ompare pro�t sharing results we ompute

the set of alloations and examine the onstrutive and bloking power of

oalitions. The importane and originality of the work are that it explores

the new �eld of appliation of game theory in logistis whih an provide

additional insights in this researh area.

Keywords: ooperative game theory, logistis, horizontal ooperation, ost

alloation, Shapley value, nuleolus, SM-nuleolus, anti-prenuleolus, blok-

ing power.

1. Introdution

In reent years, it has been widely viewed that ollaboration an be the most

appropriate solution for ost redution in transportation. This e�et means that

ompanies interat with eah other, realloating their expenditures in suh a way

that inreases pro�t of eah organization and, therefore, leads to ost savings.

Cooperation in transportation divides into two types: the integration of ompa-

nies dealing with similar logistis operations - horizontal ooperation and om-

panies with onsistent stages of the prodution proess - vertial ooperation. In

this paper we onsider di�erent methods of ost and pro�t alloation in logis-

tis. Nowadays these methods in logistis operations are based on the priniple

of ollaboration and make extensive use of onepts of ooperative game theory.

So far, however, a wide range of existing methods are only gaining popularity

in logistis and usually these methods are applied mostly for horizontal integra-

tion in the works of Drehsel, 2010, Frisk et al., 2010, Gansterer and Hartl, 2018,
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Guajardo et al., 2016 , Littlehild and Thompson, 1977, Sun et al., 2015 and oth-

ers. This happens beause in vertial ooperation there are operational di�ulties

in alloation osts or pro�t due to the diversity of players in these strutures.

The paper is strutured as follows. Setion 2 ontains the review of the appli-

ation of ooperative game theory in logistis. Setions 3 is devoted to notions and

de�nitions of ooperative game theory. In Setion 4 we swith to the game for three

logistis ompanies in the �eld of marine ontainer transportation. In order to ana-

lyze the in�uene of bloking power on the payo�s of players we use three types of

alloation methods: (pre)nuleolus, SM -nuleolus and anti-(pre)nuleolus.

2. Collaboration in logistis

Various studies have assessed the e�ay of ooperation to ost alloation, see,

for example, Young, 1985. One of the reent, pratie-oriented, artiles was on-

duted in 2010 and is still ontinuing its investigation. Frisk, M., G�othe-Lundgren,

M., J�ornsten, K., R�onnqvist, M. examined ooperation of eight ompanies whih

operate in the �eld of woodworking in Sweden (Frisk et al., 2010). In the artile

horizontal integration implies the proess of exhanging forestry goods (wood bar-

tering) and bakhauling. In this ase ollaboration based on wood bartering means

that produts are arried from one ompany to another and in return ompany

â�� sender reeives the same volume of idential produts. The aim of this study

is to investigate the optimal way of ost distribution based on a fairness onept.

It assumes that pro�t is alloated through ollaboration in the most equal way as

possible. In the artile authors point out a new onept of ost alloation whih

o�ers the most equal ost and pro�t distribution to all oalitions. It is named Equal

Pro�t Method (EPM). In the paper this method is omputed in two phases. In

the �rst stage, authors ount the optimal volume of transportation whih leads to

ost savings. In the seond stage, they minimize the di�erene between maximum

osts of every oalition with others. In addition to this, in the paper there were

onduted also the Shapley value (Shapley, 1953), nuleolus (Shmeidler, 1969) and

other methods. The result of this study is that potential overall savings from ost

alloation were 14,2 %. EPM method in the work is aepted as the best way to

alloate osts beause it makes it possible to reah an agreement about ooperation

in easier way.

Guajardo, M., J�ornsten, K. and M. R�onnqvist six years later ontinued the

previous work (Guajardo et al., 2016 ). They have omplemented researh by the

solution of problems with those oalitions who want to leave the grand oalition.

