Contributions to Game Theory and Management, XII, 316-324

Two-Stage Network Formation Game with Heterogeneous
Players and Private Information*

Ping Sun'? and Elena Parilina'-?

L St. Petersburg State University,
7/9 Universitetskaya nab.,
Saint Petersburg, 199034, Russia
2 School of Mathematics and Statistics and Institute of Applied Mathematics of
Shandong, Qingdao University,
Qingdao 266071, PR China
E-mail: sunping920925@163.com, e.parilina@spbu.ru

Abstract We consider a two-stage network formation game with heteroge-
neous players and private information. The player set consists of a leader
and a finite number of other common players, which are divided into two
types, passive and positive players. At the first stage, the leader suggests
a connected communication network for all players to join. While it is as-
sumed that the link information which every common player receives from
the leader is private. Based on the private information, every player chooses
the action, accept or reject, at the second stage. A network is formed finally.
We show the existence of subgame perfect Nash equilibrium in the game.
The result is illustrated by an example.

Keywords: heterogeneous players, private information, Myerson value, sub-
game perfect Nash equilibrium.

1. Introduction

In recent years, network games, network stability, network formation as well as issues
about communication networks have been widely studied. Jackson and Wolinsky
(1996) initially proposed the concept of pairwise stability to characterize stable
network in which the rule of network formation is called JW rule. Bala and Goyal
(2000) mainly studied the Nash equilibrium network and its dynamic formation
process, showing that the Nash network has special structures, such as the star
or the wheel. Avrachenkov et al. (2011) addressed network formation issue using
cooperative game theory and solve the cooperative network formation game with
the Nash bargaining solution concept.

An important extensive research in network formation is to introduce hetero-
geneity. There are various types of heterogeneity, such as heterogeneous players,
heterogeneous costs of forming links, heterogeneous information delivering qualities
of links, etc. Heterogeneous players were introduced in (Larrosa and Tohme, 2003)
where the payoff of each player is not only associated with the number of links
in those paths, the end of which is such player, but also related with the values
of himself, and the values of players are various. Galeotti et al. (2006) introduced
heterogeneous costs of forming links as well as heterogeneous values in the two-way
flow model, and proved that centrality and short average distances between players
are robust features of equilibrium networks.

* This work was supported by the Shandong Province "Double-Hundred Talent Plan"
(No. WST2017009).



Two-Stage Network Formation Game with Heterogeneous Players 317

Besides, Petrosyan and Sedakov (2014) considered the multistage network games
with perfect information in which players can change the network structure at each
stage, and proposed a method for finding optimal behavior for players in games
of this type. The endogenous dynamic formation of the network was introduced in
(Aumann and Myerson, 2003) where an auxiliary linking game which consists of
pairs of players being offered to form links while the offers are made one by one
according to some chosen order of feasible links was constructed. And the linking
game was with perfect information.

In practice, heterogeneous people are fairly common among the community, for
instance, female and male, individuals with various education backgrounds, like
bachelor, master, doctor, people from different countries, and so on. And it is also
reasonable that various people have different standards and face various cases al-
though in the same community, such as different levels of salary, getting different
information about the community, etc. In this paper, we consider the game of in-
complete information, and to simplify the complicated case brought by incomplete
information, heterogeneous players are introduced simultaneously.

The paper is organized as follows. In Section 2 some basic definitions and no-
tations are briefly introduced. And in Section 3, the model of two-stage network
formation game with heterogeneous players and private information is introduced.
Then the two-stage game introduced in Section 3 in extensive form is described in
Section 4. Section 5 contains the theorem about the existence of subgame perfect
Nash equilibrium in the game as well as a corresponding example.

2. Basic Definitions and Notations

Let the set of players be N = {1,...,n}, |[IN| = n > 3. Suppose there is a player
called the leader of other players referred as player 1. A cooperative game with
transferable utility is a pair (N, v), where v : 2V — IR is a characteristic function
that assigns to every coalition of players S C N its worth v(S), with v(f) = 0. For
simplicity of notation and if no ambiguity appears we write v when we refer to a
game (N, v). A singleton solution of game (N,v) is a function £ : G — IRY, where
G is the set of games (N,v), and £ = (&1,...,&,) is a vector of payoffs to players in
.

A communication structure on N is specified by a graph (N, I"), where I" C
I', ={ij|i,7 € N,i# j}is a collection of unordered pairs of nodes. And similarly,
we write I" when we refer to a graph (N, I"). In graph I', a sequence of different
nodes (i1, ...,k), k > 2is a path from 4; to i, ifforall h =1,... k—1,ipipt1 € I
We say two nodes are connected, if there exists a path from one node to another,
and graph I' is connected, if any two nodes are connected in graph I'. Here we
denote the set of all connected graph on N by G(N).

