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Abstrat We onsider a two-stage network formation game with heteroge-

neous players and private information. The player set onsists of a leader

and a �nite number of other ommon players, whih are divided into two

types, passive and positive players. At the �rst stage, the leader suggests

a onneted ommuniation network for all players to join. While it is as-

sumed that the link information whih every ommon player reeives from

the leader is private. Based on the private information, every player hooses

the ation, aept or rejet, at the seond stage. A network is formed �nally.

We show the existene of subgame perfet Nash equilibrium in the game.

The result is illustrated by an example.

Keywords: heterogeneous players, private information, Myerson value, sub-

game perfet Nash equilibrium.

1. Introdution

In reent years, network games, network stability, network formation as well as issues

about ommuniation networks have been widely studied. Jakson and Wolinsky

(1996) initially proposed the onept of pairwise stability to haraterize stable

network in whih the rule of network formation is alled JW rule. Bala and Goyal

(2000) mainly studied the Nash equilibrium network and its dynami formation

proess, showing that the Nash network has speial strutures, suh as the star

or the wheel. Avrahenkov et al. (2011) addressed network formation issue using

ooperative game theory and solve the ooperative network formation game with

the Nash bargaining solution onept.

An important extensive researh in network formation is to introdue hetero-

geneity. There are various types of heterogeneity, suh as heterogeneous players,

heterogeneous osts of forming links, heterogeneous information delivering qualities

of links, et. Heterogeneous players were introdued in (Larrosa and Tohme, 2003)

where the payo� of eah player is not only assoiated with the number of links

in those paths, the end of whih is suh player, but also related with the values

of himself, and the values of players are various. Galeotti et al. (2006) introdued

heterogeneous osts of forming links as well as heterogeneous values in the two-way

�ow model, and proved that entrality and short average distanes between players

are robust features of equilibrium networks.
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Besides, Petrosyan and Sedakov (2014) onsidered the multistage network games

with perfet information in whih players an hange the network struture at eah

stage, and proposed a method for �nding optimal behavior for players in games

of this type. The endogenous dynami formation of the network was introdued in

(Aumann and Myerson, 2003) where an auxiliary linking game whih onsists of

pairs of players being o�ered to form links while the o�ers are made one by one

aording to some hosen order of feasible links was onstruted. And the linking

game was with perfet information.

In pratie, heterogeneous people are fairly ommon among the ommunity, for

instane, female and male, individuals with various eduation bakgrounds, like

bahelor, master, dotor, people from di�erent ountries, and so on. And it is also

reasonable that various people have di�erent standards and fae various ases al-

though in the same ommunity, suh as di�erent levels of salary, getting di�erent

information about the ommunity, et. In this paper, we onsider the game of in-

omplete information, and to simplify the ompliated ase brought by inomplete

information, heterogeneous players are introdued simultaneously.

The paper is organized as follows. In Setion 2 some basi de�nitions and no-

tations are brie�y introdued. And in Setion 3, the model of two-stage network

formation game with heterogeneous players and private information is introdued.

Then the two-stage game introdued in Setion 3 in extensive form is desribed in

Setion 4. Setion 5 ontains the theorem about the existene of subgame perfet

Nash equilibrium in the game as well as a orresponding example.

2. Basi De�nitions and Notations

Let the set of players be N = {1, . . . , n}, |N | = n ≥ 3. Suppose there is a player

alled the leader of other players referred as player 1. A ooperative game with

transferable utility is a pair (N, v), where v : 2N → IR is a harateristi funtion

that assigns to every oalition of players S ⊆ N its worth v(S), with v(∅) = 0. For
simpliity of notation and if no ambiguity appears we write v when we refer to a

game (N, v). A singleton solution of game (N, v) is a funtion ξ : G → IRN
, where

G is the set of games (N, v), and ξ = (ξ1, . . . , ξn) is a vetor of payo�s to players in

v.

A ommuniation struture on N is spei�ed by a graph (N,Γ ), where Γ ⊆
Γ c
N = {ij | i, j ∈ N, i 6= j} is a olletion of unordered pairs of nodes. And similarly,

we write Γ when we refer to a graph (N,Γ ). In graph Γ , a sequene of di�erent

nodes (i1, . . . , ik), k ≥ 2 is a path from i1 to ik, if for all h = 1, . . . , k−1, ihih+1 ∈ Γ .
We say two nodes are onneted, if there exists a path from one node to another,

and graph Γ is onneted, if any two nodes are onneted in graph Γ . Here we

denote the set of all onneted graph on N by G(N).

