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Abstra
t Identi�
ation of positions whi
h play a key role like the key player

and key leader has attra
ted the interest of s
holars in the organization stud-

ies, strategi
 management, and marketing literature. While most of the pre-

vious studies have paid attention to this issue in the so
ial network analysis

realm at the individual level, the organization level has remained underin-

vestigated espe
ially when there is no room for linear mathemati
al analysis

due to 
omplexity of intera
tions among players.

Therefore, this resear
h addresses this issue to identify the key player and

key leader in a real distribution network (DN) game 
onsist of 31 distribution


enters (DCs) in Iran whi
h 
an assist managers for making a de
ision about

investments and DN design tasks.

For this purpose, after proposing a payo� fun
tion based on the 
ontribution

of players (DCs) in investment within the network to enhan
e their pro�t,

we develop the formulation of the key leader and key player at organiza-

tion level in the supply network 
ontext using Katz-Bona
i
h 
entrality and

inter
entrality, respe
tively.

We have used Nash equilibrium and Sta
kelberg solution models on the

fundament of game theory to 
al
ulate two indexes 
on
erning key leader

and key player problems.

The results of this resear
h 
an 
ontribute to the literature to �nd leader-

ship in the supply network level of analysis using game theory in 
omplex

situations.

Keywords:Distribution network game, key player, key leader, Katz-Bona
i
h


entrality, inter
entrality, Nash equilibrium, Sta
kelberg solution.

1. Introdu
tion

In organization studies and strategi
 management, the investigation of positions

and relationships in supply 
hains and networks analysis have attra
ted the interest

of many s
holars with respe
t to their in�uen
es on su
h issues as performan
e

enhan
ement (Kotabe et al., 2002; Gulati, 1999; Jensen, 2003; Kim et al., 2011),

innovation adoption (Feldman and Audrets
h, 1998; Burt, 1980; Ibarra, 1993; Kim

et al., 2011), and other bene�ts (see for example: Burt, 2001; Kim et al., 2011;

Zaheer and Bell, 2005; Bellamy et al., 2014) that a�e
t supply networks de
ision

makers in supply 
hain management realm (Kemppainen and Vepsalainen, 2003).

Supply 
hain management (SCM) as a broad management philosophy is an evo-

lution of logisti
s management whi
h was 
on
entrated on pur
hasing and trans-

portation. It 
onsists of fa
ilities and distribution 
enters (DCs) that perform the
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fun
tions of material pur
hasing, the transformation of these materials into semi-

�nished and �nished produ
ts, and the distribution of them between players in the

network and �nally to the end 
onsumers under a 
ooperative or non-
ooperative

relation (Chandra and Kumar, 2000; Donner et al., 2008; Kemppainen and Vep-

salainen, 2003). Improvement of SCM is a 
riti
al task that shows the bene�ts of

individual 
ompanies derives from the boost of performan
e and pro�table growth

of the supply 
hain as a whole through 
on
entration on supply 
hain obje
tives, de-

sign, modeling, and implementation of best pra
ti
es in supply 
hain (Kemppainen

and Vepsalainen, 2003).

The relatively re
ent in
orporation of the term �network� into supply 
hain man-

agement resear
h as supply networks represents a pressing need to view supply


hains as a network for all players to gain improved performan
e, operational e�-


ien
ies, and ultimately sustainable 
ompetitiveness (Kotabe et al., 2002). A supply

network analysis approa
h allows us to better understand the operations of supply

networks, both at the individual �rm level and network level for the development

of the supply network as a body. Therefore, for this purpose in this 
ontext, it be-


omes imperative to study and analyze the network stru
ture to identify positions

whi
h play key roles (Wasserman and Faust, 1994; Kemppainen and Vepsalainen,

2003). This is a 
riti
al task for supply network de
ision makers to prevent in
orre
t

de
isions that may 
ause performan
e de
line or even network failure and also 
an

provide an appli
able task in the marketing �eld in order to �nd best alternatives

to investment (Herring, 1999).

Here three aspe
ts of SCM in
luding di�erent a
tivities, relations, and obje
tives

will be explained in order to arti
ulate the problem (Donner et al., 2008).

Firstly, SCM en
ompasses the management of di�erent a
tivities of members at

di�erent levels asso
iated with moving goods between suppliers and the end users

through the manufa
turing, transportation, and end-of-life produ
ts' destination

(Donner et al., 2008; Mahdiraji et al., 2014). These de
isions are strategi
 (e.g.,

investments), ta
ti
al (e.g., the destination of produ
ts end-of-life) as well as op-

erational (e.g., suppliers sele
tion, et
.) whi
h with synergy determine the network


osts (Neto et al., 2008; Mahdiraji et al., 2014).

Se
ond, many autonomous 
ompanies work in supply networks to redu
e their

individual 
osts and a
hieve their goals (Pro�, 2006) under either 
ooperation or

non-
ooperation relationships. The aim of non-
ooperation is to make independent

and self-interested strategi
 de
isions by individuals in the network to in
rease their

payo� without 
onsidering the e�e
t on others, while 
ooperation aims to improve

parti
ipants' 
olle
tive welfare as a payo� imputation. Thus, one must 
hoose whi
h

theory to employ depending on one's interest and the relevant problem (Sim
hi-Levi

et al., 2004).

Third, the obje
tive of supply 
hain management is making de
isions at a di�er-

ent level of the supply network espe
ially strategi
 de
isions about a
tivities (e.g.,


ollaborative investments (Donner et al., 2008)) to rea
h the goal of supply network

(Mahdiraji et al., 2014). This goal whi
h is mostly based on network performan
e

in 
ase of de
reasing/ in
reasing overall 
osts/ pro�ts must be 
oordinated for max-

imum e�e
tiveness, e�
ien
y, and produ
tivity as the 
onsequen
es of all a
tivities

in a dynami
 environment. This may require modi�
ation of network members as

some of the members in this regard do not deserve to 
ontinue networking. Hen
e,

in this regard, we may fa
e some appli
able questions like whi
h positions play key
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roles as key player and the key leader in the network, whi
h players 
annot be re-

moved from the network, and whi
h players are more bene�
ial to invest in. Then,

e�e
tive de
isions about the network a
tivities (Mahdiraji et al., 2014; Neto et al.,

2008; Wang and Liu, 2016) to �nd solutions for these questions are 
riti
al issues

under investigation in this resear
h.

For solving these issues we will 
onsider a real problem 
on
erning a large distri-

bution network as part of a supply network belong to a popular online store 
onsists

of 31 DCs in Iran. The problem is to identify 
riti
al positions whi
h play key roles

in the network. For this purpose, the problem is the un
ertainty about the �ows,

the diversity of produ
ts, the volume of orders, the 
omplexity of intera
tions, the

in�uen
e of one's de
ision on others' de
isions, and generally speaking, all assump-

tions that take the problem out from a linear mathemati
al modeling framework

and bring it into a dynami
 and 
omplex situation dependent on ea
h player's de
i-

sion in the network. Also, the de
ision of players a�e
ts the de
ision of others based

on the externality e�e
ts and intera
tions between all players.

We 
onsider this problem as a game in whi
h players should de
ide about their

level of investment in themselves to establish the logisti
s network in the supply

network with high performan
e. We suppose some parti
ular assumptions for all

players to determine their 
ontribution level in the given network stru
ture (routes

between DCs); the amount of investment in pur
hasing vehi
les assigned to ea
h

route between DCs. This de
ision relies on ea
h player's de
ision based on the


omplementary strategi
 situation whi
h we will 
onsider in the payo� fun
tion to

in
entivize all players to invest more.

More des
ription of the method sele
tion, 
ontext, and subje
t as leadership will

be provided in the following se
tions. The remainder of this paper is organized as

follow. In se
tion 2, we review some relevant literature. Se
tion 3 gives the method-

ology and proposes a model to illustrate the main ideas of this paper. Se
tion 4

introdu
es the results of the 
al
ulations 
on
erning our proposed model and 
ase

study. Finally, we draw some 
on
luding remarks in se
tion 5.

