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Abstrat The paper investigates the proess of ompetition in the market

of teleommuniation servies between three �rms: the leader, the hallenger

and the follower. In this work we onstrut a model of ompetition between

three players in the form of a multistage non-zero sum game. As a solution

of the game we �nd a subgame perfet equilibrium. We illustrate the re-

sults with an example for three ompanies working on the Saint-Petersburg

teleommuniations market.
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1. Introdution

In the paper ompetition between three ompanies in the teleommuniations mar-

ket is investigated. All �rms have di�erent types: the leader, the hallenger and the

follower. The leader is a ompany that prevails in the market and ats in three main

diretions:

• expansion of the market by attrating new ustomers and �nding new areas;

• inreasing its market share in the urrent teleommuniation market;

• proteting its business from attaks by using defensive strategies.

The hallenger �rm is a ompany that does not lag far behind the leader of the

market and tries to beome the leader by using attaking strategies. This �rm uses

strategies aimed to expand its market share, but those that do not ause ative

opposition to ompetitors.

In Stakelberg's monograph (H. Von Stakelberg, 1952) the ompetition on the

market is presented by a multistage deision-making model. At the �rst stage, the

deision is made by the leader, and at the next stage, taking into aount the de-

ision of the leader, the deision is made by the ompany-follower. At the same

time, when making deisions, eah of the �rms pursues its own goal. In paper

(Beresnev and Suslov, 2010) authors propose an algorithm for onstruting an ap-

proximate solution of suh a problem.

In this paper, we onsider a more ompliated problem. At the �rst stage, the

leader and the hallenger make deisions about whih teleommuniation servies

and at what pries to o�er subsribers. At this stage, some ustomers make a hoie

in favor of the �rst or seond ompany. At the next stage, the follower, taking into

aount the hoie of ompetitors, deides on what servies it would be better to o�er

to potential ustomers. At the same time, the follower tries to keep its ustomers

⋆
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and, if possible, to attrat a part of the ompetitors ustomers. At this stage, the

remaining ustomers make their own hoies.

We assume that eah ustomer must hoose one of the teleommuniation ser-

vies (tari�). If a ustomer deides to stay at his tari� with his ompany, we believe

that he hooses the appropriate servie from the relevant ompany. The leader and

the hallenger aim to maximize their pro�ts by attrating some of the ompeti-

tor's ustomers. The purpose of the follower is to maximize its pro�t and save the

ustomers.

We formalize this problem of ompetition in the teleommuniations market be-

tween the leader and the hallenger as a nonzero-sum game in normal form. Then

we onsider a multistage game where this nonzero-sum game is realized as the

�rst stage. The seond stage is made by the follower. As a solution of this game

we onsider a subgame perfet equilibrium (SPE) (Hellwig and Leininger, 1987,

D.W.K. Yeung, L.A. Petrosyan and N.A. Zenkevih, 2009, Nessah and Tian, 2014).

Some examples are given and disussed in the paper.

The obtained solution allows eah ompany to develop a long-term strategy to

maximize its summing payo�. In the future, it would be interesting to study a

strongly time onsisteny (Petrosyan, 1993) of the solution.

2. The game

To formalize the problem of ompetition in the teleommuniation market we in-

trodue the following assumptions:

• �rms are informed on subsriber preferenes whih are reated taking into

aount servie pries;

• under the pro�t we will understand the di�erene between the prie of the

servie and the unit osts for it; the pro�t an only be positive;

• the inome from the sale of a ertain servie is determined by the number of

subsribers who have deided to use this servie, and its prie;

• for the prie of the servie we aept the total ost of servies, whih the

subsriber should pay per month;

• Under a teleommuniation servie we understand a ertain tari� onsisting

of a pakage of servies, for example, a tari� onsisting of v minutes for all

outgoing alls, b gigabytes of Internet and z outgoing SMS messages. Further,

the number of outgoing SMS messages is omitted from onsideration, sine

to date SMS messages have been replaed by so-alled messengers;

• as pratie shows, in the realities of the modern world, the unit osts for

tari�s, in whih the main emphasis is on the volume of Internet tra� in

omparison with tari�s, in whih the main emphasis is on the number of

minutes for outgoing alls, is muh less. Sine quite often subsribers use the

Internet to make alls, and the demand for suh tari�s is higher, teleommu-

niation operators set the prie for Internet tari�s higher;

• we assume that the unit osts for the same servies type for di�erent tari�s

within the same operator are equal;

• let the �xed osts within the same operator are equal for all of the o�ered

tari�s;
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• �xed osts for larger ompanies are higher than their ompetitors, and unit

osts are lower;

• we also make the assumption that subsribers are informed about what ser-

vies the players an o�er.

