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Abstrat This artile explores a priing model for loud resoures, based on

use of two di�erent payment shemes - reservation and pay-as-you-go, eah of

whih is ontrolled by its administrator. The proess of pries determination

has a form of a two-stage game. At the �rst stage, administrators set pries

for their loud resoures, trying to maximize their revenue. At this stage, a

stati non-ooperative two-person game is solved, where administrators at

as players; their strategies are the pries for resoures; their utilities depend

both on pries and on the number of resoures sold. At the seond stage,

with pries values given, ustomers hoose a sheme of payment. Making

a hoie they seek to minimize their expeted osts, whih onsist of the

�nanial omponent and the waiting osts. First Wardrop priniple is used

in order to desribe user behaviour and optimality onditions in the seond

stage of the game. The analysis of the solutions obtained shows the eonomi

e�ieny of an additional payment sheme. The numerial examples show,

that the utility of the reservation sheme administrator is higher than that

of the pay-as-you-go sheme.

Keywords: priing, loud resoures, two-stage non-ooperative game, Nash

equilibrium.

1. Introdution

More and more sienti� artiles study eonomi aspets of loud resoures usage,

inluding the issue of priing for loud resoures (e.g., Xu and Li, 2013; Niu et al.,

2012). One of the main types of loud resoures is ¾IaaS¿ - omputing infrastru-

ture (servers, data storages, networks, operating systems), provided to ustomers

to deploy and run their own software solutions.

From tehnial point of view, ¾IaaS¿ is a remote set of servers and auxiliary

equipment onneted to a omplex network; this equipment is provided to ustomers

on a rental basis. Consequently, there is a spei� harateristi assoiated with

this approah - delay in provision of loud resoures. Queueing theory is a way

to simulate suh systems onsidering delay. This approah has been widely used

within the last 10 years to study di�erent aspets of the loud (e.g., Anselmi et al.,

2011; Ferreira, 2015). At the same time, if we onsider the IaaS provider, we an

distinguish a ertain minimum pakage of loud resoures - for example, a1.medium

universal instanes from Amazon, by renting whih the lient reeives 1 virtual

proessor and 2 gigabytes of memory per hour.

Large providers of loud resoures use di�erent payment models. As onluded

Al-Roomi et al. (2013), one of the most ommonly implemented payment shemes

is pay-as-you-go, in whih ustomers pay for resoures at the time and volume of

their onsumption. The disadvantage of this sheme is that the provider annot

plan the alloation of its resoures, whih may inrease the delays in aessing the

server. The alternative is to use a sheme where the payments are made in advane
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for some pre-spei�ed amount of resoures. This sheme (hereinafter referred to as

reservation) allows better planning of load distribution, whih leads to redution of

delays, as well as lowers pries for ustomers. At the same time, it is possible to

ombine these two shemes in order to inrease revenue, plan the load on the system

and redue ustomer osts. Therefore, the interation between ustomers and the

provider onsiders a on�it, sine the interests of the ustomers and the provider

are di�erent. The quality of servie depends on resoure alloation, pries and the

load on the provider equipment.

The artile studies the problem of priing for loud resoures when introduing

new payment sheme. Interests of administrators and ustomers are both in the

sope. Sheme administrators selet pries in order to maximize their own revenue.

At the same time, the task of lients is to hoose the payment sheme with the least

possible expeted osts. In the artile, the two-stage model is onsidered. First stage

is a stati non-ooperative game (Osborne and Rubinstein, 1994) between the ad-

ministrators for the opportunity to sell resoures, where eah administrator assigns

the prie in order to maximize his expeted revenue. To simulate the reservation

and pay-as-you-go shemes we use M/M/∞ and M/M/1 (Sztrik, 2012) queues to

take into aount the orrelation between response times and the �ow rates of re-

quests for the reservation and pay-as-you-go shemes, respetively. As a result, we

derive su�ient onditions for the existene of a Nash equilibrium. In the seond

stage, ompetition among ustomers who wish to purhase loud resoures with

minimal waiting and �nanial osts is studied. When the pries are set, we analyze

lients hoies of shemes. Here we �nd the Wardrop equilibrium, i.e. Nash User

Equilibrium (She�, 1985), ahieved by lients when hoosing a payment sheme.

At the end of the work, it is shown that implementation of the additional reser-

vation sheme has a positive e�et for the provider and the lients ompared to a

single pay-as-you-go-sheme. A numerial simulation of priing is arried out for

various values of parameters in order to determine the degree of in�uene of various

fators on the equilibrium values of pries and utilities. However, the question of

estimating the ost of the additional sheme implementation remains outside the

sope. It is assumed in the paper that the provider an optimize the alloation of

resoures through reservation information; it is also assumed that this allows to

level the osts of maintenane of the sheme.

The remainder of the artile is organized as follows. Setion 2 ontains review

of the subjet area. Setion 3 provides an overview of the sienti� literature on

loud resoures priing. Setion 4 inludes a desription of the pay-as-you-go and

reservation sheme. In Setion 5 we examine prie ompetition among sheme ad-

ministrators, as well as resoure prourement ompetition between ustomers when

hoosing a payment sheme; a omparison of the ase of one and two shemes in

equilibrium is arried out, an analysis of the results of numerial simulation is given.