2. Distribution network game in the literature

2.1. Supply networks

Supply network is a multi-layered 
on
ept, as a network of suppliers, manufa
turers,

distribution 
enters, and retailers organized to produ
e and distribute the right

produ
ts, to the right 
ustomer, in the right quantity, in the right 
ondition, at the

right pla
e, at the right time, and at the right 
ost to minimize total 
osts (Coyle et

al., 2016), whi
h is not quite di�erent from the notion of supply 
hain management

(SCM) (Seyedhosseini et al., 2018).

The 
ompetition between �rms from the one side in the same supply 
hain and

on the other side between supply 
hains from the perspe
tive of the network has

been in
reasingly a
knowledged by both a
ademy and industry (Wu et al., 2018).

This type of resear
h is relatively ri
h in re
ent years, so the literature in this

resear
h stream is relatively abundant and mature, both in the theoreti
al system

and model methods. For example, a review of 
ompetition situation and related

pra
ti
es was given in the resear
h of Fahimi et al. (2017) and Wu et al. (2018).

In short, 
ompetition 
an provide advantages for the supply 
hains, and it is not

always an unpleasant situation in the networks. From the form of network perspe
-

tive, 
entralized supply 
hains 
annot be 
onsidered ever as the best performan
e
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provider, and de
entralized supply 
hains also 
an provide better performan
e under

a spe
i�
 situation su
h as un
ertainty and non-
ooperation. Therefore, 
ompetition

plays a 
riti
al role in the determination of optimal stru
ture and output. Finally,

as a remedy in a �er
e 
ompetition situation, sharing the pro�t through some 
on-

tra
ts between players 
an fa
ilitate the 
oordination in networks (Gianno

aro,

2018).

To remain 
ompetitive, 
ompanies must seek new solutions for important SCM

issues su
h as produ
tion planning, route planning, load and 
apa
ity planning, and

distribution network design (DND). DND is very important to deliver produ
ts as

qui
k as possible and with the lowest pri
e be
ause faster produ
t availability is

key to sales and market share growth. In DND, supply network managers as main

de
ision makers should know about the relations, supply network obje
tives, and

the importan
e or roles of all players in the network. Be
ause this de
ision is related

to the performan
e, 
ompetitive advantage, and network survival (Wu et al., 2018;

Kim et al., 2011; Bellamy et al., 2014).

In the supply network 
ontext, there are two 
riti
al positions whi
h we should

identify them as the key player and key leader to avoid undesirable destru
tive

de
isions about them. It is safe to say that no two supply networks are exa
tly

alike, and a parti
ipant's role may vary in ea
h network. A

ording to literature

(Zhou and Chen, 2015; Zhou and Chen, 2016; Ballester et al., 2006) key player

and key leader 
an be de�ned based on primarily assumptions about the network

stru
ture, relations, the obje
tives su
h as the maximally 
onne
ted to all other

nodes, the impa
t on the network 
ohesion (the stru
tural importan
e of members),

the members' 
hara
teristi
s, the network 
entrality et
. (Borgatti and Everett,

2006; Friedri
h et al., 2016; Kim et al., 2011).

There is a dearth of resear
h and empiri
al studies, whi
h have paid attention to

the 
on
ept of leadership at an organizational level in the logisti
s network 
ontext.

This is due to the 
omplexity of both dis
iplines, whi
h should be 
onsidered in

a dynami
 situation. Here, we will use 
entrality measurement on the fundament

of both organizational theories espe
ially the theory of power and power in so
ial

network analysis and its 
on
eptualization in the supply network 
ontext. The term

�power� is most popular as an interrelated feature with leadership to des
ribe how

an organization dominates over other players in the network. It 
an be de�ned

di�erently based on the de�nition of performan
e and network obje
tive in ea
h

problem (Daugherty, 2011; Jia et al., 2018; Gosling et al., 2016).

A

ording to the mentioned main obje
tive of ea
h supply network, organizations

should pay attention to enhan
e their pro�t as the main feature of performan
e.

For this purpose, all players try to in
rease their pro�ts in supply networks with

investment in themselves to remain 
ompetitive and gain a valuable position in

networks. Investments are 
riti
ally important in modern logisti
s, where the adop-

tion of qui
k-response demand systems and �exible manufa
turing approa
hes has

in
reased the need for 
oordination a
ross di�erent players in the supply 
hains. In

general, 
ooperative investment on 
ompetitive investments under pro�t sharing as

mentioned before as a remedy for �er
e 
ompetition 
an be 
hara
terized as either


ost redu
tion or as demand enhan
ement, but as shown in the literature (Belderbos

et al., 2004; Wang and Liu, 2016; Ehie and Olibe, 2010; Gilbert and Cvsa, 2003),


ost redu
tion or pro�t enhan
ement is of the main obje
tive (Wang and Liu, 2016),

and 
ontinuous investments in physi
al assets and innovation are ne
essary for 
om-
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petitive su

ess (Bourreau et al., 2018) and in
rease performan
e (Gilbert and Cvsa,

2003; Werth and Boeert, 2013). However ea
h player has an additional in
entive to

invest in order to improve its status quo, the bene�t for a 
ompetitive and pro�t

sharing investment is hybrid be
ause it o�ers dire
t bene�ts as sel�sh motivation

and indire
t bene�ts as spillovers and externalities (Katz and Shapiro, 1985; Che

and Haus
h, 1999). While resear
h on the e�e
tiveness of 
ooperative investment

is evident, little attention has been given to the distribution networks between all

DCs in a 
ompetition relation. An investment in logisti
s infrastru
ture that bene-

�ts supply network and 
onsumers who use it is essential, without whi
h, a logisti
s

infrastru
ture or a supply network is not sustainable (Kogan and Tapiero, 2009).

2.2. Centralized and de
entralized supply networks

In order to understand the intera
tion between players in a network, it is indispens-

able to know about two main forms of supply network stru
tures; 
entralized and

de
entralized supply networks.

Centralized supply network 
an 
ontain a unique 
ontrol 
enter, whi
h entirely


ontrols and 
oordinates the whole set of players and e
helons in the supply network

through the managing all the information and de
isions between di�erent supply


hains whi
h work together (Chankong and Haimes, 2008).

A 
entralized de
ision-making system ignores the independen
e of its members.

Thus, most of the supply 
hain systems are de
entralized (Wang et al. 2004).

De
entralized supply network involves several self-interested players as de
ision-

making units (DMU) in di�erent e
helons, ea
h in di�erent or same supply 
hains

whi
h works together. In other words, ea
h player makes its own de
ision. In the

de
entralized ar
hite
ture of supply 
hains, there is no DMU 
ontrolling all players.

Thus, it 
annot be guaranteed that the lo
al de
isions of players will 
onverge to a

global optimum solution of the supply 
hain. In order to solve the 
on�i
t problems,

the players who establish a partnership, ex
hange information of transa
tion orders

and feedba
k de
isions to negotiate on their de
isions. The partnership of players

will break down when they 
annot �nd a 
onverged solution in their negotiations

(Bernstein and Nagarajan, 2012).

2.3. Negotiation and intera
tion

In e
onomi
s and politi
al s
ien
e, negotiation has a spe
ial pla
e to be used in di�er-

ent ways. It 
an demonstrate an intera
tion pro
ess (
ommuni
ation) for resolving


on�i
ts that may lead to 
ompetition (in whi
h, players arrange their individual

a
tivities in a 
oherent manner) (Moulin and Chaib-Draa, 1996) or 
ooperation

(in whi
h, players work together to a
hieve a 
ommon obje
tive) (Pynadath and

Ttambe, 2002) in a wide variety of multi-player domains. These 
on�i
ts 
an be

over a share of joint resour
es (
ommodities, servi
es, time, money, et
.), tasks or

do
ument allo
ations, buyer-seller pri
es, et
. The main question is to know how

rational autonomous players will 
hoose their negotiation strategies (Costantini et

al., 2013).

A

ording to the literature there are three main negotiation methods in
luding

heuristi
 methods (Costantini et al., 2013), Game theory-based methods in
luding


ooperative and non-
ooperative (
ompetitive) game (Sim
hi-Levi et al., 2004), and

argumentation-based methods (Sierra et al., 1998).
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Here game theory 
an provide the best de
ision made by a given player in a

supply 
hain. In other word, powerful strategies are o�ered by game theory with

taking into a

ount the possible de
isions of others.