We denote F1 by the leader, F2 is the hallenger and F3 is the follower. Let N =
{F1, F2, F3} be the set of players � teleommuniation ompanies, whih provide

servies on the market.

Let I = {1, . . . ,m} be the set of servies (tari�s) that are o�ered on the teleom-
muniations market. Eah element of ir ∈ I is some spei� type of servie. This

servie will be alled the servie type ir, o�ered by some �rm.

Denote by I1, I2 and I3 subsets of I, whih ontain the o�ered servies, respe-

tively, by the leading �rm, the hallenger �rm and the follower �rm. Assume that

I1 ∪ I2 ∪ I3 = I and I1 ∩ I2 ∩ I3 = ∅.
Let the following quantities are known:

• cki is the prie of servie i for the player Fk, where i ∈ Ik and k ∈ {1, 2, 3};
• ai is the unit osts of servie i;

• fk is the �xed osts (i.e. osts that are not depending on the volume of

servies) for the player's servie Fk, k ∈ {1, 2, 3}. At the same time, the �xed
osts are onstant.

We denote by J = {1, . . . , n} the set of subsribers using the servies o�ered

on the market. Eah element j ∈ J is a ertain subsriber (ustomer). We assume,

that the subsriber hooses an o�ered by one of the �rms servie based on his

internal preferenes, whih are spei�ed by splitting the set J into two subsets JT
and JP . JT inludes subsribers, who mainly think about low prie, when hoosing

an operator. In turn, JT is divided into JT1 , whih onsists of subsribers, for whom

the most important thing along with the prie is the number of minutes for outgoing

alls within the tari�, and JT2 , onsisting of those who, along with the prie pays

attention to the volume of Internet tra� provided within the tari�. The subset JP
ontains "onservative" subsribers. They are subsribers whih an not hange an

operator, beause it is a problem for various reasons, for example, orporate users.

We suppose that J = JT ∪ JP , JT ∩ JP = ∅. We have

J0 = J = J0
1 ∪ J0

2 ∩ J0
3 . (1)

Expression (1) desribes the distribution of the set of subsribers between the players

at the initial stage of the game. Let the following relations hold:

|J0
1 ∩ JT | ≥ |J0

2 ∩ JT | > |J0
3 ∩ JT |,

|J0
1 ∩ JP | > |J0

2 ∩ JP | > |J0
3 ∩ JP |.

We assume that subsribers from the set JP ∩ J0
k always hoose player k, where

k ∈ {1, 2, 3}, and the servie that the operator o�ers at the moment, regardless of

the o�ered tari�.

By the strategy of player Fk, where k ∈ {1, 2, 3}, we de�ne the pair sirk = (ckir , ir),

ir ∈ Ik. We denote the set of strategies of Fk by Sk = {sirk : ir ∈ Ik}. We assume

that the �rm's strategies are developed, based on the results of SWOT analysis,

and are aimed at minimizing the risks assoiated with the identi�ed weaknesses of

eah �rms, and aimed to use the identi�ed opportunities.
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We introdue the preferene relationships for the subsriber j ∈ J of servies

o�ered by �rms F1 and F2. Obviously, the player's strategy is haraterized by the

following indiators: the prie cki , the number of minutes v
k
i , the number of gigabytes

of mobile Internet bki .
For subsriber j ∈ J ∈ JT2 we say that the pair (c

1
il
, il) is preferable to the pair

(c2ip , ip), i.e. (c
1
il
, il) ≻ (c2ip , ip), if at least one of the following onditions holds:

1. c1il < c2ip and b1il > b2ip ;

2. c1il = c2ip and b1il > b2ip ;

3. c1il < c2ip and b1il = b2ip .

For other ases:

1. if c1il < c2ip and b1il < b2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT2 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT2 .

2. if c1il > c2ip and b1il > b2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT2 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT2 .

3. if c1il = c2ip and b1il = b2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT2 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT2 .

4. if one of the previous three onditions is ful�lled, but j /∈ J0
1 ∩ JT2 and j /∈

J0
2 ∩JT2 , then j ∈ Jnd, where Jnd is a set of subsribers who an equally hoose
the servies of both ompared �rms.

For subsriber j ∈ J ∩ JT1 we say that the pair (c
1
il
, il) is preferable to the pair

(c2il , ip), i.e. (c
1
il
, il) ≻ (c2ip , ip), if at least one of the following onditions holds:

1. c1il < c2ip and v1il > v2ip ;

2. c1il = c2ip and v1il > v2ip ;

3. c1il < c2ip and v1il = v2ip .