Conlusions are formulated and possible areas for further researh are indiated in

Setion 6.

2. Cloud Resoures and Tehnologies

Sine the ineption of the loud servies market, these servies have appeared in Mi-

rosoft (Azure loud servie), Amazon (AWS loud servie), Google (Google Cloud

servie), Yandex (Yandex.Cloud) and others. These servies appeared beause var-

ious ompanies have a need to proess and store huge amounts of data. Hosting
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providers appeared due to the need to proess, store and transfer data. These om-

panies provide the ability to use their physial, system and software arhiteture

for storing, proessing and transmitting data. At the same time, there are two pos-

sible ways to provide aess to the infrastruture - physial and loud. The physial

infrastruture assumes that the lient rents a ertain number of dediated servers

without the provider managing them. The virtual infrastruture uses a pool of in-

tegrated servers, ontrolled by the provider. With this approah, for ustomers it is

easier to regulate their onsumption, and for the provider it is easier to optimize the

distribution of resoures over time. The provider has full aess to the information

infrastruture, beause of whih the lient an delegate the management of physial

resoures to the provider (Zhang et al., 2012).

Major global hosting providers, suh as Mirosoft (Azure division), Amazon

(AWS division), Alibaba (Ali Cloud division), Google (Google Cloud division) are

already atively using a payment sheme whereby ustomers are given a disount

on loud resoures if ustomers guarantee the onsumption of a ertain amount of

resoures spei�ed in the ontrat for a ertain period of time. These disounts range

from ontratual onsumption and length of time and may vary from 25% to 75%
of the regular prie (Ben-Yehuda et al., 2011). In this regard, there is a need for a

reasonable determination of the size of the disount in the ontrat for a long-term

period.

2.1. The Evolution of Cloud Tehnologies

At the present time, tasks of various organizations are beoming inreasingly large-

sale and their implementation without use of signi�ant amounts of omputing

resoures is nearly impossible (Sun et al., 2015). Often, a number of programs are

responsible for implementing di�erent proesses, oordinating between di�erent de-

partments, et. The proesses of transferring information between business units

within the same ompany have beome more ompliated, and omputing apai-

ties are needed to implement business proesses. Due to extensive usage of loud

information tehnologies in many areas let us desribe it on a single example of

logistis. The urrent stage of development of information tehnology in logistis is

alled ”transition to managed hosting” (Luas D. Introna, 1991). Logistis ompa-

nies refuse to invest in the reation of their own omputing infrastruture and the

maintenane of speialized IT personnel. In this situation, the logistis ompany is

a tenant of the information infrastruture of the provider and ats as a user of the

software installed on the equipment of the provider. This interation between the

provider and the ompany is arried out at the expense of loud tehnologies. At

the same time, all work related to hardware and software falls on the provider. The

provider is responsible for maintaining the infrastruture, managing it, installing

the neessary software and monitoring its ondition, as well as maintaining high

performane and ensuring information seurity.

In the future, we will use the following de�nition of loud tehnologies (loud

omputing/loud resoures), given on the o�ial Amazon Web Servies (AWS)

website. Cloud Computing is the provision of omputing power, loud storage for

databases, appliations and other IT resoures via the Internet. All types of loud

tehnologies an be divided into several groups aording to the type of organization

of loud arhiteture: Private Cloud, Publi Cloud, Hybrid Cloud (Al-Roomi et al.,

2013).
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Publi Cloud is a loud infrastruture in whih the organization of work is stru-

tured in suh a way that many partiipants an use the infrastruture simultane-

ously. From a tehnial point of view, this way of organizing work in the loud is

the simplest.

Private Cloud is a loud infrastruture in whih the organization of work is built

in suh a way that the infrastruture an be used only within one organization. This

way of organizing loud infrastruture is more ompliated, but it allows ustomizing

the system for the tasks of a partiular organization.

Hybrid Cloud is a way of loud arhiteture organization, in whih the provider

uses a set of loud solutions based on Publi Cloud and Private Cloud, synhronized

with eah other. For example, a private omputing loud, a publi loud for data

storage and a dediated server are alloated. It also supports the interation between

these omponents. This onept is the most �exible and modern, and therefore is in

high demand. Most often, large ompanies use Private Cloud beause it is the best

way to protet their data and keep it within the organization. For the organization of

loud arhiteture in the ase of interation between di�erent ompanies (espeially

in the supply hain), Publi Cloud tehnology is better suited. Publi Cloud is

heaper than Private Cloud for all partiipants in the hain. At the same time, the

Private Cloud tehnology onentrates on aess to data within the system, sine

the Publi Cloud is more open.

2.2. The Current Stage of Cloud Tehnology Development

The main advantage of using loud tehnologies in omparison with organizing the

omputing struture within the ompany is the absene of needs for signi�ant

funds to organize and maintain the information system. Thus, the ompany has the

opportunity to free up additional resoures for the development of the organization.