This study involves a new onept for ost alloation � bloking power (BP). In

the paper BP is regarded through suh alloation methods as the SM -nuleolus

(Tarashnina, 2011) and the modilus (Sudh�olter, 1997). Construtive power (CP)

is presented in the artile as a onept based on best known ost alloation method

in ooperative game theory � the nuleolus (Shmeidler, 1969). Authors onsider

BP whih takes into aount interests of ompanies whih are situated in remote

areas. Its basi idea is that suh ompanies may destroy the balane of ollaboration

if they want to leave the grand oalition. Authors onlude that ompanies whih

are situated in more entral areas largely bene�t from nuleolus and they have

onstrutive power. On the other side, players who are loated in more peripheral

areas gain greater pro�t from the SM -nuleolus and the modilus alloations.
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Further, we will onsider these e�ets of onstrutive and bloking power in

di�erent pro�t alloation methods for three logistis orporations.

3. Cooperative game theory onepts

In this paper we deal with ooperative games with transferable utility, or simply

TU-games. A ooperative TU-game is a pair (N, v), where N = {1, 2, . . . , n} is the
set of players and v : 2N → R1

is a harateristi funtion with v(∅) = 0. Here
2N = {S ⊆ N} is the set of oalitions in (N, v). Sine the game (N, v) is ompletely
determined by the harateristi funtion v, we shall sometimes represent a TU-

game by its harateristi funtion v. Let GN be the set of TU-games with a �nite

set of players N .

Due to the lassial ooperative approah we look for the ways to distribute the

amount v(N) over the members of the grand oalition. Corresponding payo� vetor
(or a set of vetors) that distributes the amount v(N) among the players is alled
a solution of the game. Here we onsider solutions whih that belong to the set

X0(N, v) of preimputations of a game (N, v), i.e. X0(N, v) = {x ∈ Rn : x(N) =
v(N)}.

Let x be a preimputation in a game (N, v). The exess e(x, v, S) of a oalition
S at x is e(x, v, S) = v(S) − x(S). Due to Mashler, 1992, the exess of a oalition

evaluate a measure of dissatisfation of a oalition at preimputation x, whih should
be minimized. For eah z ∈ Rn we de�ne the vetor θ(z) ∈ Rn, whih arises from z
by arranging its omponents in a non-inreasing order.

De�nition 1. The prenuleolus of a game (N, v) is the set of vetors in X0(v)
whose θ(e(x, v, S)S⊆N )'s are lexiographially least, i.e.

N (v) = {x ∈ X0(v) : θ
(
e(x, v, S)S⊆N

)
�lex θ

(
e(y, v, S)S⊆N

)
for all y ∈ X0(v)}.

The prenuleolus of a game is a singleton (Shmeidler, 1969), so we denote this

single point by ν(v). From De�nition 1 it follows that the prenuleolus doesn't take

into aount the bloking power of oalition. This alloation method is based on

onstrutive power. The meaning of the onstrutive power v(S) is the worth of

oalition S, or to be exat what S an reah by ooperation.

Two alloation methods that onsider the bloking power in the paper are the

SM�nuleolus and the anti-prenuleolus. By the bloking power of oalition S we

understand the di�erene between v(N) and v(N \ S) � the amount v∗(S) that
the oalition S brings to N if the last is formed � its ontribution to the grand

oalition.

Given a ooperative TU-game (N, v), the dual game (N, v∗) of (N, v) is de�ned
by

v∗(S) = v(N)− v(N \ S)
for all oalitions S ⊆ N . Then, the dual exess e(x, v∗, S) of a oalition S ⊆ N at x
is e(x, v∗, S) = v∗(S)− x(S) where x is a preimputation in a game (N, v).

De�nition 2. The anti-prenuleolus of a game (N, v) is de�ned as

ψ(N, v) = {x ∈ X0(N, v) : θ(e(x, v∗, S) ≺lex θ(e(y, v∗, S) for all y ∈ X0(N, v)},

where θ(e(x, v∗, S)S⊆N ) is a vetor of exesses whih omponents are arranged in

non-inreasing order.
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The anti-prenuleolus takes into aount only the bloking power of eah oalition.

Clearly, the anti-prenuleolus an be de�ned as the prenuleolus of dual game

1

.

In order to de�ne the SM -nuleolus, we onsider the weighted sum-exess of a

oalition S ⊆ N at eah x ∈ X0(N, v) as follows

e(x, v, S) =
1

2
e(x, v, S) +

1

2
e(x, v∗, S).