For other ases:

1. if c1il < c2ip and v1il < v2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT1 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT1 .

2. if c1il > c2ip and v1il > v2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT1 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT1 .

3. if c1il = c2ip and v1il = v2ip , then (c1il , il) ≻ (c2ip , ip), if j ∈ J0
2 ∩ JT1 and (c1il , il) ≺

(c2ip , ip), if j ∈ J0
1 ∩ JT1 .

4. if one of the previous three onditions is ful�lled, but j /∈ J0
1 ∩ JT2 and j /∈

J0
2 ∩JT1 , then j ∈ Jnd, where Jnd is a set of subsribers who an equally hoose
the servies of both ompared �rms.

Next, we look, if |Jnd| = 2k, where k ∈ Z, then a half of the subsribers from Jnd
hoose the �rm F1, and the other half hoose the �rm F2. If |Jnd| = 2k + 1, where
k ∈ Z, then the �rm F1 (�rm with higher market position) hooses one subsriber

j ∈ Jnd more.
To determine the preferene of servies o�ered by �rms F2 and F3, we proeed

similarly. To determine the preferene of servies o�ered by the �rms F1 and F3,

we proeed similarly.
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First, the subsriber hooses two of the three �rms to ompare their servies

for preferene based on the value

cki
vk
i

for subsribers j ∈ J ∩ JT1 and the value

cki
bk
i

for subsribers j ∈ J ∩ JT2 . He hooses those two �rms for whih this value

is less. It should be noted that when the subsriber ompares the leader ompany

and the hallenger ompany, he ompares the orresponding values for one strategy

hosen by eah player, sine at the �rst step of the game, a bi-matrix game is

played between the leader �rm and the hallenger �rm. For the third ompany, the

subsriber ompares all possible strategies, sine the follower �rm an hoose any

of them, and if for all of the theoretially possible strategies it turns out that the

value

cki
vk
i

for subsribers j ∈ J ∩ JT1 and the value

cki
bk
i

for subsribers j ∈ J ∩ JT2 ,

respetively, is not the greatest one, then the follower �rm beomes one of the two

�rms, whih servies are ompared to the preferene by the subsriber j.
We introdue the swithing funtion Vj(s

ir
k ).

Vj(s
ir
k ) =

{
1, if ir is the preferred servie for subsriber j;
0, otherwise,

i.e., the funtion haraterises the preferene for the subsriber j ∈ J of the servie

ir ∈ Ik o�ered by the player Fk, ompared to all other types of servies that are

o�ered on the market. For regular subsribers, i.e. for j ∈ J ∩ JP :

Vj(s
i
k) = 1 for all i ∈ Ik, k ∈ {1, 2, 3}.

We assume that the servies are seleted by the subsriber for a month in ad-

vane. Let introdue the value gj(s
ir
k ) = (ckir −air ), whih haraterises the pro�t of

a ompany Fk from the subsriber j when the �rm uses strategy sirk . The ir servie,
whih o�ers a larger amount of Internet tra� is designated for igbr , and the servie,
whih o�ers a greater number of minutes for outgoing alls for imntr . Taking aount

of assumption 6 6, we obtain the following inequality

gj(s
igbr
k ) ≥ gj(s

imnt
r

k ) > 0,

for k ∈ {1, 2, 3}, ir ∈ Ik, j ∈ J .
Denote by Gk(s

ir
k ) the total pro�t of �rm k from ustomers j ∈ JP ∩ J0

k , whih

hoose the servie ir, i.e.

Gk(s
ir
k ) =

∑

j∈JP∩J0
k

gj(s
ir
k ),

where k ∈ {1, 2, 3} and ir ∈ Ik. Then the payo� funtion of the leader �rm we an

de�ne by the following way:

H1(s
il
1 , s

ip
2 , J

0) = −f1 +
∑

j∈JT ∩J0

gj(s
il
1 )× Vj(s

il
1 )× (1− Vj(s

ip
2 )) +G1(s

il
1 ),

where il ∈ I1, ip ∈ I2.
The payo� funtion of the leader �rm expresses the amount of pro�t of this

player taking into aount hanges in inome due to the loss and aquisition of

subsribers. The payo� funtion for the hallenger �rm is the following



12 Petr Ageev, Yaroslavna Pankratova, Svetlana Tarashnina

H2(s
il
1 , s

ip
2 , J

0) = −f2 +
∑

j∈JT∩J0

gj(s
ip
2 )× Vj(s

ip
2 )× (1 − Vj(s

il
1 )) +G2(s

ip
2 ),

where il ∈ I1, ip ∈ I2.
The payo� funtion of the hallenger �rm expresses the amount of pro�t of this

player taking into aount hanges in inome due to the loss and aquisition of

subsribers. The payo� funtion for the follower �rm is

H3(s
il
1 , s

ip
2 , s

is
3 , J

0) = −f3+

+
∑

j∈JT∩J0

gj(s
is
3 )× Vj(s

is
3 )× (1− Vj(s

il
1 ))× (1 − Vj(s

ip
2 )) +G3(s

is
3 ),

where il ∈ I1, ip ∈ I2, is ∈ I3.
The payo� funtion of the follower �rm expresses the total pro�t of this player

taking into aount hanges in inome due to the loss and aquisition of subsribers.