About the kind of intera
tions, in the real world appli
ation, the intera
tion of

players leads to a wide variety of 
omplexity dynami
s. This 
omplexity arises due

to non-linear player intera
tions. The behavior of su
h non-linear systems 
an be


haoti
 and unpredi
table. Complex adaptive systems (CAS) in the natural world

and 
yber-physi
al systems (CPS) in man-made systems are examples of su
h player

intera
tions. However, a key issue in su
h models is to understand the dynami
s of

player intera
tions. But evolutionary game theory 
an solve this problem and 
an be

utilized as an appropriate method for these problems (Nagarajan and Sosi
, 2008).

Here also, game theory provides a formal analyti
al framework with a set of

mathemati
al tools to study the 
omplex horizontal or verti
al intera
tions among

rational �rms (Nagarajan and Sosi
, 2008). Therefore, in this resear
h also game

theory is an appropriate method for 
onsidering negotiation and intera
tion in a

multi-player system.

2.4. Game theoreti
al modeling

As 
ompetition puts pressure on supply 
hains, it presents opportunities for new

approa
hes su
h as the game theory approa
h for solving the transshipment problem

(Donner et al., 2008).

The game theory is a powerful tool that e�e
tively models and analyzes the

strategi
 de
ision making between self-interested e
onomi
 players, where a player

makes a 
hoi
e by taking into a

ount the others' 
hoi
es in a multi-player situation,

and the out
ome depends on the 
hoi
e made by every player. Resear
hers in supply


hain management now use tools from game theory and e
onomi
s to understand,

predi
t, and help managers to make strategi
 operational de
isions in 
omplex multi-

player supply 
hain networks. Loosely speaking, game theory models situations

where players make de
isions to maximize their own utility while taking into a

ount

that other players are doing the same and that de
isions made by players a�e
t

ea
h other's utilities. In the game-theoreti
 analysis, resear
hers usually attempt to

determine the optimal strategy by analyzing the intera
tion as a game between a set

of players and seeking its equilibrium (Harsanyi, 1956; von Stengel, 2002). Assuming

further that parti
ipants behave a

ording to the assumptions of rational-
hoi
e

theory, this approa
h 
an guide the design of the intera
tion me
hanism itself, and

thus for
e su
h players to behave in 
ertain ways (Hu and Fukushima, 2015). There

is a broad division of game theory into two approa
hes: the 
ooperative (Driessen,

1988) and the non-
ooperative (Ritzberger, 2002) approa
hes. These approa
hes,

though vary in their theoreti
al 
ontent and the methodology used in their analysis,

are really just two di�erent ways of looking at the same problem. Di�erent basi



on
epts in game theory are available for example in the study by von Neumann

and Morgenstern (1944) as summarized the basi
 
on
epts. It also has been widely

developed sin
e 1950 when John Nash introdu
ed the well-known 
on
ept of Nash

equilibrium in non-
ooperative games (Nash, 1951; 1950; Ca
hon and Netessine,

2006; Nagarajan and So�si�
, 2008; Mahdiraji et al., 2014).

Considering the 
ontext of this resear
h and intera
tions between players in the

proposed 
ase study, the �eld of supply 
hain management has seen, in re
ent years,

a wide variety of resear
h papers that employ di�erent types of games to model



348 Nikolay A. Zenkevi
h, Sajad Kazemi

intera
tion between players. For an ex
ellent survey and state of art te
hniques, we

refer you to Ca
hon and Netessine (2006).

In 
ompli
ated problems with 
on�i
ting optimizations obje
tive fun
tions, game

theory is a possible way to formulate the payo� fun
tion of one player 
onsidering

the impa
t of other players by their de
isions in a network to rea
h optimal de
i-

sions for all players not a single one. Here the knowledge stru
ture of one player

from other players is a 
ompli
ated part of the model that 
an provide di�erent

types of games. From the one hand, the game 
an be 
ategorized as in
omplete

information if players do not have well knowledge in
luding strategies and payo�

fun
tions about ea
h other (Petrosyan and Zenkevi
h, 2016).

On the other hand, the game 
an be 
ategorized as a 
omplete information game

if all players have full knowledge of the set of players in the network (Kline, 2015).

This 
ategory also 
an be de�ned in two ways about the knowledge stru
ture. The

game may be 
lassi�ed as perfe
t information game if a group of players de
ides

about their a
tions with delay under the impa
t of having knowledge about the

de
isions of another group of players in every stage of the game. Otherwise, the

game will be 
lassi�ed as an imperfe
t information game in the network (Petrosyan

and Zenkevi
h, 2016).

In the game theory 
onsidering the intera
tion logi
 of players we will fa
e with

two most basi
 
lassi�
ation used in the game theory as 
ooperative (e.g., glove

game and balan
ed game) (Branzei et al., 2008) and non-
ooperative games (e.g.,

prisoner's dilemma and Cournot 
ompetition) (Lambertini, 1997).

On the one hand, when players make de
isions autonomously the results of

de
isions 
an be formulated through non-
ooperative game theory in whi
h players

are self-interested about their pro�ts without any enfor
eable 
ontra
ts outside of

those modeled in the game. Therefore, this game is not de�ned based on la
k of


ooperation but is based on self-regulation or self-enfor
ement in any 
ooperation

(Ritzberger, 2002)

On the other hand, when the purpose of the model is to �nd a set of payo�s for

all players in an allian
e to provide 
olle
tive welfare through 
olle
tive rationality,

in whi
h the players in a boundary of a binding 
ontra
t think about the pro�t of

the group as a whole (Branzei et al., 2008; von Neumann and O. Morgenstern, 1944;

Nash, 1951; Suzumura, 1992).

Therefore, in the non-
ooperative game we deal with individual self-interested

players while in the 
ooperative game we should think about groups or 
oalitions

and 
olle
tive purpose. In both models, the aim is to rea
h a set of strategies for all

players with whi
h we 
an have optimal payo�s for all partners in the network. Here,

there are two models that predi
t these strategies for players in a game in
luding

Nash equilibrium and Sta
kelberg solution (Petrosyan and Zenkevi
h, 2016).

2.5. Nash equilibrium and Sta
kelberg solution

Nash games (Nash, 1950; 1951) model 
ompetitive behavior among a set of au-

tonomous players that all players are assumed to know the obje
tive fun
tions of

other players and make de
isions to 
hoose their own strategies at the same time

by taking into a

ount the strategies of other players. A Nash equilibrium is a

set of strategies in whi
h ea
h individual player has 
hosen an optimal strategy

given the strategies 
hosen by the other players (Ley�er and Munson, 2010; Hu

and Fukushima, 2015). So in Nash equilibrium all players are in a position of the

same level, however in some real-world situation, when there is a single dominant
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�rm, the market must be modeled as a Sta
kelberg (single-leader-follower) solution

(von Sta
kelberg, 1952), in whi
h the dominant �rm, the leader, has the ability to

de
ide the quantities or pri
e to maximizes its pro�t subje
t to all other �rms, the

followers, who make their de
isions after observing the de
ision of the leader in a


ompetitive equilibrium (Ley�er and Munson, 2010; Hu and Fukushima, 2015).

A

ording to the purpose of this resear
h, we are looking for key roles in a set

of interrelated players. In this regard, leader-follower games 
an provide su�
ient

ground for identifying leaders as 
riti
al positions in the networks.

In Sta
kelberg (single-leader�follower) game, while the leader anti
ipates the

responses of the followers and 
ommits to a strategy to optimize the upper-level

problem, the remaining followers rea
t to the sele
ted strategy to optimize the

lower-level problems jointly by 
ompeting among themselves. Here, the rea
tion of

the followers is a Nash equilibrium parameterized by the de
ision variables for the

leader. The leader 
hooses an optimal strategy knowing how the followers will rea
t

(Ley�er and Munson, 2010; Hu and Fukushima, 2015).