Given the harateristi funtion v(S), S ⊆ N and graph Γ , determine the new

harateristi funtion using the following approah:

vΓ (S) =
∑

T∈S/Γ

v(T ), (1)

where S/Γ = {{i | i, j are onneted in S by Γ} | j ∈ S}.
Vetor ξΓ = (ξ1(Γ ), . . . , ξn(Γ )) is de�ned as a payo� vetor in ooperative game

with the given graph Γ . For instane, given v(S), S ⊆ N and Γ , if the Myerson
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value (Myerson, 1977) Y (Γ ) is hosen as the ooperative solution onept, then

ξi(Γ ) = Yi(Γ ) = Shi(v
Γ ), (2)

for all i ∈ N , where Shi(v
Γ ) is the i-th omponent of the Shapley value (Shapley,

1953) of player i in game (N, vΓ ).

3. The Model

3.1. Two-Stage Network Formation Game with Private Information

Two-stage network formation game with private information takes plaes as follows.

Stage 1. The leader hooses a network (graph) Γ from his strategy set U1 (e.g.

he starts a joint projet), where U1 is a given set of onneted graphs without loops

on N . The ooperative game v showing the power of any oalition S (in the projet)

is given and known for all players.

After hoosing network Γ , the leader informs players 2, . . . , n about the links

that the player will have in Γ . The information is private, whih means that if player

1 hooses network Γ , then player i will get information from player 1 that he will

have the set of links Γ (i) = {ij | ij ∈ Γ} in the network. Therefore, we have the

game with imperfet information.

Stage 2. Based on the private information from the leader, players 2, ..., n si-

multaneously and independently hoose an ation from ommon strategy set U ,

whih is {aept, rejet}. By aepting the network, player j ∈ {2, . . . , n} joins the

network. Otherwise, he starts playing as individual player. If he aepts the net-

work, he pays a fee of θi(Γ ) whih is a funtion of network Γ . We assume that the

network is formed only if all players aept the network simultaneously. Otherwise,

the network is not formed and all players at as individual players. If Γ is formed,

player i gets a payo� of ξi(Γ ) − θi(Γ ). We notie that in the following part, we

denote the ation 'aept' by a, and ation 'rejet' by r.

3.2. Heterogeneous Players: Passive and Positive

With private information, players are not sure about the network struture whih

is suggested by player 1 at the �rst stage. Consequently, every player needs to guess

the struture of the network based on the private information, thus hoosing the

ation aording to the payo� whih is strongly related to the network struture.

Aording to the private information whih playersN \{1} get, it is easily shown

that the set of all the networks player i expets to be formed is {Γ i ∈ G(N) | Γ (i) ⊆
Γ i ⊆ Γ (i)∪Λ}, denoted by PIi, where Λ = {jk | jk ∈ Γ c

N , j 6= i, k 6= i, j 6= k}. Thus
player i is able to hoose his ation based on the payo� ξi(Γ

i)− θi(Γ
i), Γ i ∈ PIi.

Obviously ξi(Γ
i)− θi(Γ

i) may be di�erent for di�erent Γ i ∈ PIi. We all player

i a passive player, if he hooses ation based on the payo� min
Γ i∈PIi

{ξi(Γ i)− θi(Γ
i)}.

The set of passive players in N is denoted by P . On the ontrary, player i is alled a

positive player, if he hooses the ation aording to payo� max
Γ i∈PIi

{ξi(Γ i)− θi(Γ
i)},

and we denote the set of positive players in N by Q. And we assume P ∪Q = N \{1}
holds. Thus, the payo� of player i ∈ N \ {1} in the desribed two-stage game if at

the end of stage 2 the network Γ is formed is

Ki(Γ ) = I{i ∈ P} · min
Γ i∈PIi

{ξi(Γ
i)−θi(Γ

i)}+ I{i ∈ Q} · max
Γ i∈PIi

{ξi(Γ
i)−θi(Γ

i)} (3)
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where

I{i ∈ S} =

{

1, i ∈ S,
0, i /∈ S.

(4)

While if Γ is not formed, then player i's payo� in the two-stage game is v{i}.