De�nition 3. The SM -nuleolus of a game (N, v) is de�ned as

µ(N, v) = {x ∈ X0(N, v) : θ(e(x, v, S) ≺lex θ(e(y, v, S) for all y ∈ X0(N, v)},

where θ(e(x, v, S)S⊆N ) is a vetor of sum-exesses whih omponents are arranged

in non-inreasing order.

Here the weights for the onstrutive and the bloking powers are equal to

1

2
.

However, these weights an be arbitrary, what has been showed in (Smirnova and

Tarashnina, 2012; Smirnova and Tarashnina, 2016).

Notie that the SM -nuleolus oinides with the prenuleolus of the game(
N,

v + v∗

2

)
and in ase of game with three players � with the Shapley value

(Tarashnina, 2011).

Sine all onsidered solution onepts are onneted with the prenuleolus one,

we provide here the haraterization of the latter in terms of balaned olletions

whih is useful for omputation of the solution.

The olletion B ⊆ 2N , ∅ /∈ B, is alled balaned if there are positive numbers

λS > 0, S ∈ B, suh that

∑
S∈B:S∋i

λS = 1 for all i ∈ N .

For arbitrary (N, v) ∈ GN , x ∈ X0(N, v) and some number γ ∈ R1
let us denote

Bγ(x) = {S $ N | e(x, v, S) ≥ γ}.

Then the following theorem holds (Kohlberg, 1972).

Theorem 1 (Kohlberg theorem.). Let (N, v) be a game. A preimputation x ∈
X0(N, v) is the prenuleolus of game (N, v) if and only if the olletions Bγ(x) are
empty or balaned for all γ ∈ R1

.

4. Cooperation of 3 shipping ompanies: struture P3

To ondut researh on a given topi we analyzed the projet of ooperation between

three logistis ompanies in the sphere of sea ontainer transportation whih is alled

P3. This network inludes suh ompanies as Maersk Line, MSC (Mediterranean

Shipping Company) and CMA CGM. These ompanies arry out operations by sea

and transport ontainers all over the world. Head o�es of shipping orporations

are loated in Copenhagen (Denmark), Geneva (Switzerland) and Marseille (Frane)

respetively. The objetives of the ooperation are improving the quality of ustomer

servie beause it beomes possible to provide servies more often due to the inrease

in ship alls of P3 in di�erent ports, also the aim is to implement more stable

1

In the paper we use the de�nition of the anti-prenuleolus as it was given in

Potters and Sudh�olter, 1999, however, in some works it is alled dual prenuleolus.
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transportation and to form more �exible ontainer delivery shedule. Furthermore,

the lines plan to establish an independent operational enter that will monitor and

regulate maritime transportation and operate the vessels.

The ooperation of these ompanies is that eah organization provides its vessels

to arry ontainers in three sea diretions: Asia-Europe, Europe-the eastern oast

of the United States (Trans-Atlanti diretion) and Asia-east and west oasts of the

United States (Pai� diretion).

It is worth noting that all ompanies within the P3 are building their ativities

independently. Therefore, eah ompany establishes its tari�s for the transportation

and operates aording to the rules whih are aepted by the prinipal (the head

o�e of the organization). Aording to this plan, the type of this ooperation in

logistis is horizontal beause ompanies are engaged in the same type of ativity

and have the same stages of the tehnologial hain. Target date indiated in plan

P3 was seond quarter of 2014.

The P3 projet was approved by the US Federal Maritime Commission (FMS

US), and by the European Commission in Marh and June 2014 respetively. How-

ever, the deision of the Ministry of Commere in China (MOFCOM) whih was

based on the priniples of antitrust law was negative beause their norms for a

merger of ompanies are di�erent from FMS US and the European Commission. As

a result, the ompanies stopped the implementation of the P3 projet.

One year later, ompanies revised their plans for the organization of ooperation

due to the refusal of MOFCOM and deided to reate an alliane of 2M whih would

inlude only MSC and Maersk Line. Consequently, all goals and priniples on whih

P3 ooperation was based remained in 2M. Companies were allowed to organize

ooperation on the sea lines where P3 planned to operate. After that, MSC and

Maersk Line signed a vessel sharing agreement for the next 10 years and the �rst

2M vessel was transported in January 2015. Nowadays their work is arried out on

full aording to the plan whih was published by the alliane.