Vj(s
il
1 ) + Vj(s

ip
2 ) + Vj(s

is
3 ) ≤ 1, il ∈ I1, ip ∈ I2, is ∈ I3, j /∈ Jnd. (2)

Inequality (2) shows that it might not be that for the subsriber j /∈ Jnd two

servies are the most preferable at the same time ompared to eah other. For sub-

sribers j ∈ Jnd, in general, this situation an not be either, sine, in fat, aording
to ondition 4 from the blok "other ases" when determining the preferene of ser-

vies, the subsriber j ∈ Jnd hooses only one ompany.
The leader in the game is determined by the number of subsribers available to

the ompany at the beginning of the game. At the end of the game, in the ase of

equality of the subsribers number in several ompanies, the leader is determined

by the amount of total pro�t. Sine, eteris paribus, follower �rm an both play

along with the leader �rm and play along with the hallenger �rm, for de�niteness,

we assume that player F3 plays along to player F1.

Thus, the ompetition on the teleommuniations market an be formalised in

the form of non-zero sum game Γ :

Γ =< N,S1, S2, S3, H1, H2, H3 > .

How is the game going?

1. First, the leader �rm F1 and the hallenger �rm F2 put forward their tari�s

(servies) in the �rst step of the game, i.e. they hoose the strategies. Thus,

previously two players play a non-antagonisti bi-matrix game.

2. In the next step, taking into aount the hoie of players F1 and F2, follower

�rm F3 makes a deision.

3. Eah player seeks to maximise their win funtion.

Shematially, the game in expanded form for a one-stage ase, when the set of

strategies of eah player ontains two strategies, is shown in �gure 1.

Let us explain the game shown in �gure 1. In position 1 the leader ompany F1

and the hallenger �rm F2 hoose one of two strategies, operating simultaneously

and independently of eah other, playing a bi-matrix game. In positions 2, 3, 4, 5,
depending on the hoie of players F1 and F2, the follower �rm F3 makes its hoie
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Fig. 1.

hoosing between s13 or s
2
3 strategies. At the same time, if both of these strategies

give him the same gain, when hoosing his strategy, this player plays along with the

�rm-leader.

3. Nash equilibrium

We assume that for the same strategy for the same player the value gj(s
ir
k ) will be

greater for the strategy sirk , if it o�ers a greater volume of the servies, that is, if i1
and i2 are "Internet" tari�s, than the value of gj(s

i1
k ) will be greater if the servie

i1 o�ers a muh larger pakage of Internet tra�. This is due to the fat that when
the volume of the servie inreases, the prie for it inreases, while the unit osts

aording to the assumptions for servies of the same type are the same.

Let S1 = {s11, . . . , sm1 }, S2 = {s12, . . . , sn2}, S3 = {s13, . . . , sn3} be the sets of

strategies of F1, F2, F3, orrespondingly .

Suppose there is a payo� matrix (A,B)m×n for �rms F1 and F2.

We searh for a subgame perfet equilibrium from the end of the game. Suppose

that players F1 and F2 have hosen their strategies (s
∗l
1 , s

∗p
2 ) and have already played

the �rst stage of the game. Let us ompare two arbitrary strategies si13 and si23 of

the ompany F3 and the payo� funtions for these strategies:

H3(s
∗l
1 , s

∗p
2 , s

i1
3 , J0) = −f3+

∑

j∈JT∩J0

gj(s
i1
3 )× Vj(s

i1
3 )× (1 − Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) +G3(s

i1
3 ),

(3)

H3(s
∗l
1 , s

∗p
2 , s

i2
3 , J0) = −f3+

∑

j∈JT∩J0

gj(s
i2
3 )× Vj(s

i2
3 )× (1 − Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) +G3(s

i2
3 ),

(4)

where:

G3(s
i1
3 ) =

∑

j∈JP∩J0
3

gj(s
i1
3 ),

G3(s
i2
3 ) =

∑

j∈JP∩J0
3

gj(s
i2
3 ).
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Suppose that the set JP ∩ J0
3 ontains w3 subsribers, then we an rewrite the

previous onditions in the form of:

G3(s
i1
3 ) = w3 × gj∈JP∩J0

3
(si13 ),

G3(s
i2
3 ) = w3 × gj∈JP∩J0

3
(si23 ),

where w3 > 0.
Then, we get that in order for the strategy si13 to be no worse for the player F3

than the strategy si23 , it is required that the following inequality be exeuted:

∑

j∈JT∩J0

gj(s
i1
3 )× Vj(s

i1
3 )× (1− Vj(s

∗l
1 ))× (1 − Vj(s

∗p
2 ))+

w3 × gj∈JP∩J0
3
(si13 )−

∑

j∈JT∩J0

gj(s
i2
3 )× Vj(s

i2
3 )× (1− Vj(s

∗l
1 ))× (1 − Vj(s

∗p
2 ))−

w3 × gj∈JP∩J0
3
(si23 ) ≥ 0.

(5)

Converting expression (5), we have

gj∈JT∩J0(si13 )


 ∑

j∈JT∩J0

Vj(s
i1
3 )× (1 − Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 ))




+w3 × gj∈JP∩J0
3
(si13 )−

−gj∈JT∩J0(si23 )×


 ∑

j∈JT∩J0

Vj(s
i2
3 )× (1− Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 ))


−

−w3 × gj∈JP∩J0
3
(si23 ) ≥ 0.

(6)

Note that gj∈JT∩J0(si13 ) = gj∈JP∩J0
3
(si13 ) and gj∈JT∩J0(si23 ) = gj∈JP∩J0

3
(si23 ),

sine the value of gj does not depend on the set of the subsriber, and depends only
on the player's strategy (hoosing servie). We introdue the following notation:

gj∈JT∩J0(si13 ) = g(si13 ),

gj∈JT∩J0(si23 ) = g(si23 ).

Then, expression (6) an be written as:

g(si13 )×


 ∑

j∈JT ∩J0

Vj(s
i1
3 )× (1 − Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) + w3


 ≥

g(si23 )×


 ∑

j∈JT∩J0

Vj(s
i2
3 )× (1− Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) + w3


 .
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Given that g(si23 ) > 0, w3 > 0 and
∑

j∈JT∩J0

Vj(s
i1
3 )×(1−Vj(s∗l1 )×(1−Vj(s∗p2 )) ≥ 0, we

obtain that the strategy si13 is more pro�table for the player F3 when the following

ondition is ful�lled:

g(si13 )

g(si23 )
≥

∑

j∈JT∩J0

Vj(s
i2
3 )× (1− Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) + w3

∑

j∈JT∩J0

Vj(s
i1
3 )× (1− Vj(s

∗l
1 ))× (1− Vj(s

∗p
2 )) + w3

. (7)

Next, onsider two arbitrary strategies si11 and si21 of player F1 and the payo�

funtion for them. Let the player F2 use a �xed strategy s∗p2 . Write the payo�

funtion of the �rst player for strategies si11 and si21 .

H1(s
i1
1 , s

∗p
2 , J

0) = −f1 +
∑

j∈JT∩J0

gj(s
i1
1 )× Vj(s

i1
1 )× (1 − Vj(s

∗p
2 )) +G1(s

i1
1 ), (8)

H1(s
i2
1 , s

∗p
2 , J

0) = −f1 +
∑

j∈JT∩J0

gj(s
i2
1 )× Vj(s

i2
1 )× (1 − Vj(s

∗p
2 )) +G1(s

i2
1 ), (9)

where

G1(s
i1
1 ) =

∑

j∈JP∩J0
1

gj(s
i1
1 )

G1(s
i2
1 ) =

∑

j∈JP∩J0
1

gj(s
i2
1 ).

Let set JP ∩ J0
1 ontains w1 subsribers, then the previous two expressions an

be written as:

G1(s
i1
1 ) = w1 × gj∈JP∩J0

1
(si11 ),

G1(s
i2
1 ) = w1 × gj∈JP∩J0

1
(si21 ),

where w1 > 0.
Thus, in order for the strategy si11 to be no worse for player F1 in omparison

with the strategy si21 , the following ondition must be ful�lled:

∑

j∈JT ∩J0

gj(s
i1
1 )× Vj(s

i1
1 )× (1− Vj(s

p∗
2 )) + w1 × gj∈JP∩J0

1
(si11 )−

∑

j∈JT ∩J0

gj(s
i2
1 )× Vj(s

i2
1 )× (1− Vj(s

p∗
2 ))

−w1 × gj∈JP∩J0
1
(si21 ) ≥ 0.