4. Two-Stage Game as a Game in Extensive Form

The desribed two-stage game with private information an be regarded as an

extensive-form game Φ with player set N on a game tree denoted by Z. Let X =
X1 ∪ · · · ∪ Xn ∪Xn+1 be the �nite set of verties, with X1 = {x0} being the only

personal vertex of player 1, Xi being the set of personal verties of player i ∈ N \{1}
and Xn+1 = {x : Fx = ∅} being the set of terminal verties at whih the game ends

and players get their payo�s. For any x ∈ X , Fx is the set of those verties whih

an be realized immediately after the vertex x has been realized, and F 2
x = F (Fx),

F k
x = F (F k−1

x ). By the onstrution, Fx0
= X2 and

⋃

x∈Xi

Fx = Xi+1 for i = 2, . . . , n.

Thus we have |X1| = 1, |Xi| = 2i−2|U1|, for i ∈ N \{1}, |Xn+1| = 2n−1|U1|. Spei�-
ally, we denote the vertex to whih the game proess moves after player 1 suggesting

network Γk by xΓk
∈ X2.

In terms of di�erent private information players get, the set of personal verties of

player i ∈ N \{1} is partitioned into subsets Xj
i , whih is referred to as information

sets of player i. Spei�ally, Xj
i = {x, y | x ∈ F i−2

xΓk
, y ∈ F i−2

xΓg
, Γk(i) = Γg(i)}. For

any player i ∈ N \ {1} and x ∈ Xi, player i does not know the vertex itself, but

knows that this vertex is in a ertain information set Xj
i ⊂ Xi.

Now de�ne the strategy of player i ∈ N in the desribed two-stage game. A

strategy of player 1 is a rule u1 assigning an ation from the set U1 to the only

personal vertex x0. And the strategy of player i ∈ N \ {1} is a rule ui assigning an

ation from the ation set {a, r} to any information set Xj
i ⊂ Xi. And a strategy

pro�le u = (u1, . . . , un) an uniquely de�ne a terminal vertex, in partiular, the

terminal vertex whih is ahieved by the strategy pro�le u = (u1, . . . , un), where
u1(x0) = Γk, is denoted by xΓk,(u2,...,un). Subgame whih begins at vertex xΓk

is

denoted by Z(xΓk
), and uik, i ∈ N \ {1} denotes the trunation of strategy ui to

subgame Z(xΓk
). In other words, uik is a rule assigning an ation from {a, r} to

any information set Xj
i ⊂ Xi, F

i−2
xΓk

⊆ Xj
i .

Given the harateristi funtion v(S), S ⊆ N , the payo� to player i ∈ N \ {1}
at the terminal vertex xΓk,(u2,...,un) is de�ned as

Ki(u) = Hi

(

xΓk,(u2,...,un)

)

=

{

v({i}), ∃uj(X
l
j) = r, F j−2

xΓk
⊆ X l

j ,

Ki(Γk), otherwise.

(5)

And for player 1, it is de�ned as

K1(u) = H1

(

xΓk,(u2,...,un)

)

=

{

v({1}), ∃uj(X
l
j) = r, F j−2

xΓk
⊆ X l

j ,

ξ1(Γk)− θ1(Γk), otherwise.

(6)

The game proeeds as follows. At vertex x0, player 1 hooses a network Γk ∈ U1,

then the game proess moves to information sets X2
′

2 , . . . , Xn
′

n simultaneously,

where X2
′

2 = {xΓj
| Γj(2) = Γk(2)}, F i−2

xΓk
⊆ X i

′

i , i = 3, . . . , n, and players N \ {1}

hoose ations from {a, r} for the orresponding information sets independently,
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with ui(X
i
′

i ) being the hoie of player i. Finally, the game terminates at vertex

xΓk,(u2,...,un), and player i ∈ N gets his payo� Hi

(

xΓk,(u2,...,un)

)

de�ned by (5) and
(6).

5. Main Result and Example

Theorem 1. The extensive-form game Φ on game tree Z admits a subgame perfet

Nash equilibrium (SPNE).

Proof. Consider the families of subgame Z(xΓk
), Γk ∈ U1, there are only two kinds

of payo� vetors among all the terminal veties. The �rst ase is when all players

N \{1} hoose ation a for the orresponding information sets. And the other ase is

when there exists at least one player hoosing ation r. Thus, it is easily known that