Among the loud tehnologies, three main types an be distinguished aording

to the degree of their penetration into the ompany: Infrastruture as a Servie

(IaaS segment), Platform as a Servie (PaaS segment), Software as a Servie (SaaS

segment) (Li et al., 2014).

The Infrastruture as a Servie segment is a distributed infrastruture without

additional software pre-installed on it and is provided to ustomers on rental basis.

This element is most often used in loud tehnologies, sine its organization does

not require additional osts for the development of supporting appliations and the

development of platforms from the provider. The provider lends only hardware with

operating system (optional), and the installation of appliations rests with the lient

ompany.

The Platform as a Servie segment provides a platform based on a virtual infras-

truture, suh as the provision of a database or an operating system. This element

is based on IaaS, sine the provider not only develops the infrastruture, but also

is responsible for installing platforms on this infrastruture.

The Software as a Servie segment provides, based on IaaS and PaaS (infras-

truture and installed platform), a set of programs that meets the spei� needs of

the lient. At the moment, it is the most advaned and deeply integrated solution

for the organization of the loud system.
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3. Priing for Cloud Resoures in Sienti� Literature

To begin with, we review some of the works written earlier on the issue of priing for

loud resoures and disuss promising approahes that use game theory to desribe

the ompetition proess among ustomers and providers.

Urgaonkar et al. (2013) deal with priing from the point of view of ustomers

and loud infrastruture providers; in this artile, various types of organizations

that have their own spei�ity in priing are onsidered as lients and providers

with di�erent types of resoures. K�unsem�oller and Karl (2012), using game theory,

explore the priing model for loud resoures based on lient osts, depending on

whih lient an either purhase servies from a loud provider or invest in the

organization of his own omputing infrastruture.

Hadji et al. (2011) study priing, taking into aount the geographial loation of

ustomers. The authors onsider di�erent ases - ases of equal and di�erent pries

for di�erent lients and a ase of equality of lient utility oe�ients (when lients

equally value the utility per unit of resoure aquired). Mazzuo and Dumas (2011)

examine the issue of optimal planning of server operation, when provider uses two

payment shemes - premium and basi. The premium model lient is obliged to pay

for the reservation of equipment for a ertain period (for example, a year). At the

same time, premium lients an use their resoures at any time, paying for their

onsumption. The provider is fored to pay a penalty, if he is not able to alloate

equipment for the needs of a premium lient. The ustomers of the basi sheme

do not make an advane payment for the reservation of equipment, but the prie

for loud resoures for them may be higher than that for premium ustomers. In

order to re�et the possibility of denial of servie, it appears that ustomers form

a Poisson �ow of servie requests, and two loud servie shemes �premium and

basi� are presented in the form of queues. However, this paper is not onentrated

on priing, but provides interesting onept of di�erent types of users with servie

privileges.

Feng et al. (2014) onsider priing for loud resoures with prie ompetition

between providers serving a ommon pool of ustomers. Eah lient has a Poisson

�ow of requests with intensity λ . Eah of the providers is represented as an M/M/1

queue. At the same time, providers have di�erent amounts of resoures, expressed

in the di�erene between the values of servie rates. Cuong et al. (2016) explore

the priing for loud resoures in the presene of two di�erent providers - a publi

provider and a loud broker, who has the ability to purhase additional resoures

from other publi providers. Both owners of loud resoures serve a ommon pool of

potential ustomers, whih generates a Poisson �ow of requests that splits between

the owners of the loud infrastruture. In this ase, the hoie of a ertain loud

servie provider by its ustomers depends on the expeted response time and on the

prie of loud resoures. The servie model of a loud broker is an M/M/∞ queue

due to the ability to manage the �ow of requests for provision of equipment and

rediret requests to other providers from whom the broker purhased resoures. The

publi provider, in turn, is represented as an M/M/1 queue with the same output

stream parameter as that of the broker. The prie for loud resoures at a broker is

higher than that of a publi provider, but the average time that the servie request

spends in the system is less. The interation of ustomers and suppliers is organized

in the form of a two-stage game. At the �rst stage, the prie interation between

the publi provider and the broker is a non-ooperative stati game in whih both
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administrators hoose a prie, whih maximizes their revenue. At the seond stage,

at given pries, ustomers hoose from whih of the two owners of loud resoures

to buy, based on prie and response time. As a result, numerial modeling of pries

with di�erent values of parameters showed the broker's advantage over the publi

provider in terms of revenue.

4. The Model of Competitive Priing

The main goal of this artile is to analyze the interation between lients and loud

provider, when he an apply two di�erent payment shemes � pay-as-you-go and

reservation. The next step is to ompare one payment sheme ase with two shemes.

Pries and response times are the main harateristis that a�et the stream of

lients. The interation is held between lients and the provider, and among lients

and administrators. The interation has the following struture.

1. Both administrators apply their pries in order to maximize their expeted rev-

enue. The revenue of a sheme administrator depends on the number of lients

that hoose this sheme. The administrator of reservation sheme also deter-

mines the volume of reserved resoures.