Between these two extremes is the multi-leader-follower game that has multi-

ple dominant �rms and a number of followers. Multi-leader-follower games 
an be

further di�erentiated into those in whi
h the follower responses are 
onstrained to

be identi
al for ea
h leader and those in whi
h the followers are allowed to respond

di�erently to ea
h leader (Ley�er and Munson, 2010).

Single-leader-follower games and multi-leader-follower games issue has been stud-

ied in depth in some duopoly (i.e., just one rival shows rea
tions to the new
omer)

(Lederer, 1986; Goyal and Joshi, 2003; Wei and Hansen, 2007; Zhou and Chen, 2015;

Zhou and Chen, 2016; Ballester et al., 2006) and oligopoly markets (Friedman, 1977;

Hamilton and Slutsky, 1990; Nagurney, 2010; von Stengel and Zamir, 2010; Hu and

Fukushima, 2015), respe
tively.

Identifying the key player in a network is one of the primary uses of supply

network analysis (Wasserman and Faust, 1994). There are some metri
s to show how

the networks were organized su
h as network density, 
entralization, and 
omplexity

(Kim et al., 2011). The 
on
ept of 
entrality in
luding degree 
entrality, 
loseness


entrality, and betweenness 
entrality a

ording to the literature is a fundamental


riteria for measuring the importan
e of nodes in a network based on their impa
t

on others and their power (Goyal, 2007; Freeman; 1979; Borgatti and Everett, 2006;

Borgatti and Li, 2009; Zhou and Chen, 2015; Zhou and Chen, 2016; Ballester et al.,

2006).

In re
ent studies related to key player and key leader in so
ial networks the

weighted Katz�Bona
i
h Centrality and inter
entrality (Bona
i
h, 1987; Katz and

Shapiro, 1985; Bona
i
h and Lloyd, 2001; Zhou and Chen, 2015; Zhou and Chen,

2016; Ballester et al., 2006) have been the main 
riteria, whi
h also in this resear
h

will be 
onsidered for formulation the positions of key leader and key player, re-

spe
tively.

We measure key leader on the fundament of Katz-Bona
i
h 
entrality and the key

player on the fundament of inter
entrality as an organization in the supply network


ontext. Bona
i
h 
entrality fails to internalize all the network payo� externalities

whi
h players exert on ea
h other, whereas the inter
entrality measure internalizes

them all and takes into a

ount a player's own 
entrality and its 
ontribution to the


entrality of others (Abraham et al., 2010). Intuitively, need to 
apture not only a

player's a
tivity level (proportional to Katz-Bona
i
h 
entrality) but the player's
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ontribution to others' 
entralities as well; for more study, di�erent measures of

network 
entralities have been introdu
ed in Wasserman and Faust (1994).

The Katz-Bona
i
h 
entrality of a player 
ounts the number of paths that stem

from that player exponentially dis
ounted based on the length of paths. The inter-


entrality 
ounts the total number of su
h paths that hit the player; it is the sum of

the player's Katz-Bona
i
h 
entrality and the player's 
ontribution to every other

players' Katz-Bona
i
h 
entrality (Ballester et al., 2006; Zhou and Chen, 2015; Zhou

and Chen, 2016). But, we 
onsider it through using a weighted graph as an in
reas-

ing form with a length of the path to show the Butter�y e�e
t �bullwhip e�e
t� in

the network (Osborn et al., 2002; Wy
isk et al., 2008), whi
h was not 
onsidered in

the re
ent works. This e�e
t des
ribes how tiny initial shifts 
an result in 
haoti


and extreme events along the supply network due to dynami
al pro
esses. Illustrat-

ing strong interdependen
ies among the players in a supply network regarding ea
h

de
ision and a
tion by an individual player that will a�e
t the others. This is in-

tuitively related to the equilibrium behavior be
ause the paths 
apture all possible

feedba
k (Osborn et al., 2002; Wy
isk et al., 2008).

3. Model development

3.1. Model des
ription

In supply networks, transportation networks and distribution 
enters (DC) 
an

make a distribution network, whi
h is intermediary that fa
ilitates the physi
al �ows

of mer
handises between sellers and buyers (Lai et al., 2002). Hen
e, the distribution

network presented in this se
tion is a 
onsiderable 
ase study in the supply networks

based on the road transportation mode. Indeed, investment in this network (the

infrastru
ture, vehi
les, and operations) by ea
h DC is 
onsidered as a strategi


de
ision to in
rease pro�ts in a non-
ooperative intera
tion whi
h 
onsidered as

a distribution network game. The importan
e of this de
ision to de
rease transit

time, inventory 
osts; se
urity and availability rise, and environmental impa
t 
an

be studied in the literature (e.g., Coyle et al., 2016). Therefore, total pro�t 
an be


onsidered as measuring the performan
e of DCs.

The 
omplexity of supply network stru
tures with di�erent relations; mutual

intera
tion or undire
ted graphs, a hierar
hi
al stru
ture or dire
ted graphs, and

weighted graphs, are 
riti
al for appli
ation and adaptation of a suitable theory to

understand the behaviors of su
h networks. Identi�
ation of positions whi
h play a

key role su
h as key players and key leaders in networks is 
riti
al task whi
h is under

investigation in this resear
h 
onsidering a weighted graph form, the theory of power

based on Katz�Bona
i
h Centrality and inter
entrality, 
ontribution of players on

the fundament of their level of investments, and in supply network 
ontext altogether

are the 
ontribution of this resear
h.

Online stores tend to fa
e hyper
ompetitive business environments. Due to in
reas-

ing 
ompetition, these 
ompanies are systemati
ally pushed to sear
h for growth

opportunities in the market and to get to market before their 
ompetitors. There-

fore, investments in the distribution networks are ne
essary in order to a

elerate

delivery of orders and to be an agile organization in the network. Investments in

distribution infrastru
tures are important to maintain an agile organization in a

supply network. Externally, supplier e�
ien
y is extremely 
riti
al to supply net-

work performan
e (Mahdiraji et al., 2014). Requirements for large investments in

distribution infrastru
ture, whi
h is re�e
ted in the in
reased strategi
 importan
e
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Fig. 1. Distribution network

of (domesti
 and global) supplier relationships and strategi
 allian
es enabling dis-

tribution network to 
over availability of new produ
ts frequently and rapidly, a

ess

di�erent sour
es and sell globally, minimize inventory and redu
e 
osts a
ross the

supply network; and o�er personalized one-to-one solutions to 
ustomers (Dehning

et al., 2007).

Here an online store 
onsists of 31 distribution 
enters in Iran is under investi-

gation as an empiri
al example to test the appli
ability of our proposed model as

shown in Fig. 2.

3.2. Model notations and assumptions

In this se
tion we provide a list of notations and assumptions for the formulation

of key leader' and key player' position in the mentioned distribution network game,

and proposing the model in the basis of game theory.

To illustrate the main ideas of proposed model in this paper, we hereby present

some important notations in the table 1.

We 
onsider a distribution network 
onsists of 31 independent distribution 
en-

ters (players) ea
h of them lo
ated in one provin
e of Iran. They 
oordinate together

through an online platform to fa
ilitate the �ow of material and goods among au-

tonomous agents in
luding retailers, manufa
turers, and suppliers. The numbers and

positions of agents in the network are not stable as well as types of produ
ts. Con-

sequently, the �ow of material and goods is un
ertain in ea
h provin
e. All DCs are


onne
ted through roads and the delivering of material and goods 
ondu
ts through

road transportation with di�erent vehi
les that ea
h DC has the authority to de
ide

about it. Here for the establishment of 
oordination among all players, there is a


ontra
t under supervision and 
ontrol of the online platform. The performan
e of

ea
h node 
onsidered based on the total pro�t. So the following assumptions will

be 
onsidered in this framework:
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Fig. 2. Logisti
s network of an online store in Iran

Table 1. Notations

symbol De�nition

i, j Players.

(i, j) The link between player i and player j.

πi Total pro�t of player i per unit of investment.

Pi Pro�t per unit of investment for player i along the link (i, j).

DP i Dire
t pro�t.

IP ij Indire
t pro�t along link (i, j).

TCi Total 
ost per unit of investment.