4.1. Game desription

As mentioned previously, ooperation in the strutures of P3 and 2M is onsidered

by ompanies in terms of integration of their vessels. The number of vessels in

projets is measured in respet to their loading apaity by the amount of TEUS

ontainers. In sea ontainer transportation TEUS means the size of a lassi 20-

foot ontainer. Therefore, using the amount of TEUS we formed the harateristi

funtion of this game. On the basis of the available data that an be found in the

projets of P3 and 2M we deided to onsider the TU-game (N, v) and ompute

alloation methods, using suh unit of measurement of pro�t as TEUS.

Values of the number of TEUS ontainers that ompanies transport indepen-

dently on the same routes were reeived in MSC ompany. In the game only the

oalition 2M (Maersk Line & MSC) is known, therefore, harateristi funtion of

the game has two parameters α and β.

N = {1, 2, 3}, 1 � Maersk Line, 2 � MSC, 3 � CMA CGM:

v{1} = 1, v{2} = 0, 8, v{3} = 0, 5, v{1, 2} = 2, 1, v{1, 3} = α, v{2, 3} = β,
v{N} = 2, 6, where 1, 5 ≤ α ≤ 2, 6 and 1, 3 ≤ β ≤ 2, 6.

Unit of measurement of the harateristi funtion � mln. TEUS.
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4.2. (Pre)nuleolus

Let us onsider x = (x1, x2, x3) ∈ X0(N, v). Aording to the harateristi funtion
of a game, exess of eah oalition will take the following form:

Table 1. Table of exesses: the prenuleolus ase

S e(x, v, S)

{1} 1− x1

{2} 0, 8− x2

{3} 0, 5− x3

{1, 2} x3 − 0, 5

{1, 3} x2 + α− 2, 6

{2, 3} x1 + β − 2, 6

In this partiular ase we have three situations with balaned sets whih de�ne

the (pre)nuleolus and depend on values of parameters α and β. These ases are
shown in the graph below.

Fig. 1.

I. For α ∈ [1, 5; 1, 8] and β ∈ [3, 1 − α; 2, 6], α ∈ [1, 8; 2, 6] and β ∈ [ 0,8+α2 ; 2, 6]
the (pre)nuleolus of the game (N, v) is given by formula

1

3
(4, 7 + α− 2β; 4, 7− 2α+ β;−1, 6 + α+ β).
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It follows from Kohlberg's theorem and the inequalities whih de�ne balaned

sets

max
S⊂N

e(x, v, S) = max{e(x, v, {1, 2}), e(x, v, {1, 3}), e(x, v, {2, 3})} ≥

≥ e(x, v, {i}), i ∈ N.

II. For α ∈ [1, 5; 1, 8] and β ∈ [1, 3; 3, 1−α] the (pre)nuleolus of the game (N, v)
is given by formula

(
2, 1 + α− β

2
;
2, 1− α+ β

2
; 0, 5

)
.

The justi�ation is the same as in the �rst ase, the system of inequalities

hanges:

e(x, v, {3}) = e(x, v, {1, 2}) ≥ e(x, v, {1, 3}) = e(x, v, {2, 3}) ≥ e(x, v, {i}),

i = 1, 2.

III. For α ∈ [1, 8; 2, 6] and β ∈ [1, 3; 0,8+α2 ] the (pre)nuleolus of the game (N, v)
is given by formula

(
6− 2β + α

4
;
3, 4− α

2
;
−2, 4 + 2β + α

4

)
.

The inequalities' system is

e(x, v{2}) = e(x, v, {1, 3}) ≥ e(x, v, {1, 2}) = e(x, v, {2, 3}) ≥ e(x, v, {i}),

i ∈ {1, 3}.