2. Clients hoose payment sheme based on response time (delay) and prie. They

prefer the sheme that provides them the lesser expeted total ost.

3. The response time (delay), experiened by lients of a sheme depends on the

provider's equipment workload. Moreover, the workload depends on the inten-

sity of request �ow to this sheme.

4.1. The Problem Formulation

The provider obtains additional information and prepayments from the lients of

the reservation sheme. It allows the provider to optimize his osts and resoure al-

loation, so the response time dereases. Thus, provider is interested in this sheme,

so he is ready to provide a disount for his loud resoures (Ben-Yehuda et al., 2011).

Furthermore, lients wish to proure resoures with lesser expeted osts and hoose

this sheme.

Nevertheless, some lients prefer the simpler pay-as-you-go sheme. These lients

are mostly non-ommerial or small ommerial organizations, that annot analyze

and plan resoure onsumption or do not wish to overpay for unused resoures.

The provider implements the shemes by appointing an administrator in lead of

eah of them. These administrators serve the ommon pool of lients. Eah lient has

a Poisson stream of servie requests with intensity λ . When he hooses a sheme, he

joins the orresponding queue, formed by all lients of this sheme. The total �ow of

requests to administrator is Poisson and its intensity equals the sum of this sheme

lients intensities (it is onsidered, that lients request �ows are independent).

We assume that the average response time in reservation sheme is independent

of the workload due to the e�etive sheduling. Therefore, the hosen model for the

reservation sheme system is an M/M/∞ queue. Average waiting time in this system

does not depend on the intensity of request �ow (Sztrik, 2012). The administrator of

pay-as-you-go sheme annot shedule the workload with the same e�ieny. This

system an be modeled as an M/M/k queue or even more omplex one; in order

to simplify the formulas we use M/M/1 queueing model. Hene, the servie rates
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of queueing systems represent resoure apaities of administrators. Further, the

interation onsists of two stages. At the �rst stage, both administrators ompete

by setting their pries to maximize their revenues. However, if prie is too big, lients

will deviate from this sheme to the other one. Therefore, both administrators should

arefully hoose their pries. At the seond stage, when the pries are determined,

lients hoose a sheme. If too many lients hoose a payment sheme, it may lead

to performane degradation and inrease of the response time. Therefore, part of

lients will hoose the alternative sheme. This proess ends, when the expeted

osts of a lient equals average osts among all lients.

4.2. The Provider Model

As said before, reservation sheme lients make payment at the beginning of the

ontrat period; that allows provider to optimize resoure alloation planning and

provide more stable servie for ustomers. For example, Calheiros et al. (2011) and

Wang et al. (2015) study di�erent ways of workload foreasting and infrastruture

optimization for loud providers. We assume, that reservation allows lients to have

response time independent of the total request �ow rate to this sheme. We suppose

that the provider is able to serve the whole pool of lients using any sheme. This

assumption is neessary for existene of the stationary regime in the queues and for

providing analytial results for average response times (Sztrik, 2012).

Let us turn to the desription of the model. There are N lients in total and

eah of them has his own Poisson stream of requests for servie with rate λ . Denote

by λ1 and λ2 the rates of the total request �ows to the reservation and pay-as-

you-go shemes respetively, so λ1 + λ2 = Nλ . Here, the servie rates of both

queueing systems is µ . Denote by n (0 ≤ n ≤ N) the number of lients hoosing

the reservation sheme. Thus, the number of pay-as-you-go sheme lients equals

N − n ≥ 0 . If a lient hooses the �rst sheme, he pays in advane for a ertain

amount of resoures λc · t, determined by the administrator, where time of ontrat

t = 1 and is omitted further as we onsider the interation during one period. If

lient's onsumption during the ontrat period exeeds λc , then the rest part of

his requests is served by the pay-as-you-go sheme.

Client's osts onsist of �nanial and waiting parts. Finanial omponent Cf is

the prie of all loud resoures proured by a lient. Waiting osts Cw represent

�nanial equivalent of total time until a lient is served . Then

C = Cf + Cw .

The expeted number of requests from a lient equals his �ow rate. Consider the

prie p1 set, the expeted �nanial osts of a reservation sheme lient are

Cf = p1λc + I
{

λc < λ
} (

λ− λc

)

p2 .

where I
{

λc < λ
}

indiates, that expeted onsumption exeeds the ontrat size.

Consider the prie p2 set, the expeted �nanial osts of a pay-as-you-go sheme

lient are

Cf = p2λ .

The average time a request spends in system waiting for servie and being served

at the stationary regime of reservation sheme is

T1 =
1

µ
.
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The average response time for a request in pay-as-you-go sheme depends on the

inoming �ow rate and equals

T2 =
1

µ− λ2
.

Due to homogeneity of lients, the total request �ow intensity for the �rst sheme

λ1 = nλ

and for the seond sheme

λ2 = I
{

λc < λ
} (

λ− λc

)

n+ (N − n)λ

where the �rst summand shows the total over-onsumption of the �rst sheme

lients, and the seond is the total onsumption of the seond sheme lients.