(u∗
2k, . . . , u

∗
nk), where u∗

ik(X
p
i ) = r, i ∈ N \ {1} is the Nash equilibrium of subgame

Z(xΓk
), Γk ∈ U1 beause any player an not hange the payo� in subgame Z(xΓk

)
by deviating from hoie r. Therefore, strategy pro�les (Γl, u

∗
2, . . . , u

∗
n), where u

∗
i =

(u∗
i1, . . . , u

∗
i|U1|

), l = 1, . . . , |U1|, i ∈ N \ {1} are all subgame perfet Nash equilibria

of the game. The theorem is proved. ⊓⊔

Example 1. Let the set of players be N = {1, 2, 3}. The values of harateristi

funtion are v({1}) = 1, v({2}) = v({3}) = 1/2, v({1, 2}) = 3, v({1, 3}) = 2,
v({2, 3}) = 3/2, v({1, 2, 3}) = 5. The strategy set of the leader (player 1) is

U1 = {Γ1, Γ2, Γ3, Γ4}, where Γ1 = {12, 13}, Γ2 = {12, 13, 23}, Γ3 = {12, 23},
Γ4 = {13, 23}.

Here we use Myerson value (Myerson, 1977) as a singleton solution, and θi(Γ ) =
c|Γ (i)| is de�ned as the ost for player i to hold links in network Γ , where |Γ (i)| is
the number of links in Γ (i), c being the holding ost per link.

Fig. 1 to Fig. 4 show the game trees and SPNE with c = 1/2, and di�erent ases:

1) Q = {2}, P = {3}; 2) Q = {2, 3}; 3) P = {2}, Q = {3}; 4) P = {2, 3} respetively.
Fig. 5 to Fig. 8 show the game trees and SPNE with c = 1/4, and ases: 1) − 4)
respetively. And the olored links in �gures show the SPNE (not unique) in the

game.

Fig. 1. Two-stage game with c = 1/2, Q = {2}, P = {3}.
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Fig. 2. Two-stage game with c = 1/2, Q = {2, 3}.

Fig. 3. Two-stage game with c = 1/2, P = {2}, Q = {3}.

Fig. 4. Two-stage game with c = 1/2, P = {2, 3}.
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Fig. 5. Two-stage game with c = 1/4, Q = {2}, P = {3}.

Fig. 6. Two-stage game with c = 1/4, Q = {2, 3}.

Fig. 7. Two-stage game with c = 1/4, P = {2}, Q = {3}.

E.g., in Fig. 1 in subgame Z(xΓ1
), with payo� vetors shown at the terminal

verties, it is easily seen that both the strategy pro�les (a, a) and (r, r) are the Nash
equilibria. Then in subgame Z(xΓ2

), both the strategy pro�les (a, r) and (r, r) are
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Fig. 8. Two-stage game with c = 1/4, P = {2, 3}.

the Nash equilibria. And in subgame Z(xΓ3
), both the strategy pro�les (a, a) and

(r, r) are the Nash equilibria. In subgame Z(xΓ4
), both the strategy pro�les (a, r)

and (r, r) are the Nash equilibria. Finally, in game Z with x0 as the initial vertex,

we an get that all the strategy pro�les shown in the Table 1 are the SPNE of the

game.

Table 1. All SPNE and orresponding networks in the game desribed in Fig. 1.

Networks

Strategy Pro�les Players

Player 1 Player 2 Player 3

Γ3

Γ3 (a, a, a) (a, r, a)
Γ3 (a, a, r) (a, r, a)
Γ3 (r, a, a) (r, r, a)
Γ3 (r, a, r) (r, r, a)

Γ1

Γ1 (a, r, r) (a, r, r)
Γ1 (a, r, a) (a, r, r)

∅

Γ1 (r, r, r) (r, r, r)
Γ2 (r, r, r) (r, r, r)
Γ3 (r, r, r) (r, r, r)
Γ4 (r, r, r) (r, r, r)
Γ1 (r, r, a) (r, r, r)
Γ2 (r, r, a) (r, r, r)
Γ3 (r, r, a) (r, r, r)
Γ4 (r, r, a) (r, r, r)

We an also analyze the set of SPNE for games from Fig. 2 to Fig. 8 respetively.

And in fat, the sets of SPNE in games from Fig. 1 to Fig. 4 are not the same. For

instane, strategy pro�le (Γ3, u
∗
2, u

∗
3) where u∗

2 = (r, a, a), u∗
3 = (r, a, a) is a SPNE

in the game shown in Fig. 3. While it is not a SPNE in the game desribed in Fig.

4. Thus, we an onlude that the types of players an have an e�et on SPNE.

While it is also easily seen that, for games whih are shown from Fig. 5 to Fig. 8,

the sets of SPNE are the same. In other word, the types of players do not a�et the

the set of SPNE in those ases.
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