(10)

Transforming inequality (10), we get
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gj∈JT∩J0(si11 )×


 ∑

j∈JT∩J0

Vj(s
i1
1 )× (1− Vj(s

p∗
2 ))


 + w1 × gj∈JP∩J0

1
(si11 )−

gj∈JT∩J0(si21 )×


 ∑

j∈JT∩J0

Vj(s
i2
1 )× (1− Vj(s

p∗
2 ))


−

w1 × gj∈JP∩J0
1
(si21 ) > 0,

(11)

where

gj∈JT∩J0(si11 ) = gj∈JP∩J0
1
(si11 ),

gj∈JT∩J0(si21 ) = gj∈JP∩J0
1
(si21 ),

sine gj does not depend on the set to whih the subsribers j belongs, but depends
only on the strategy. We introdue the following notation:

gj∈JT∩J0(si11 ) = g(si11 ),

gj∈JT∩J0(si21 ) = g(si21 ),

then, expression (17) an be written as:

g(si11 )×


 ∑

j∈JT∩J0

Vj(s
i1
1 )× (1− Vj(s

∗p
2 )) + w1


 ≥

≥ g(si21 )×


 ∑

j∈JT ∩J0

Vj(s
i2
1 )× (1− Vj(s

∗p
2 )) + w1


 .

Given that g(si21 ) > 0, w1 > 0 and
∑

j∈JT ∩J0

Vj(s
i1
2 )× (1− vj(s

∗l
1 )) ≥ 0, we obtain

that the strategy si11 is more preferable for the player F1 than the strategy s
i2
1 when

the following ondition is ful�lled:

g(si11 )

g(si21 )
≥

∑

j∈JT∩J0

Vj(s
i2
1 )× (1 − Vj(s

∗p
2 )) + w1

∑

j∈JT∩J0

Vj(s
i1
1 )× (1 − Vj(s

∗p
2 )) + w1

(12)

Next, onsider two arbitrary strategies si12 and si22 of player F2 and the payo�

funtion for these strategies. Let the player F1 use his �xed strategy s∗l1 . Carrying
out re�etions analogous to the ase for �rm F1, we obtain a ondition, when the

strategy si12 is more pro�table for the player F2 than the strategy si22 , i.e.

g(si12 )

g(si22 )
≥

∑

j∈JT∩J0

Vj(s
i2
2 )× (1 − Vj(s

∗l
1 )) + w2

∑

j∈JT∩J0

Vj(s
i1
2 )× (1 − Vj(s

∗l
1 )) + w2

, (13)



On Competition in the Teleommuniations Market 17

where g(si22 ) > 0, w2 > 0 and
∑

j∈JT∩J0

Vj(s
i1
2 )× (1− Vj(s

∗l
1 )) ≥ 0.

Thus, in a two-stage non-zero sum game Γ =< N,S1, S2, S3, H1, H2, H3 >, the
strategies of the players s∗1, s

∗
2, s

∗
3 lead to a subgame perfet equilibrium if the

following onditions are satis�ed:

g(s∗1)

g(si21 )
≥

∑

j∈JT∩J0

Vj(s
i2
1 )× (1 − Vj(s

∗
2)) + w1

∑

j∈JT∩J0

Vj(s
∗
1)× (1 − Vj(s

∗
2)) + w1

,

g(s∗2)

g(si22 )
≥

∑

j∈JT∩J0

Vj(s
i2
2 )× (1 − Vj(s

∗
1)) + w2

∑

j∈JT∩J0

Vj(s
∗
2)× (1 − Vj(s

∗
1)) + w2

,

g(s∗3)

g(si23 )
≥

∑

j∈JT ∩J0

Vj(s
i2
3 )× (1 − Vj(s

∗
1))× (1 − Vj(s

∗
2)) + w3

∑

j∈JT ∩J0

Vj(s
∗
3)× (1 − Vj(s

∗
1))× (1 − Vj(s

∗
2)) + w3

,

for ∀si21 ∈ {S1}, ∀si22 ∈ {S2}, ∀si23 ∈ {S3}, where wk = |JP ∩ J0
k |, k ∈ {1, 2, 3}.