In this artile, we use the user urgeny oe�ient α to estimate the osts of

waiting for servie in monetary dimension. Average waiting osts at the reservation

sheme are

Cw = I
{

λc ≥ λ
}

[

(

λt
) α

µ

]

+

+ I
{

λc < λ
}

[

(λct)
α

µ
+
(

λ− λc

)

t
α

µ− n
(

λ− λc

)

− (N − n)λ

]

,

where the �rst summand is non-zero if lient does not exeed the reserved amount

of resoures and the seond summand is non-zero in the other ase; it onsists

of waiting osts during the ontrat and waiting osts of extra resoures. Average

waiting osts at the Pay-as-you-go sheme are

Cw =
(

λt
) α

µ− I
{

λc ≤ λ
} (

λ− λc

)

n− (N − n)λ
.

Therefore, the �rst sheme lient expeted total osts are

C1 = p1tλc + I
{

λc < λ
} (

λ− λc

)

p2t+ I
{

λc > λ
}

[

(

λt
) α

µ

]

+

+ I
{

λc ≤ λ
}

[

(λct)
α

µ
+
(

λ− λc

)

t
α

µ− n
(

λ− λc

)

− (N − n)λ

]

. (1)

Similarly, the seond sheme lient expeted osts are

C2 =
(

λt
) α

µ− nI
{

λc ≤ λ
} (

λ− λc

)

− (N − n)λ
+ p2

(

λt
)

. (2)

The revenue of the reservation sheme orresponds to the total revenue, obtained

by priing all lients of the sheme. Therefore, his utility funtion an be expressed

as

U1 = n (λct) p1 .

The revenue of the pay-as-you-go sheme onsists of two omponents. The �rst

omponent is the total amount of money paid by �rst sheme lients for the extra
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resoures. The other omponent is obtained by priing the seond sheme lients.

Thus, the utility funtion of this sheme an be written down as follows

U2 = I
{

λc ≤ λ
} (

λ− λc

)

tnp2 + (N − n)
(

λt
)

p2 .

However, as we study situation during one ontrat period, we set t as one and

skip the notion of time in formulas further.

5. Equilibrium Priing

Two equilibria are to be obtained in this setion.

1. Pair of equilibrium arrival rates (λe
1, λ

e
2) , formed by lients request �ows to the

�rst and the seond sheme respetively.

2. Pair of equilibrium pries (pe1, p
e
2) , set by the sheme administrators.

In fat, in the next subsetion we �nd the number n of the �rst sheme lients;

the other N −n lients hoose the other sheme. Number n an be not natural, and

then the ratio n/N shows the share of lients, that hoose the reservation sheme.

5.1. Clients Equilibrium

With the values (p1, p2, λc) given, lients ahieve the equilibrium �ow rates (λe
1, λ

e
2)

by hoosing the sheme. For the sheme hoosing game there exist two onditions.

1. Eah lient individually minimizes his osts, expressed in (1) for the reservation

sheme and in (2) for the pay-as-you-go sheme.

2. At equilibrium the average osts C1 = C2 , are equal if there exist non-zero rate

�ows of requests to eah sheme.

These onditions satisfy the �rst Wardrop priniple (Wardrop, 1952). The de�nition

of lients equilibrium for our problem an be given as follows:

De�nition 1. A ouple of arrival rates (λe
1, λ

e
2) is a Wardrop equilibrium, if and

only if there exists a onstant C > 0 suh that

Ci (λ
e
i ) = C, if λe

i > 0 ;

Ci (λ
e
i ) > C, if λe

i = 0, i = 1, 2 ;

λe
1 + λe

2 = λ .

Due to the onnetion between total �ow rates, number of the �rst sheme lients

n, lient individual �ow rate λ and the total number of lients N , De�nition 1 an

be reformulated.

De�nition 2. Value n orresponds to Wardrop equilibrium if and only if there

exists onstant C > 0 suh that

Ci (n) = C, if N > n > 0 , i = 1, 2 ;

C1 (n) > C, if n = 0 ;

C2 (n) > C, if n = N ;

where C1 (n) , C2 (n) are obtained from formulas (1) and (2) respetively.
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At equilibrium, if C1 = C2 = C , then

p1λc + I
{

λc < λ
}

p2
(

λ− λc

)

+ I
{

λc > λ
}

[

λ
α

µ

]

+

+ I
{

λc ≤ λ
}

[

λc

α

µ
+
(

λ− λc

) α

µ− n
(

λ− λc

)

− (N − n)λ

]

=

= λ
α

µ− nI
{

λc ≤ λ
} (

λ− λc

)

− (N − n)λ
+ p2λ

There are two ases:

I: λc ≤ λ and II: λc > λ .

In the ase I, we have a trivial equilibrium. Due to the restrition p1 ≤ p2 both

the waiting Cw and �nanial Cf osts for the reservation sheme lients are less

than for pay-as-you-go sheme lients. Therefore, all lients hoose the �rst sheme;

this orresponds to the situation, when n = N.
Let us take a loser look at the ase II.