Given the characteristic function v(S5), S C N and graph I', determine the new
characteristic function using the following approach:

W(S)= ) o), (1)

TES/I

where S/I" = {{i | i,j are connected in S by I'} | j € S}.
Vector £ = (&1(1), ..., &.(I)) is defined as a payoff vector in cooperative game
with the given graph I'. For instance, given v(S), S C N and I, if the Myerson
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value (Myerson, 1977) Y (I') is chosen as the cooperative solution concept, then
&(I) = Yi(I) = Shi(v"), (2)

for all i € N, where Sh;(v!) is the i-th component of the Shapley value (Shapley,
1953) of player i in game (N, v!).

3. The Model

3.1. Two-Stage Network Formation Game with Private Information

Two-stage network formation game with private information takes places as follows.

Stage 1. The leader chooses a network (graph) I" from his strategy set Uy (e.g.
he starts a joint project), where U; is a given set of connected graphs without loops
on N. The cooperative game v showing the power of any coalition S (in the project)
is given and known for all players.

After choosing network I', the leader informs players 2,...,n about the links
that the player will have in I". The information is private, which means that if player
1 chooses network I', then player i will get information from player 1 that he will
have the set of links I'(¢) = {ij | ij € I'} in the network. Therefore, we have the
game with imperfect information.

Stage 2. Based on the private information from the leader, players 2, ..., n si-
multaneously and independently choose an action from common strategy set U,
which is {accept, reject}. By accepting the network, player j € {2,...,n} joins the
network. Otherwise, he starts playing as individual player. If he accepts the net-
work, he pays a fee of 0;(I") which is a function of network I". We assume that the
network is formed only if all players accept the network simultaneously. Otherwise,
the network is not formed and all players act as individual players. If I" is formed,
player i gets a payoff of & (I") — 6;(I"). We notice that in the following part, we
denote the action ’accept’ by a, and action ’reject’ by r.

3.2. Heterogeneous Players: Passive and Positive

With private information, players are not sure about the network structure which
is suggested by player 1 at the first stage. Consequently, every player needs to guess
the structure of the network based on the private information, thus choosing the
action according to the payoff which is strongly related to the network structure.
According to the private information which players N\ {1} get, it is easily shown
that the set of all the networks player i expects to be formed is {I"* € G(N) | I'(i) C
I' C I'(i)UA}, denoted by PI;, where A = {jk | jk € I'S,j # i,k #i,j # k}. Thus
player i is able to choose his action based on the payoff & (I'') — 6;(I""), I'* € PI,.
Obviously & (I'") — 6;(I'*) may be different for different I'* € PI;. We call player
i a passive player, if he chooses action based on the payoff F{gi}glj {&(TY) — 6;(T")}.

The set of passive players in N is denoted by P. On the contrary, player ¢ is called a
positive player, if he chooses the action according to payoff ax {&(I) = 6;(I)},
iePI,

and we denote the set of positive players in N by Q). And we assume PUQ = N\ {1}
holds. Thus, the payoff of player ¢ € N \ {1} in the described two-stage game if at
the end of stage 2 the network I" is formed is

KH(D) =i € P} min {&(I")=0:(I")}+1{i € Q) max {&(I")=0.(I")} (3)
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where s
. 1, i €8,
]I{zES}—{O,Z.¢S. 4)

While if I" is not formed, then player i’s payoff in the two-stage game is v{i}.

4. Two-Stage Game as a Game in Extensive Form

The described two-stage game with private information can be regarded as an
extensive-form game @ with player set N on a game tree denoted by Z. Let X =
X1 U---UX, UX, 1 be the finite set of vertices, with X; = {x0} being the only
personal vertex of player 1, X; being the set of personal vertices of player i € N\ {1}
and X, 11 = {z : F, = 0} being the set of terminal vertices at which the game ends
and players get their payoffs. For any = € X, F, is the set of those vertices which
can be realized immediately after the vertex = has been realized, and F? = F(F},),
FF = F(FF~1). By the construction, F,, = Xpand |J F, = X,y fori=2,... n.
reX;
Thus we have | X1| = 1, | X;| = 2¢72|Uy|, for i € N\ {1}, | X,,41| = 2"~} Uy|. Specifi-
cally, we denote the vertex to which the game process moves after player 1 suggesting
network Iy, by xp, € Xo.

In terms of different private information players get, the set of personal vertices of
player i € N\ {1} is partitioned into subsets X7, which is referred to as information
sets of player 4. Specifically, X7 = {z,y | z € F;;f, y € F;;f, I, (i) = I'y(i)}. For
any player i € N \ {1} and = € X;, player ¢ does not know the vertex itself, but
knows that this vertex is in a certain information set X; C X;.