If we onsider di�erent values of α and β it beomes notieable that in most

ases the onstrutive power of oalition is taken into aount, onsequently, �rst

and seond players gain greater pro�t and largely bene�t from (pre)nuleolus. The

worst senario for player 3 is onsidered in the ase II where α ∈ [1, 5; 1, 8] and
β ∈ [1, 3; 3, 1−α]: aording to (pre)nuleolus her share is a minimal one. Therefore,
for this player (CMA CGM) in these situations there are no motivating fators for

partiipation in the ooperation P3 beause ompany does not ahieve greater pro�t

in alliane and, as a result, it an use its power in ooperation as a blok.

4.3. The SM-nuleolus and the Shapley value

It was proved that for a game with 3 players the Shapley value oinides with the

SM-nuleolus (Tarashnina, 2011). Therefore, in our game it is enough to alulate

the Shapley value to get SM-nuleolus or vie versa.

Using the probabilisti interpretation of the Shapley value, we obtain Table 2.

Following that, the Shapley is equal to SM -nuleoulus and has the form:

1

6
(8 + α− 2β; 7, 4− 2α+ β; 0, 2 + α+ β).

If we look at di�erent values of α and β, we will �nd that for the same values of

these parameters the Shapley value and SM -nuleolus always give preferene to the



Construtive and Bloking Power in Marine Logistis 49

Table 2. Table 2. Contributions of players

Order of arrival Player 1 Player 2 Player 3

123 1 1,1 0,5

132 1 2,6-α α-1

231 2,6-β 0,8 β-0,8

213 1,3 0,8 0,5

312 α-0,5 2,6-α 0,5

321 2,6-β β-0,5 0,5

Total 8 + α− 2β 7, 4− 2α+ β 0, 2 + α+ β

�rst player (Maersk Line), but if β exeeds α by 0,3, the share of the seond player

(MSC) beomes larger. The third player (CMA CGM) in this distribution reeives

the least amount of pro�t.

However, it should be emphasized that for suh values of the parameters whih

are equal to minimum values (α = 1,5 and β = 1,3) the third player has a minimal

payo�. In this ase CMA CGM by ooperation gets 0,5 mln. TEUS whih is the

same amount that the ompany an ahieve without P3. Consequently, with suh

ratio of parameters we an observe the in�uene of SM-nuleolus. This distribution

takes into aount the bloking power of oalition and is intended to make values of

all players equal as possible aording to their ontribution to the grand oalition.

4.4. Anti-prenuleolus

Further, we onsider another exess-based solution whih is alled anti-prenuleolus

or the nuleolus of a dual game (N, v∗). Charateristi funtion of the dual game

v∗ is de�ned in Table 3.

Table 3. Table 3. Table of exesses: the anti-prenuleolus ase

S v(S) v∗(S) e(x, v∗, S)

{1} 1 2,6-β −x1 + (2, 6− β)

{2} 0,8 2,6-α −x2 + (2, 6− α)

{3} 0,5 0,5 −x3 + 0, 5

{1, 2} 2,1 2,1 x3 − 0, 5

{1, 3} α 1,8 x2 − 0, 8

{2, 3} β 1,6 x1 − 1

N = {1, 2, 3} 2,6 2,6

Let us denote e(x, v∗, S) by e∗(x, S), x ∈ X0(N, v).
Using the same approah that was applied to the prenuleolus we obtain �ve ases

of balaned sets de�ning anti-prenuleolus for di�erent values of parameters α and

β (see Fig. 2).

I. For α ∈ [1, 6; 2, 6] and β ∈ [1, 4; 2, 6] the anti-prenuleolus is given by formula

(1, 1; 0, 9; 0, 6).

By Kohlberg's theorem

max
S⊂N

e∗(x, S) = e∗(x, {1, 2}) = e∗(x, {1, 3}) = e∗(x, {2, 3}) ≥ e∗(x, {i}), i ∈ N.
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Fig. 2.

II. For α ∈ [1, 4; 2, 3− β
2 ] and β ∈ [1, 3; 1, 4] the anti-prenuleolus is given by

(
1, 8− β

2
; 0, 55 +

β

4
; 0, 25 +

β

4

)
.