These inequalities an be rewritten as:

g(s∗1) ≥

∑

j∈JT∩J0

Vj(s
i2
1 )× (1− Vj(s

∗
2)) + w1

∑

j∈JT∩J0

Vj(s
∗
1)× (1− Vj(s

∗
2)) + w1

× g(si21 ),

g(s∗2) ≥

∑

j∈JT∩J0

Vj(s
i2
2 )× (1− Vj(s

∗
1)) + w2

∑

j∈JT∩J0

Vj(s
∗
2)× (1− Vj(s

∗
1)) + w2

× g(si22 ),

g(s∗3) ≥

∑

j∈JT∩J0

Vj(s
i2
3 )× (1− Vj(s

∗
1))× (1− Vj(s

∗
2)) + w3

∑

j∈JT∩J0

Vj(s
∗
3)× (1− Vj(s

∗
1))× (1− Vj(s

∗
2)) + w3

× g(si23 ),

(14)

for ∀si21 ∈ {S1}, ∀si22 ∈ {S2}, ∀si23 ∈ {S3}, where wk = |JP ∩ J0
k |, k ∈ {1, 2, 3}.

So, we have proved the following theorem.

Theorem 1. In a non-zero sum two-stage game Γ =< N,S1, S2, S3, H1, H2, H3 >
the strategies s∗1, s

∗
2, s

∗
3 lead to a subgame perfet equilibrium if inequalities (15) are

ful�lled.
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Proof. The proof follows from the onstrution.

It an be noted that the ratio of payo�s from the use of the strategy (servie),

leading to the subgame perfet equilibrium in the game for player Fk, to the amount
of a payo� from the use of any other strategy should be not less than the ratio of

the number of all subsribers who have hosen the servies of player Fk when using
any other strategy, to the number of all subsribers who have hosen the servie

leading to the subgame perfet equilibrium.

4. Example

We determine the strategies of the players taking into aount the results of the

SWOT-analysis (Bogomolova, 2004), that has been onduted with using a real

data set for three ompanies working on the Saint-Petersburg teleommuniations

market.

First, we assume that I1 = {1, 2}, I2 = {3, 4}, I3 = {5, 6}.
• Tari� 1 ontains 200 minutes of outgoing alls, 2 Gigabytes of Internet tra�.

Fixed osts f1
1 are equal to 70, the unit ost a1 is equal to 60.

• Tari� 2 ontains 100 minutes of outgoing alls, 6 Gigabytes of Internet tra�.

Fixed osts f1
2 are 70, the unit ost a2 is 50.

• Tari� 3 ontains 200 minutes of outgoing alls, 3 Gigabytes of Internet tra�.

Fixed osts f2
3 are equal to 60, the unit ost a3 is equal to 70.

• Tari� 4 ontains 150 minutes of outgoing alls, 5 Gigabytes of Internet tra�.

Fixed osts f2
4 equal to 60, the unit ost a4 equals to 60.

• Tari� 5 ontains 150 minutes of outgoing alls, 4 Gigabytes of Internet tra�.

Fixed osts f3
5 equal to 50, the unit ost a5 is 70.

• Tari� 6 ontains 100 minutes of outgoing alls, 7 Gigabytes of Internet tra�.

Fixed osts f3
6 equal to 50, the unit ost a6 equals to 60.

That is, the size of the �xed osts takes into aount that for leading ompanies

the �xed osts are relatively less per. They depend on a number of sta�.

Let J = {1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17}. Divide JT into two

sets JT1 and JT2 . JT1 inludes the ustomers for whom the determining fator when

hoosing a servie is the number of minutes per month for outgoing phone alls.

JT2 inludes the ustomers, for whom the volume of monthly Internet tra� is

important along with the prie. Thus, taking into aount tari�s 1-6, we have JT1 =
{1, 2, 3, 4, 5}, JT2 = {6, 7, 8, 9}.

The set JP inludes ustomers 10, 11, 12, 1314, 15, 16, 17.
Let J0

1 ∩ JP = {10, 11, 12, 13}, J0
2 ∩ JP = {14, 15, 16}, J0

3 ∩ JP = {17}.
Assume that

J0
1 ∩ JT = {1, 4, 6, 9}, J0

2 ∩ JT = {2, 5, 7}, J0
3 ∩ JT = {3, 8}.

Let us move on to the strategy sets: S1 = {s11, s21}, S2 = {s12, s22}, S3 = {s13, s23},

s11 = (300, 1), s21 = (330, 2),

s12 = (310, 3), s22 = (320, 4),

s13 = (320, 5), s23 = (340, 6).
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Firm Strategy Tari� Fixed osts Unit osts Minutes Gigabytes Prie

Leader S1
1 1 70 60 200 2 300
S2
1 2 70 50 100 6 330

Challenger S1
2 3 60 70 200 3 310
S2
2 4 60 60 150 5 320

Follower S1
3 5 50 70 150 4 320
S2
3 6 50 60 200 7 340

We alulate the players payo�s for all situations in this game. Let us make

lear how the players payo�s in an arbitrary situation are determined. Consider the

situation in whih player F1 uses strategy s
1
1, player F2 uses s

1
2, player F3 uses s

1
3,

so we have situation (s11, s
1
2, s

1
3).