A′
The transpose of matrix A.

0 The zero matrix

AD
A matrix with diagonal entries AD

ij = aij , i = 1, · · · , N, and o�-diagonal

entries AD
ij = 0, i 6= j.

I Identity or unit matrix.

1 n× n matrix with all elements equal to 1.

〈x, y〉 The inner produ
t of two 
olumn ve
tors x, y.
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1. All players are 
onne
ted to ea
h other in a symmetri
 way and through di�erent

routes to meet the demands of all players.

2. Ea
h player should allo
ate spe
ial infrastru
ture to ea
h route to de
rease

extremely delivery time be
ause of a large number of orders per unit of time

(i.e. it is not possible to use the same vehi
le in two di�erent routes).

3. The system of delivering is DC to DC and all agents will re
eive their orders

from the DC, but their relations are not within the borders of this resear
h.

4. Ea
h player just should deliver mer
handises to its dire
t neighbors and this

work will 
ontinue to meet the demands and the online platform manage all

these transportations.

5. Total pro�t of ea
h player along the link is 
onsidered as the sum of total

dire
t pro�t for ea
h player per unit of investment and total pro�t per unit of

investment for ea
h player along the link minus total dire
t 
osts per unit of

investment.

6. The pro�t per unit of investment for player i along the link ij 
an be measured

based on the market data in ea
h provin
e dependent on �ows and routs. But

for simpli
ity, we assume that the rate of orders and demands (�ows) in ea
h

DC are similar and 
onsequently we 
onsider the same pro�t along the link for

all DCs. Also, having a property through investment by ea
h DC in buying a

vehi
le is asso
iated with an extra pro�t for DC that we assume it is similar

among all players.

7. The Total 
osts per unit of investment will be 
onsidered as a quadrati
 form

whi
h is stri
tly 
on
ave in ea
h unit of investment to 
apture diminishing

marginal 
ost.

8. The amount of pro�t along the link is 
onsidered as strategi
 
omplementarity

from the perspe
tive of ea
h player.

9. Cost of investment 
an be estimated based on the interest rate and other envi-

ronmental fa
tors and governmental supports whi
h is di�erent in ea
h provin
e

but for simpli
ity, we will 
onsider it similar among all players.

10. The pro�t along the link is de�ned based on the 
onditions of ea
h route, 
ost

of transportation, and other 
riteria between mutual players whi
h are de�ned

by platform as a weighted graph.

3.3. Model formulation

In this sub-se
tion based on the proposed assumptions and notations the following

payo� fun
tion for ea
h player as total pro�t (πi) of player i along the link (i, j)
per unit of investment (E).

Pij = θi + βijEj , (1)

IP ij = (θi + βijEj)Ei = θiEi + βijEjEi, (2)

DP i = µiEi, (3)

TCi = γiE
2
i , (4)

πij = DP i + IP ij − TCi = (θi + µi)Ei + βijEjEi − γiE
2
i . (5)

Then we 
an extend it to the following form to en
ompass total network relations.
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πi = (θi + µi)Ei +

m
∑

j=1

βijEiEj − γiE
2
i , i 6= j. (6)

I. The equation (1), as the pro�t per unit of investment for player i along the link

(i, j) (Pij) was estimated based on the previous data of investments in 
urrent

distribution 
enters as a linear form. It illustrates that if player i invests in

distribution infrastru
ture (e.g. vehi
les) so it 
an a

ess the next player with

whi
h it has a link (dire
t neighbor). Then dire
t neighbor also will do the

same to deliver the goods to the player whi
h ordered them. Hen
e, ea
h player

with its investment 
an gain pro�t along the link from both its 
apability to

deliver goods to the dire
t neighbors (θi) and from investments of other players

with dire
t link to deliver the orders to 
lients (βijEj). Therefore, based on the

online platform there are a �x amount of pro�t for ea
h rout (βij) between DC

i and j based on the length of the rout and related expenses that 
an be de�ned

a

ording to a symmetri
 weighted graph (0 < βij ≪ 1).
II. In the expression (2), the indire
t pro�t of player i per unit of investment along

the link (i, j) (IP ij) is 
al
ulated through multipli
ation of pro�t per unit of

investment for player i along the link (i, j) by amount of its investment.

III. In the equation (3), the dire
t pro�t of player i (DP i) is de�ned as multipli
ation

of the pro�t per unit of investment through having a property (µi) by amount

of its investment. The value of µi is estimated as in�ation rate.

IV. In the expression (4), the total 
ost for ea
h player (TCi) is de�ned as a

quadrati
 form whi
h is stri
tly 
on
ave in amount of investment and 
an 
ap-

ture the diminishing marginal 
ost per unit of investment. The value of γi is


onsidered as interest rate and impa
t of environmental fa
tors that 
an provide


ost of investment for ea
h player.

V. In the equation (5), the pro�t (πij) as aggregate payo� along link (i, j) is 
al-


ulated just by substitution in the formula and summarization to �nally rea
h

the total pro�t (πi) (6).

We show that a denser and larger network of lo
al intera
tions in
reases the

aggregate equilibrium out
ome due to the relation between equilibrium strategi


de
ision and network stru
ture. This is almost be
ause both the number and the

weight of network paths in
rease with the network 
onne
tions and the length of

paths.

In our model, the network designer is able to make the leader informed about

the pro�t of investment via experien
ing the market and situation. When the leader

knows the situation, the followers should guess the ne
essary information by observ-

ing the leader' investment. This is in the same 
ondition of previous works su
h as

Zhou and Chen (2015), Ballester et al. (2006), and Zhou and Chen (2016). We

will follow their pro
edures to re
al
ulation leader index and key player index pro-

posed in Zhou and Chen (2015) and Zhou and Chen (2016) 
onsidering our new

assumptions and payo� fun
tion.

3.4. Simultaneous-move in distribution network game with 
omplete

information

A

ording to the proposed payo� fun
tion, all players make a de
ision about their

investment level, simultaneously. Therefore, on the fundament of strategi
 
omple-

mentarity situation and dire
t pro�ts per unit of investment by ea
h DC, following
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the resear
h of Zhou and Chen (2015) and (2016) the best response fun
tion (BR)

for ea
h player will be measured as follow:

BRi (E−i) = (θi + µi) +
∑

j 6=i

βijEj , (7)

EN
i = BRi

(

EN
−i

)

= (θi + µi) +
∑

j 6=i

βijEj . (8)

Then, with rewriting it in the matrix notation form we will have:

EN = (θ + µ) +BEN ⇔ EN = (θ + µ)[I −B]−1 ≡ b (B, θ + µ) . (9)

Where θ+µ = ((θ1 +µ1), . . . , (θN + µN ))
′

and the variable b(B, θ+µ) is 
alled
the Katz-Bona
i
h 
entrality of matrix B and weight ve
tor (θ + µ). This measure

is in 
onne
tion to the Nash equilibrium of the simultaneous-move game (Ballester

et al., 2006; Zhou and Chen, 2015; 2016). Let we assume M = [I − B]−1
, then the

expansion formula will be as follow:

M =

+∞
∑

k=0

Bk = I +B +B2 +B3 + · · · = I +B. (10)

Therefore, based on the assumptions of 0 < B ≪ 1, we will have:

mij =

+∞
∑

k=0

β
[k]
ij = I + βij + β

[2]
ij + · · · = ((I +B)

−1
)ij . (11)

Where, β
[k]
ij is the ij entry of βk

. Note that β
[k]
ij 
ounts the number of routs from

i to j with length k and B0 = I. Using mij notation, we 
an rewrite it as (Zhou

and Chen, 2015; 2016):

EN
i = bi (B, θ + µ) =

n
∑

j=1

mij(θ + µ)j . (12)

3.5. Sequential-move in distribution network game with 
omplete

information

In this sub-se
tion based on the resear
h of Zhou and Chen (2015) and (2016) we

will 
onsider the game as two-stage game with two groups. Let us rewrite the model


onsidering leader group L and follower group F in a blo
k matrix form as follow:

B =

(

BLL BLF

BFL BFF

)

. (13)

We also de�ne ve
tors EL and EF as the amount of investments 
hosen by the

DCs in L and F , respe
tively.