Value n an be expressed as a funtion of λc, p1, p2 :

n = N −

[

µ+
α

p2 − p1
λc

λ
− α

µ

]

1

λ
. (3)

Consider the inequality 0 < n < N , we obtain the following restrition for

pries values:

p1
λc

λ
> p2 > p1

λc

λ
+

α

µ
−

α

µ−Nλ
.

5.2. Equilibrium in the Sheme Competition Model

We formalize the interation between the administrators as a two person non-

ooperative stati game (Osborne and Rubinstein, 1994). The �rst and the seond

players are the reservation sheme and the pay-as-you-go sheme administrators

respetively. Eah player strategy is the prie p1 or p2 respetively, and they hoose

them in order to maximize their utilities.

Eah player an hoose the strategy that maximizes his utility funtion when the

strategy of his opponents is known. Denote by (pe1, p
e
2) a situation, when no player

has an inentive to hange his strategy unilaterally. Therefore, the point (pe1, p
e
2)

an be obtained by best responses that are the best strategies for eah player, when

the other player strategy is known

BR1 (p2) = arg max
p2>p1>0

U1 (p1, p2) ,

BR2 (p1) = arg max
p1

λc

λ
>p2>p1

λc

λ
+α

µ
−

α

µ−Nλ

U2 (p1, p2) .

Then Nash equilibrium for our problem an be de�ned as follows:

De�nition 3. Situation (pe1, p
e
2) is a Nash equilibrium if and only if

pe1 ∈ BR1 (p
e
2) , pe2 ∈ BR2 (p

e
1) .

Aording to the seond order ondition (Boyd and Vandenberghe, 2004), the

onvexity of the utility funtions U1 (p1, p2) and U2 (p1, p2) an be haraterized as

shown in the following lemma.



Competitive Priing for Cloud Information Resoures 335

Lemma 1. For a given prie p1 > 0 the funtion U2 (p1, p2) is stritly onave

with respet to p2 ∈
[

0, p1
λc

λ
+ α

µ

)

. For a given prie p2 , if p2 < α
µ

, then

the funtion U1 (p1, p2) is stritly onave; otherwise, it is stritly onave if p1 ∈
[

0, λ
λc

(

p2 − α
µ

)]

and onvex if p1 > λ
λc

(

p2 − α
µ

)

.

Proof. The proof follows stritly from the seond order onditions

∂2U1

∂p21
< 0,

∂2U2

∂p22
< 0,

where

∂2U1

∂p21
=

(

λc

λ

)2 2α
(

α
µ
− p2

)

[

p2 − p1
λc

λ
− α

µ

]3 ,
∂2U2

∂p22
= 2

(

p1
λc

λ
+ α

µ

)

α
[

p2 − p1
λc

λ
− α

µ

]3 .

Due to the lemma, to �nd the intersetion point of two reation urves it is

neessary to solve simultaneously two maximization problems as follows:

arg max
p2>p1>0

U1 (p1, p2) ,

arg max
p1

λc
λ

>p2>p1
λc
λ

+α
µ
−

α

µ−Nλ

U2 (p1, p2) ,

where the utility funtions U1 (p1, p2) , U2 (p1, p2) with n de�ned by Wardrop equi-

librium as (3) are:

U1 (p1, p2) = nλcp1 =

(

Nλc −
µ

λ
λc

)

p1 −
λc

λ
αp1

p2 − p1
λc

λ
− α

µ

, (4)

U2 (p1, p2) = (N − n)λp2 = µp2 +
αp2

p2 − p1
λc

λ
− α

µ

. (5)

Solving simultaneously the �rst order onditions ∂U1/∂p1 = 0 and ∂U2/∂p2 = 0
we obtain:















p1 = λ
λc

[
√

(

α
µ
− p2

)

α

µ−Nλ
−
(

α
µ
− p2

)

]

p2 =
(

λc

λ
p1 +

α
µ

)

−
√

α
µ

(

p1
λc

λ
+ α

µ

)

.

(6)

Let us de�ne

a =
α

µ
, b =

α

µ−Nλ
, l =

λc

λ
.

The pries (6) in the new notation take the following form:

{

p1 = 1
l

[

√

(a− p2) b − (a− p2)
]

p2 = (lp1 + a)−
√

a (lp1 + a) .
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By solving the system we obtain















pe1 = 1
l

[
√

b

(

a− ab(a+2b)−
√

a4b(5b+4a)

2(a+b)2

)

+
ab(a+2b)−

√
a4b(5b+4a)

2(a+b)2
− a

]

pe2 =
ab(a+2b)−

√
a4b(5b+4a)

2(a+b)2
.

(7)

Combining �rst-stage and seond-stage equilibrium onditions, we formulate the

following de�nition of Nash interior equilibrium pries, suitable for the model.

De�nition 4. If a pair of Nash equilibrium pries (Petrosian et al., 2012) (p∗1, p
∗

2)
satis�es

p∗2 > p∗1 > 0 , (8)

N > n = N −

[

µ+
α

p∗2 − p∗1
λc

λ
− α

µ

]

1

λ
> 0 , (9)

then (p∗1, p
∗

2) is an interior Nash equilibrium.