The orresponding system of inequalities holds

e∗(x, {1}) = e∗(x, {2, 3}) ≥ e∗(x, {1, 2}) = e∗(x, {1, 3}) ≥ e∗(x, {i}), i ∈ {2, 3}

III & IV. For α ∈ [1, 5; 1, 65] and β ∈ [1, 3;α − 0, 2], α ∈ [1, 5; 1, 6] and β ∈
[α− 0, 2; 4, 6− 2α] the anti-prenuleolus is given by

(
1, 8− β

2
; 1, 7− α

2
;−0, 9 +

β

2
+
α

2

)
.

The orresponding inequalities hold




e∗(x, {1}) = e∗(x, {2, 3}) ≥ e∗(x, {1, 3}) = e∗(x, {2}) ≥ e∗(x, S),
S ∈ {{3}, {1, 2}},

e∗(x, {2}) = e∗(x, {1, 3}) ≥ e∗(x, {1}) = e∗(x, {2, 3}) ≥ e∗(x, S),
S ∈ {{3}, {1, 2}}.

V. For α ∈ [1, 5; 1, 6] and β ∈ [2, 2− α
2 ; 2, 6] the anti-prenuleolus is given by

(
0, 7 +

α

4
; 1, 7− α

2
; 0, 2 +

α

4

)
.

The orresponding system of inequalities holds

e∗(x, {2}) = e∗(x, {1, 3}) ≥ e∗(x, {1, 2}) = e∗(x, {2, 3}) ≥ e∗(x, {i}),
i ∈ {2, 3}.
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Let us reall that the anti-prenuleolus takes into aount the bloking power

of oalition. As whole, it has the positive e�et on payo� of player 3 (CMA CGM).

For di�erent values of α and β the third player gets the payment from 0,5 to 0,6.

In the worst ase that ompany an leave the grand oalition beause the inome it

reeives in ooperation P3 does not exeed the pro�t that it earns independently.

Therefore, the bloking power of this player an further destabilize the state of the

grand oalition.

5. Conlusion

The study examined the horizontal ooperation P3 whih onsists of three ship-

ping ompanies: Maersk Line, MSC and CMA CGM. In the paper the volume of

TEUS (20-foot ontainers) was onsidered as the pro�t of ompanies. The number

of TEUS determines the oupany of vessels whih are used by all ompanies in

the framework of ooperation. Using suh methods as Shapley value, SM -nuleolus,

(pre)nuleolus and anti-prenuleolus we alulate di�erent alloations and analyze

the in�uene of onstrutive and bloking power of oalition on them.

The following results were obtained: the distribution of the Shapley value and

SM -nuleolus divides as muh as possible the same amount among all players a-

ording to their ontribution to the grand oalition; nuleolus takes into aount

the onstrutive power of oalition, therefore, gives preferene to 1 and 2 players,

in some ases of values of parameters α and β the third player may destabilize

the agreement; anti-prenuleolus takes into aount the bloking power of oalitions

and shows di�erent in�uene on payo�s of players. However for ertain values of

parameters it an give preferene to weak player (CMA CGM).

The most optimal method is the Shapley value and SM-nuleolus beause the

risk that the third player (CMA CGM) will leave the grand oalition in this ase is

minimal. However, in the long-run period ompanies should use di�erent variations

of all distributions that were omputed in this paper beause the pro�t of weak

player is also inreases in most ases exept of areas (whih are presented in the

�gures 1 and 2) where the value of its stand-alone oalition oinides with the or-

responding type of distribution. Therefore, if it is possible to modify the parameters

for oalitions {1, 3} and {2, 3} it is neessary to take into aount the results of all
types of distributions to ondut the full analysis, vary and apply these methods

for ooperation, depending on the situation whih emerges in the industry.

The organization of ooperation provides the following onsequenes for ompa-

nies: ooperation P3 based on the priniples of eonomies of sale has a signi�ant

inrease in the level of supply, onsequently, the number of ustomer servies has

risen for eah ompany. With full loading apaity of vessels and aess to more ports

we assume that osts of ompanies are redued. This happens due to the lower use

of fuel and smaller port tari�s beause of fewer ship alls. The assumption of ost

redution an be also justi�ed by the fat that vessels of eah organization whih

work independently are often not fully loaded. In ooperation on the same vessel ex-

ist ontainers of several independent ompanies simultaneously, therefore, it redues

the frequeny of ship alls and, moreover, positively a�ets the environment.
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