Proposition 1. In the unique sub-game perfe
t Nash equilibrium of the two-stage

game, players' 
ontributions are given by (Zhou and Chen, 2015; 2016):

(

E∗
L

E∗
F

)

= S

(

(θ + µ)L
(θ + µ)F

)

, (14)

S =

(

U UTLFQ

QTFLU Q+QTFLUTLFQ

)

, (15)
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where, T = BLL + BLFQBFL, Q = [I − BFF ]
−1

, and U = [I − (T + TD)]
−1

.

Moreover,

(

E∗
L

E∗
F

)

≥

(

EN
L

EN
F

)

.

A

ording to the proposition1, an in
rease in the value of total dire
t pro�t

of investment (θ + µ) for ea
h player has dire
t positive e�e
ts on all the DCs'

investments. Therefore, leader (in set L) intend to 
ontribute more to gain more

pro�t and 
onsequently be
ause of strategi
 
omplementarity, the followers have an

in
entive to invest more.

3.6. Single-leader problem

Following the resear
h of Zhou and Chen (2015) and (2016) we must 
hoose a single

player as the �rst mover (i.e., |L| = 1) whi
h led to maximum aggregate investment

by all DCs based on the equilibrium investments in Proposition 1:

max
L⊂N :|L|=1

{EL + EF } . (16)

To identify the key leader we use equation (15) and the 
ase of L = {i}. Thus,
we 
an 
hara
terize the key leader as player i whi
h moves �rst to 
al
ulate the

L-index for all players and investigate leader with high L-index in the network. For

this purpose, we rewrite matrix B as follows:

B =

(

0 β·i

βi· B−l

)

. (17)

Where β·i ≡ (β1i, . . . , β(i−1)i, β(i+1)i, . . . , βNi)
′
and βi· ≡

(

βi1, . . . , βi(i−1),

βi(i+1), . . . , βiN

)

= β′
·i. Here, player i 
hooses its level of investment in the �rst

stage, then in the se
ond stage the rest of players −i will determine their level of

investments based on the �rst stage in the network game. Then, with anti
ipating

these responses from the followers, player i in the �rst stage will 
hoose Ei to

maximize:

π
(

Ei, E
∗
−i (Ei)

)

= (θ + µ)iEi − γiE
2
i + Ei

〈

β·i, E
∗
−i (Ei)

〉

. (18)

Where the value of total dire
t pro�t of investment for player −i is modi�ed

from (θ + µ)j to (θ + µ)j +βjiEi and the equilibrium investments of −i players will

be:

E∗
−i (Ei) = b

(

B−i, (θ + µ)−i + Eiβ·i

)

= (I −B−i)
−1 (

(θ + µ)−i + Eiβ·i

)

. (19)

Therefore, the equilibrium investment for leader in the sequential-move (EL
i )


an be simpli�ed as:

EL
i =

(θ + µ)i +
〈

β·i, (I −B−i)
−1(θ + µ)−i

〉

1− 2 〈β·i, (I −B−i)−1β·i〉
. (20)

Also, the equilibrium investment for leader in the simultaneous-move (EN
i ) based

on the de�nition of Nash equilibrium 
an be proposed as:

EN
i =

(θ + µ)i +
〈

β·i, (I −B−i)
−1(θ + µ)−i

〉

1− 〈β·i, (I −B−i)−1β·i〉
. (21)
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Moreover, 
omparing (12) and (21) we will have (Zhou and Chen, 2015; 2016):

mii =
1

1− 〈β·i, (I −B−i)−1β·i〉
, (22)

mij

mii
=j-th entry of (I −B−i)

−1β·i forj 6= i.

We 
an then derive the equilibrium investments of other players. Afterward, we


ompare a
ross s
enarios with di�erent leaders to determine the key leader. If the

leader 
hooses EN
i in the �rst stage, the followers' best responses are to 
hoose

EN
−i. Thus, the di�eren
e of aggregate investment between the sequential-move and

simultaneous-move 
an be interpreted as leader impa
t. In other word, if i is sele
ted

as the leader, the 
hange of the aggregate investment is:



1 +
∑

j 6=i

mij

mii





(

EL
i − EN

i

)

=



1 +
∑

j 6=i

mij

mii





(

bi (B, θ + µ)

2−mii

− bi (B, θ + µ)

)

=

=
(mii − 1)

(2 −mii)

bi (B, 1)

mii

bi (B, θ + µ) . (23)

This leads to the L-index spe
i�ed in the se
ond proposition.

Proposition 2. The key leader (i∗) is player whi
h maximizes the leading index

(L-index) (Zhou and Chen, 2015; 2016):

Li =
(mii − 1)

(2 −mii)

bi (B, 1)

mii

bi (B, θ + µ) . (24)

This approa
h 
an be 
onsidered as an alternative derivation of the inter
entral-

ity measure de�ned in Ballester et al. (2006). In other words, in that study, the

purpose was to remove player i from the network and afterward, the rest of the

players will determine their level of investment in the network. Thus, we 
an 
al
u-

late the impa
t of this removal on the aggregate investment by all players. Therefore,

based on the 
hange in the aggregate 
ontribution we 
an measure key players using

C-index for ea
h player. It goes without saying that the key player 
an be di�erent

than key leaders in the network and we will present Proposition 3 as follow:

Proposition 3. The key player is the player (i∗) whi
h maximizes the C-index as

inter
entrality measure of player i (Zhou and Chen, 2015; 2016):

ci =
bi (B, 1)

mii

bi (B, θ + µ) . (25)

Therefore, using the two Prepositions (2) and (3) on the fundament of equations

(24) and (25) we 
an �nd key leader and key player a

ording to their de
ision on

the level of investment in the network.

4. Data 
olle
tion and 
ase study results

In this se
tion based on the proposed Propositions (2 and 3), payo� fun
tion (equa-

tion 6), and assumptions in the previous se
tion ea
h player 
an determine its in-

vestment level in the distribution network game. In the following, we investigate the

s
enario based on the autonomous rational players with symmetri
 information and
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provided game stru
ture. For simpli
ity, we assume that the parameters of µ and

θ for all players are the same and equal to 0.1 and 0.2, respe
tively. The weighted

graph (βij) is given a

ording to Fig. 2 as the bellow matrix in the Table 3 (all data

have expressed in 0.0001 s
ale US dollar).

Table 2. List of distribution 
enters in provin
es

Provin
e DC Provin
e DC Provin
e DC

Alborz 1 East Azarbaijan 12 Qazvin 23

Markazi 2 Tehran 13 Qom 24

Ardabil 3 Lorestan 14 Kerman 25

West Azarbaijan 4 Gilan 15 Kermanshah 26

Esfahan 5 Sistan and Balu
histan 16 Golestan 27

Khuzestan 6 Zanjan 17 Razavi Khorasan 28

Ilam 7 Mazandaran 18 Hamadan 29

North Khorasan 8 Semnan 19 Kohkiluyeh and Buyer-Ahmad 30

Bushehr 9 Kurdistan 20 Yazd 31

Hormozgan 10 Chaharmahaal and Bakhtiari 21

South Khorasan 11 Fars 22

Then, based on the equations (24) and (25) we will 
al
ulate Li and Ci indexes,

respe
tively. Where mii is the diagonal element of matrix M(B, (θ + µ)) (de�ned
in equation (22)). Table 4 gives the Katz-Bona
i
h 
entrality and inter
entrality

measures for all players.

A

ording to measurements, the analysis of results shows that player (16) has the

highest pro�t of dire
t and indire
t links through her weighted graph. As a result,

the player (16) has the highest Katz-Bona
i
h 
entrality and thus 
ontributes to

the highest level of investments. A

ording to the weighted graph and the assigned

pro�t to ea
h route, the key player 
an be varied. Now, by 
onsidering the same

values for µ and θ for all players, indire
t e�e
ts matter more, and player (16) again

has the highest joint dire
t and indire
t e�e
ts on aggregate out
omes.

5. Con
lusion and dis
ussions

In the supply network 
ontext, investigation of the key player and key leader is


riti
al tasks for managers to de
ide about investment and network design tasks.