Theorem 1. If (pe1, p
e
2), de�ned by (7), satis�es

pe2 > pe1 ,

then (pe1, p
e
2) is an interior Nash equilibrium.

Proof. We need to show that onditions of De�nition 4 are satis�ed. Condition (8)

is obviously satis�ed due to the theorem formulation. Condition (9) is equivalent to

ondition pe1l > pe2 > pe1l + a− b and is guaranteed by the theorem. We now prove

that (pe1, p
e
2) is a Nash equilibrium.

Sine we have pe2 < a , by using Lemma 1 funtion U1 (p1, p
e
2) is stritly onave

with respet to p1 > 0 . We an �nd its maximum by solving the �rst order ondition.

Sine pe1 is the root of

∂U1

∂p1

= 0 it maximizes U1 (p1, p
e
2) . Sine pe1 < pe2 by the

theorem formulation, these pries are in the feasible region.

It follows from Lemma 1 that funtion U2 (p
e
1, p2) is stritly onave with respet

to p2 ∈ [0, pe1l + a] and 0 < pe2 < a ; therefore, its maximum an be found as the

root of

∂U2

∂p2

= 0 , whih is pe2 .

Then, the pair of pries (pe1, p
e
2) satis�es all onditions in De�nition 4. Therefore,

the proof is omplete.

However, it is important to investigate the impat of the value l = λc

λ
on equilib-

rium pries. Sine the Theorem 1 formulation, the ondition pe2 > pe1 is equivalent to

l >

√

(a−pe
2)b+pe

2
−a

pe
2

, where pe2, p
e
1 satisfy (7). Sine the value λ is given, the ontrat

size of onsumption λc needs to satisfy the following inequality

λc > λbottom =

√

(a− pe2) b+ pe2 − a

pe2
λ
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5.3. Eonomi E�et

In this subsetion, we look at the eonomi e�et of additional sheme implemen-

tation. We hek, is additional sheme pro�table for provider and for lients.

Let us denote

U1 = U1 (p
e
1, p

e
2) = nλcp

e
1 , (10)

U2 = U2 (p
e
1, p

e
2) = (N − n)λpe2 . (11)

Utilities U1 and U2 in (10), (11) orrespond to the revenue from the �rst and the

seond shemes respetively at pries set by formulas (7). Then, in the �rst ase,

the total revenue of the provider is

U = U1 + U2 . (12)

We de�ne by U0 the total revenue in ase of single pay-as-you-go sheme, when

the whole �ow of requests is served aording this sheme:

U0 = Nλpe2 . (13)

Then we formulate the di�erene between the revenues in both ases as follows:

Theorem 2. The total revenue U in the �rst ase and the total revenue U0 in the

seond ase satisfy the following inequality:

U > U0 . (14)

Proof. Sine (pe1, p
e
2) satisfy onditions (7), they also ful�ll (6). Then,

U = α−
√

(a− pe2) bµ+
√

(a− pe2) bNλ+Nλpe2 −
αa

√

(a− pe2) b
+ aµ− aNλ .

Let us denote ∆U = U − U0 . Now we show, that ∆U > 0 . Indeed:

∆U = α−
√

(a− pe2) bµ+
√

(a− pe2) bNλ−
αa

√

(a− pe2) b
+ aµ− aNλ ,

Then, after transformation we obtain

∆U =

(

a−
√

(a− pe2) b

)

[

µ−Nλ−
α

√

(a− pe2) b

]

.

Sine a−
√

(a− pe2) b < 0 , then ∆U > 0 if and only if µ−Nλ− α
√

(a−pe
2)b

< 0 . Let

us notie, that the following two inequalities are equivalent:

µ−Nλ−
α

√

(a− pe2) b
< 0,

√

(a− pe2) b <
α

µ−Nλ
= b .

Sine (a− pe2) < b , the inequalities are veri�ed. Therefore, ∆U > 0. The proof is

omplete.
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As the next step, we alulate the di�erene between the expeted osts in both

ases. Let us denote by C1
the expeted osts in the single sheme ase, and by C2

the expeted osts in the two shemes ase. Then we have

C1 = pe2λ+
α

µ−Nλ
λ ,

C2 = pe2λ+
α

µ− (N − n)λ
λ ,

where n is taken from (3) with respet to (7). Then the di�erene between lient's

expeted osts is

∆C = C1 − C2 =
αnλ

2

(

µ−Nλ
) (

µ− (N − n)λ
) > 0 .

Therefore, the expeted osts for lients are less in the ase of two shemes; the

revenue for the provider is bigger in this ase. This proves the e�ieny of the

additional sheme implementation for both the provider and lients.

5.4. Numerial Examples

In this subsetion, we alulate and analyze the numerial results of prie ompeti-

tion modeling with di�erent values of parameters. This allows analyzing the e�et

of parameters on the equilibrium pries, �ow rates and administrator utilities.