Determine what servies the two �rms ustomerss j ∈ J∩JT1 and j ∈ J∩JT2 will

be ompared to the preferene. To do this, we alulate the values that haraterize

the ratio of the ost of servies to their volume. For subsribers j ∈ J ∩ JT1 :

• player F1 has
300

200
;

• player F2 has
310

200
;

• player F3 has
320

150
or

340

100
.

Thus, subsribers of j ∈ J ∩ JT1 will ompare the servie preferene of the �rst

and seond players. Similarly, for subsribers j inJ ∩ JT2 :

• player F1 has
300

2
;

• player F2
310

3
;

• player F3 has
320

4
or

340

7
.

Thus, subsribers of j ∈ J∩JT2 will ompare the servie preferene of the seond

and third players.

Then H1(s
1
1, s

1
2) = 2090, H2(s

1
1, s

1
2) = 1140, H3(s

1
1, s

1
2, s

1
3) = 700, as the �rst

player will be hosen by ustomers 1, 2, 3, 4, 5, 10, 11, 12, 13; seond player will be

hosen by ustomers 6, 8, 14, 15, 16; the third player will be hosen by ustomers

7, 9, 17. So, we an write down in the table results of distribution of subsribers
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depending on strategies:

Strategy Customers Customers Custo- Payo�s

pro�le of �rm F1 of �rm F2 mers of (H1, H2,H3)
�rm F3

s11, s
1

2, s
1

3 {1, 2, 3, 4, 5, 10, 11, 12, 13} {6, 8, 14, 15, 16} {7, 9, 17} (2090, 1140, 700)

s21, s
1

2, s
1

3 {7, 8, 10, 11, 12, 13} {1, 2, 3, 4, 5, 14, 15, 16} {6, 9, 17} (1610, 1860, 700)

s11, s
2

2, s
1

3 {1, 2, 3, 4, 5, 10, 11, 12, 13} {6, 7, 8, 9, 14, 15, 16} {17} (2090, 1760, 200)

s21, s
2

2, s
1

3 {7, 8, 10, 11, 12, 13} {1, 2, 3, 4, 5, 14, 15, 16} {17} (1610, 2540, 200)

s11, s
1

2, s
2

3 {1, 2, 3, 4, 5, 10, 11, 12, 13} {6, 8, 14, 15, 16} {7, 9, 17} (2090, 1140, 790)

s21, s
1

2, s
2

3 {7, 8, 10, 11, 12, 13} {1, 2, 3, 4, 5, 14, 15, 16} {6, 9, 17} (1610, 1860, 790)

s11, s
2

2, s
2

3 {1, 2, 3, 4, 5, 10, 11, 12, 13} {6, 8, 14, 15, 16} {7, 9, 17} (2090, 1240, 790)

s21, s
2

2, s
2

3 {7, 8, 10, 11, 12, 13} {1, 2, 3, 4, 5, 6, 9, 14, 15, 16} {17} (1610, 2540, 230)

The game with the players payo�s is presented in �gure 2.

Now let us �nd a subgame perfet equilibrium in this two-stage game. To do this,

we onsider the game from the end. In nodes 2, 3, 4, 5, player F3 makes his deision.

Aordingly, in all of these nodes, he hooseÑ

<
the strategy s23, beause it gives to

him the highest payo�. Depending on the strategy seleted by the third players,

in node 1 a bimatrix game is played between the �rst and the seond players. The

orresponding payo� matrix is presented in table:

s12 s22
s11 (2090, 1140) (2090, 1240)
s21 (1610, 1860) (1610, 2540)

In that game �rms F1 and F2 hoose their strategies simultaneously. The solu-

tion of this bimatrix game is the situation (s11, s
2
2) with payo�s (2090, 1240). Note

that in nodes 2, 3, 4, 5 player F3 hooses the strategy s
2
3. All this forms a subgame

perfet equilibrium whih an be written as [s11; s
2
2; s

2
3, s

2
3, s

2
3, s

2
3]. Figure 2 shows the

onstruted subgame perfet equilibrium.

5. Conlusion

In onlusion, we would like to note that using various intelletual response teh-

niques for the proess of ompetition is a large and interesting range of tasks, the
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Fig. 2.

relevane of whih does not derease over time, but on the ontrary, in the on-

ditions of inreasing globalisation, opening of new markets, growth of prodution

apaities and prodution volumes is inreasing, thereby inreasing the sienti�

and pratial value of the works devoted to this subjet.
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