Their de
ision a�e
t the performan
e of the network and with a wrong de
ision, the

failure of the network is not far from our thought. To prevent this event, managers

should formulate the position of leaders and key players in their network by 
onsid-

ering existent situations. This resear
h with addressing this issue tried to formulate

and measure the key leader and key player in a real 
ase study in the distribution

network game 
onsisting of 31 distribution 
enters belong to a popular online store

in Iran

We used the theory of power whi
h is very popular in the literature to investigate

leaders and key players in the networks of players. A

ording to the literature, this

theory 
an be measured on the fundament of 
entrality 
on
ept.

We used Katz-Bona
i
h 
entrality method to measure key leader whi
h 
ounts

the number of all paths that originate from a spe
i�
 player, weighted by a fa
tor.

This method 
an be appli
able in DN 
ontext be
ause the number of high-weighted

paths originates from a player, the more amount of player's pro�t in the network.
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Table 3. Weighted graph (βij) matrix

B 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15

1 0 0.007 0.0135 0.0179 0.0109 0.0203 0.0168 0.0185 0.0262 0.0329 0.0296 0.0144 0.0012 0.0121 0.007

2 0.007 0 0.0211 0.0197 0.0072 0.0145 0.0129 0.0252 0.0217 0.0311 0.0402 0.0196 0.0073 0.0052 0.0144

3 0.0135 0.0211 0 0.0132 0.0258 0.0326 0.0244 0.027 0.0403 0.0481 0.0454 0.0055 0.0148 0.0233 0.0067

4 0.0179 0.0197 0.0132 0 0.0269 0.0266 0.0192 0.0405 0.0387 0.0507 0.0555 0.0077 0.0227 0.0218 0.0198

5 0.0109 0.0072 0.0258 0.0269 0 0.0186 0.017 0.0288 0.0145 0.0244 0.0293 0.026 0.011 0.0093 0.0191

6 0.0203 0.0145 0.0326 0.0266 0.0186 0 0.0112 0.0397 0.0115 0.032 0.048 0.0269 0.0219 0.0094 0.026

7 0.0168 0.0129 0.0244 0.0192 0.017 0.0112 0 0.0356 0.0233 0.0432 0.0447 0.0193 0.0178 0.0077 0.0194

8 0.0185 0.0252 0.027 0.0405 0.0288 0.0397 0.0356 0 0.0485 0.0407 0.0184 0.0328 0.0178 0.0303 0.0204

9 0.0262 0.0217 0.0403 0.0387 0.0145 0.0115 0.0233 0.0485 0 0.0232 0.04 0.039 0.0307 0.0215 0.0381

10 0.0329 0.0311 0.0481 0.0507 0.0244 0.032 0.0432 0.0407 0.0232 0 0.0303 0.0483 0.0334 0.0332 0.0415

11 0.0296 0.0402 0.0454 0.0555 0.0293 0.048 0.0447 0.0184 0.04 0.0303 0 0.0478 0.0328 0.0386 0.0387

12 0.0144 0.0196 0.0055 0.0077 0.026 0.0269 0.0193 0.0328 0.039 0.0483 0.0478 0 0.015 0.022 0.0121

13 0.0012 0.0073 0.0148 0.0227 0.011 0.0219 0.0178 0.0178 0.0307 0.0334 0.0328 0.015 0 0.0125 0.0081

14 0.0121 0.0052 0.0233 0.0218 0.0093 0.0094 0.0077 0.0303 0.0215 0.0332 0.0386 0.022 0.0125 0 0.0166

15 0.007 0.0144 0.0067 0.0198 0.0191 0.026 0.0194 0.0204 0.0381 0.0415 0.0387 0.0121 0.0081 0.0166 0

16 0.0379 0.032 0.054 0.0566 0.0298 0.044 0.0467 0.0301 0.0351 0.0186 0.0118 0.0542 0.0392 0.039 0.0473

17 0.0072 0.0126 0.0094 0.0147 0.0189 0.0242 0.015 0.0258 0.0335 0.0413 0.0406 0.007 0.008 0.0148 0.0087

18 0.0075 0.014 0.0159 0.0294 0.0177 0.0285 0.0244 0.0112 0.0374 0.04 0.0295 0.0217 0.0067 0.0192 0.0092

19 0.0067 0.0132 0.0207 0.0286 0.0169 0.0278 0.0237 0.0136 0.0366 0.0393 0.0285 0.0209 0.0059 0.0184 0.014

20 0.0122 0.0085 0.0164 0.0112 0.0157 0.0156 0.008 0.0304 0.0277 0.0396 0.0454 0.0113 0.0125 0.0107 0.0141

21 0.0134 0.0098 0.0284 0.0295 0.0026 0.0212 0.018 0.0314 0.0171 0.0265 0.0319 0.0286 0.0136 0.0119 0.0217

22 0.0228 0.0193 0.0379 0.039 0.0121 0.0165 0.0275 0.0409 0.0076 0.0155 0.0331 0.0381 0.0231 0.0214 0.0312

23 0.0026 0.0076 0.0113 0.0191 0.012 0.0221 0.0154 0.0216 0.0265 0.0364 0.0366 0.0114 0.0038 0.0127 0.0046

24 0.0046 0.0034 0.0181 0.026 0.007 0.0179 0.0162 0.0211 0.0219 0.0286 0.0361 0.0183 0.0033 0.0085 0.0114

25 0.0255 0.0237 0.0407 0.0434 0.0165 0.0308 0.0335 0.0286 0.0219 0.0121 0.025 0.0409 0.026 0.0258 0.0341

26 0.0125 0.0091 0.0198 0.0146 0.0163 0.0122 0.0046 0.031 0.0243 0.0442 0.045 0.0147 0.0132 0.008 0.0148

27 0.0108 0.0173 0.0191 0.0326 0.0209 0.0318 0.0277 0.0079 0.0406 0.0433 0.0263 0.0249 0.0099 0.0224 0.0125

28 0.0236 0.0297 0.0333 0.045 0.0306 0.0442 0.0401 0.0063 0.0412 0.0344 0.012 0.0373 0.0224 0.0348 0.0267

29 0.008 0.0044 0.0167 0.0153 0.0116 0.016 0.0093 0.0263 0.0261 0.0355 0.0409 0.0152 0.0084 0.0066 0.01

30 0.019 0.0147 0.0332 0.0343 0.0075 0.0108 0.0244 0.0363 0.007 0.0198 0.0351 0.0334 0.0185 0.0175 0.2016

31 0.0165 0.0147 0.0317 0.0344 0.0075 0.027 0.0245 0.0348 0.0182 0.0169 0.0218 0.0319 0.0169 0.0168 0.0251

B 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31

1 0.0379 0.0072 0.0075 0.0067 0.0122 0.0134 0.0228 0.0026 0.0046 0.0255 0.0125 0.0108 0.0236 0.008 0.019 0.0165

2 0.032 0.0126 0.014 0.0132 0.0085 0.0098 0.0193 0.0076 0.0034 0.0237 0.0091 0.0173 0.0297 0.0044 0.0147 0.0147

3 0.054 0.0094 0.0159 0.0207 0.0164 0.0284 0.0379 0.0113 0.0181 0.0407 0.0198 0.0191 0.0333 0.0167 0.0332 0.0317

4 0.0566 0.0147 0.0294 0.0286 0.0112 0.0295 0.039 0.0191 0.026 0.0434 0.0146 0.0326 0.045 0.0153 0.0343 0.0344

5 0.0298 0.0189 0.0177 0.0169 0.0157 0.0026 0.0121 0.012 0.007 0.0165 0.0163 0.0209 0.0306 0.0116 0.0075 0.0075

6 0.044 0.0242 0.0285 0.0278 0.0156 0.0212 0.0165 0.0221 0.0179 0.0308 0.0122 0.0318 0.0442 0.016 0.0108 0.027

7 0.0467 0.015 0.0244 0.0237 0.008 0.018 0.0275 0.0154 0.0162 0.0335 0.0046 0.0277 0.0401 0.0093 0.0244 0.0245