Firstly, onsider the impat of the servie rate µ as Nash equilibrium pries

highly depend on the administrators resoure apaities µ .

Table 1. Utilities, pries and �rst sheme lient share at servie rate µ , α = 0.5 , λ = 2 ,

N = 5 , λc = 1.001λbottom .

µ U1 U2 n/N pe1 pe2 costC λbottom

30 0.0303 0.0085 0.6533 0.0024597 0.0024622 0.0426 3.7726

35 0.0216 0.0060 0.6554 0.0017291 0.0017308 0.0352 3.8069

40 0.0161 0.0044 0.6569 0.0012817 0.0012831 0.0299 3.8323

45 0.0125 0.0034 0.6580 0.0009880 0.0009890 0.0260 3.8518

50 0.0100 0.0027 0.6589 0.0007849 0.0007857 0.0230 3.8674

The results of numerial modeling of equilibrium pries, utilities and lient shares

at di�erent values of servie rate µ are shown in Table 1. We observe that the utility

of the reservation sheme administrator is higher than the utility of the other one

for eah value of µ in the table. The values of equilibrium pries and expeted

osts C and utilities derease, when the servie rate grows, but the share of lients

stays almost the same. The lower bound for the ontrat size of onsumption λbottom

grows with inrease of the servie rate. The resoure apaity a�ets the equilibrium

pries more, than the osts of lients.

Table 2 ontains results of numerial modeling of equilibrium pries, utilities and

lient shares at di�erent values of lient pool size N . As expeted, the equilibrium

pries, utilities and expeted osts inrease with the growth of the pool of lients;

the lower bound for ontrat size goes down at the same time. Nevertheless, the

utilities grow faster, than lients osts. The lient share of the �rst sheme slightly

dereases, when N grows.
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Table 2. Utilities, pries and �rst sheme lient share at lients pool size N ; α = 0.5 ,

λ = 2 , µ = 30 , λc = 1.001λbottom .

N U1 U2 n/N pe1 pe2 costC λbottom

5 0.0303 0.0085 0.6533 0.0024597 0.0024623 0.0426 3.7726

7 0.0654 0.0194 0.6473 0.0039266 0.0039304 0.0478 3.6745

9 0.1201 0.0377 0.6409 0.0058291 0.0058350 0.0542 3.5726

11 0.2019 0.0673 0.6339 0.0083531 0.0083614 0.0623 3.4665

13 0.3222 0.1147 0.6263 0.0117942 0.0118060 0.0729 3.3557

Finally, we analyze the orrelation between desired values and lients urgeny

α . As it is shown in Table 3, the variation of this parameter does not a�et the

lient share and the lower bound of ontrat size. The other values vary in diret

proportion to the hange in the oe�ient α .

Table 3. Utilities, pries and �rst sheme lient share at urgeny α; N = 5 , λ = 2 ,

µ = 30 , λc = 1.001λbottom .

α U1 U2 n/N pe1 pe2 costC λbottom

0.5 0.0303 0.0085 0.6533 0.0024597 0.0024623 0.0426 3.7726

1 0.0606 0.0171 0.6533 0.0049196 0.0049245 0.0852 3.7726

1.5 0.0909 0.0256 0.6533 0.0073794 0.0073868 0.1278 3.7726

2 0.1213 0.0341 0.6533 0.0098392 0.0098490 0.1705 3.7726

2.5 0.1516 0.0427 0.6533 0.0122990 0.0123113 0.2131 3.7726

The numerial examples show that the size of the lients pool has the biggest

impat on values of the equilibrium pries. At the same moment, the inrease in re-

soure apaity leads to derease in values of the equilibrium pries, and an inrease

in the size of lient pool has the opposite e�et.

Let us note that the equilibrium prie for loud resoures at the �rst sheme

is inversely proportional to the ontrat size. Therefore, the administrator an sell

additional amount of unused loud resoures by inreasing the ontrat size.

6. Conlusion

In this paper, the two-stage priing model for loud resoures has been studied. At

the �rst stage we have modelled the prie ompetition between two administrators

as a non-ooperative stati game. Then, the equilibrium pries have been derived

and the su�ient onditions for their existene provided. At the seond stage we

have found the lient shares using Wardrop's user equilibrium priniple. It has

been shown, that implementation of the addition sheme has a positive e�et on

the expeted osts of lients and the provider's revenue. The numerial modeling

results with varying parameters show, that the lient pool size and the servie rate

have strong in�uene on equilibrium pries. At the same time, at the equilibrium

the utility of the reservation sheme administrator is always bigger, than the utility

of the pay-as-you-go administrator.

The operating osts, whih are a funtion of resoure apaity µ provide great

interest and potential for future researh. Espeially, the analyses of more omplex

M/M/k queues with priorities is another interesting way of future work. This leads
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to another additional problems and mehanisms, suh as resoure alloation between

two shemes and di�erent priing models for di�erent types of ustomers. Another

interesting generalization of the urrent model is the ase of heterogeneous lients

(e.g. when their request �ow rates di�er).
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