8 0.0301 0.0258 0.0112 0.0136 0.0304 0.0314 0.0409 0.0216 0.0211 0.0286 0.031 0.0079 0.0063 0.0263 0.0363 0.0348

9 0.0351 0.0335 0.0374 0.0366 0.0277 0.0171 0.0076 0.0265 0.0219 0.0219 0.0243 0.0406 0.0412 0.0261 0.007 0.0182

10 0.0186 0.0413 0.04 0.0393 0.0396 0.0265 0.0155 0.0364 0.0286 0.0121 0.0442 0.0433 0.0344 0.0355 0.0198 0.0169

11 0.0118 0.0406 0.0295 0.0285 0.0454 0.0319 0.0331 0.0366 0.0361 0.025 0.045 0.0263 0.012 0.0409 0.0351 0.0218

12 0.0542 0.007 0.0217 0.0209 0.0113 0.0286 0.0381 0.0114 0.0183 0.0409 0.0147 0.0249 0.0373 0.0152 0.0334 0.0319

13 0.0392 0.008 0.0067 0.0059 0.0125 0.0136 0.0231 0.0038 0.0033 0.026 0.0132 0.0099 0.0224 0.0084 0.0185 0.0169

14 0.039 0.0148 0.0192 0.0184 0.0107 0.0119 0.0214 0.0127 0.0085 0.0258 0.008 0.0224 0.0348 0.0066 0.0175 0.0168

15 0.0473 0.0087 0.0092 0.014 0.0141 0.0217 0.0312 0.0046 0.0114 0.0341 0.0148 0.0125 0.0267 0.01 0.2016 0.0251

16 0 0.0472 0.0413 0.0402 0.0455 0.0324 0.0275 0.0429 0.0344 0.0132 0.0454 0.038 0.0238 0.0414 0.0319 0.0223

17 0.0472 0 0.0147 0.0139 0.007 0.0216 0.0311 0.0044 0.0113 0.0339 0.0104 0.0179 0.0303 0.0082 0.0264 0.0249

18 0.0413 0.0147 0 0.0051 0.0192 0.0203 0.0298 0.0104 0.01 0.0326 0.0198 0.0033 0.0175 0.0151 0.0251 0.0236

19 0.0402 0.0139 0.0051 0 0.0184 0.0195 0.029 0.0097 0.0092 0.0319 0.0191 0.0094 0.0165 0.0143 0.0244 0.0228

20 0.0455 0.007 0.0192 0.0184 0 0.0183 0.0278 0.0113 0.0119 0.0322 0.0034 0.0225 0.0349 0.0041 0.0232 0.0232

21 0.0324 0.0216 0.0203 0.0195 0.0183 0 0.0147 0.0146 0.0092 0.0191 0.0183 0.0235 0.0332 0.0142 0.0057 0.0101

22 0.0275 0.0311 0.0298 0.029 0.0278 0.0147 0 0.0241 0.0191 0.0143 0.0278 0.033 0.0344 0.0237 0.0044 0.0106

23 0.0429 0.0044 0.0104 0.0097 0.0113 0.0146 0.0241 0 0.0071 0.0293 0.0108 0.0137 0.0261 0.0061 0.0195 0.0195

24 0.0344 0.0113 0.01 0.0092 0.0119 0.0092 0.0191 0.0071 0 0.0212 0.0125 0.0132 0.0257 0.0072 0.0149 0.0121

25 0.0132 0.0339 0.0326 0.0319 0.0322 0.0191 0.0143 0.0293 0.0212 0 0.0322 0.0359 0.0222 0.0281 0.0186 0.009

26 0.0454 0.0104 0.0198 0.0191 0.0034 0.0183 0.0278 0.0108 0.0125 0.0322 0 0.0231 0.0355 0.0047 0.0238 0.0238

27 0.038 0.0179 0.0033 0.0094 0.0225 0.0235 0.033 0.0137 0.0132 0.0359 0.0231 0 0.0142 0.0184 0.0284 0.0269

28 0.0238 0.0303 0.0175 0.0165 0.0349 0.0332 0.0344 0.0261 0.0257 0.0222 0.0355 0.0142 0 0.0308 0.0364 0.0231

29 0.0414 0.0082 0.0151 0.0143 0.0041 0.0142 0.0237 0.0061 0.0072 0.0281 0.0047 0.0184 0.0308 0 0.0191 0.0184

30 0.0319 0.0264 0.0251 0.0244 0.0232 0.0057 0.0044 0.0195 0.0149 0.0186 0.0238 0.0284 0.0364 0.0191 0 0.0133

31 0.0223 0.0249 0.0236 0.0228 0.0232 0.0101 0.0106 0.0195 0.0121 0.009 0.0238 0.0269 0.0231 0.0184 0.0133 0
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Table 4. Katz-Bona
i
h 
entrality (L-index) and inter
entrality (C-index) measures for

all players

Number Provin
es bi (B, θ+µ) bi (B, 1) Li Ci
of player

1 Alborz 0.8241 2.7471 0.069 2.197

2 Markazi 0.8497 2.8325 0.08 2.33

3 Ardabil 1.1255 3.7515 0.314 3.932

4 West Azarbaijan 1.2389 4.1296 0.489 4.673

5 Esfahan 0.8703 2.9011 0.089 2.439

6 Khuzestan 1.0980 3.6599 0.276 3.762

7 Ilam 1.0493 3.4976 0.224 3.46

8 North Khorasan 1.1755 3.9184 0.378 4.259

9 Bushehr 1.1964 3.9879 0.411 4.395

10 Hormozgan 1.3444 4.4814 0.701 5.404

11 South Khorasan 1.3732 4.5773 0.774 5.606

12 East Azarbaijan 1.1259 3.7531 0.315 3.934

13 Tehran 0.8474 2.8246 0.079 2.317

14 Lorestan 0.9226 3.0753 0.12 2.722

15 Gilan 1.1859 3.9529 0.542 4.207

16 Sistan and Balu
histan 1.4345 4.7816 0.948

∗
6.04

∗

17 Zanjan 0.9608 3.2025 0.149 2.935

18 Mazandaran 0.9681 3.2270 0.152 2.979

19 Semnan 0.9673 3.2242 0.151 2.975

20 Kurdistan 0.9579 3.1931 0.146 2.919

21 Chaharmahaal and Bakhtiari 0.9418 3.1393 0.131 2.831

22 Fars 1.0850 3.6168 0.259 3.682

23 Qazvin 0.8644 2.8813 0.088 2.405

24 Qom 0.8282 2.7606 0.07 2.218

25 Kerman 1.1391 3.7971 0.324 4.026

26 Kermanshah 0.9727 3.2424 0.158 3.004

27 Golestan 1.0348 3.4495 0.208 3.373

28 Razavi Khorasan 1.2091 4.0303 0.429 4.481

29 Hamadan 0.8774 2.9248 0.095 2.475

30 Kohgiluyeh and Buyer-Ahmad 1.2142 4.0473 0.589 4.395

31 Yazd 0.9691 3.2303 0.149 2.989
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Also, we used inter
entrality 
on
ept to measure key players be
ause the inter-


entrality measure internalizes all the network payo� externalities whi
h players

exert on ea
h other whereas, Katz-Bona
i
h 
entrality fails to internalize them all.

We 
onsidered these two methods through using a weighted graph as an in
reas-

ing form with a length of the path to show Butter�y e�e
t in the network, whi
h

was underinvestigated in previous studies. On the fundament of these 
on
epts, we

formulated two indexes to measure the key leader and key player in the network.

For this result, several assumptions relevant to the situation of real empiri
al study

were spe
i�ed, and a payo� fun
tion for 
al
ulating the aggregate pro�t of ea
h

player based on its level of investment was de�ned.

Finally, with applying the proposed model and using game theory method whi
h


onsiders the intera
tion of a group of players in a 
omplex situation we 
ould

identify the key leader and key player in the provided DN problem.

The results show that the DC lo
ated in the Sistan and Balu
histan provin
e

is both the key leader and key player based on its relevant indexes. Also, the DC

lo
ated in the Alborz provin
e is more likely to be removed in the network with its

less key leader and key player indexes.
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