Now define the strategy of player ¢ € N in the described two-stage game. A
strategy of player 1 is a rule w; assigning an action from the set U; to the only
personal vertex zo. And the strategy of player i € N \ {1} is a rule u; assigning an
action from the action set {a,r} to any information set X C X;. And a strategy
profile v = (u1,...,u,) can uniquely define a terminal vertex, in particular, the
terminal vertex which is achieved by the strategy profile u = (u1,...,u,), where
uy(wg) = I, is denoted by =1, (u,....u,)- Subgame which begins at vertex xr, is
denoted by Z(zp,), and u;k,i € N \ {1} denotes the truncation of strategy u; to
subgame Z(xr,). In other words, u; is a rule assigning an action from {a,r} to
any information set X; C X, F;;f C Xj.

Given the characteristic function v(S), S C N, the payoff to player i € N \ {1}
at the terminal vertex zr, (u,,...u,) 18 defined as

_ (o), Bw(xh=rF2C X
Ki(u) = H; (Try (u,...oun)) = {Ki(['k), otherwise. 5)
And for player 1, it is defined as
_ [ (), Fu; (X}) = FI 2 C X],
Kq(u) = Hy (xrk (w2, un)) - {51 (I}) — 61 (I), ot]flerwise. ©)

The game proceeds as follows. At vertex xg, player 1 chooses a network I', € Uy,
then the game process moves to information sets X3 , ..., X" simultaneously,
where X7 = {zp, | I5(2) = I%(2)}, F;;}f C X!,i=3,...,n, and players N \ {1}

choose actions from {a,r} for the corresponding information sets independently,
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with ui(Xf,) being the choice of player i. Finally, the game terminates at vertex
L1y (uz,....un)> and player i € N gets his payoff H; (21, (u,,...u,)) defined by (5) and
(6).

5. Main Result and Example

Theorem 1. The extensive-form game @ on game tree Z admits a subgame perfect
Nash equilibrium (SPNE).

Proof. Consider the families of subgame Z(xr, ), I'x € Uy, there are only two kinds
of payoff vectors among all the terminal vetices. The first case is when all players
N\ {1} choose action a for the corresponding information sets. And the other case is
when there exists at least one player choosing action r. Thus, it is easily known that
(ubg, ..., uk;), where uf (XP) =r, i € N\ {1} is the Nash equilibrium of subgame
Z(xn,), I, € Uy because any player can not change the payoff in subgame Z(zp,)

by deviating from choice r. Therefore, strategy profiles (I, u3,...,u}), where uf =
(uly,... ,uj‘Uﬂ), l=1,...,|U1],i € N\ {1} are all subgame perfect Nash equilibria
of the game. The theorem is proved. O

Ezample 1. Let the set of players be N = {1,2,3}. The values of characteristic
function are v({1}) = 1, v({2}) = v({3}) = 1/2, v({1,2}) = 3, v({1,3}) = 2,
v({2,3}) = 3/2, v({1,2,3}) = 5. The strategy set of the leader (player 1) is
U1 = {Fl, F2, Fg, F4}, where Fl = {12, 13}, FQ = {12, 13, 23}, Fg = {12, 23},
Iy = {13,23}.

Here we use Myerson value (Myerson, 1977) as a singleton solution, and 6;(I") =
¢|I'(#)] is defined as the cost for player i to hold links in network I", where |I'(7)] is
the number of links in I'(¢), ¢ being the holding cost per link.

Fig. 1 to Fig. 4 show the game trees and SPNE with ¢ = 1/2, and different cases:
1) Q={2},P={3};2) Q ={2,3};3) P ={2},Q = {3};4) P = {2,3} respectively.
Fig. 5 to Fig. 8 show the game trees and SPNE with ¢ = 1/4, and cases: 1) — 4)
respectively. And the colored links in figures show the SPNE (not unique) in the
game.

4N 71\ 71\ 71\ /7N /1\ /1\ /1\ /19\ /1\ /1\ /1\ /17\ /1\ /1\ /1
R R R A YRR | A B 1R B ES | R TET AT ERTER Y
wpzzy(zlfstizfzff{z)fsfzlzffz)12|lz12|2
2A\IALILAG ALY\ s \AALAL 2\t fiL
7 N2/ \2 1] \2/ \2/ \2/\ 7 ]\2/\2/\2/\ 1 |]\2/\3/\3
12 12 6

Fig. 1. Two-stage game with ¢ = 1/2,Q = {2}, P = {3}.
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4\ 1\ 71\ 71\ /7\ 71\ 71\ /1\ AN /1\ /1\ /] AN N o\ A
VLMV e[ L) 2y fz) L)L) L)fz2)[2) (1
wsllzllzlz{[5!{z{[z]lz]|| 5 {|z]|z|zll11|z]lz]|]zZ
z|\L\IN\L s\ T/\ 1)l & |\)\t i)l | 1){%) %
7 | \2 2/\2)\2 2/\ 7 2/\2/\ 2 N3/ \3/ \z
12 3 12 3

Fig. 2. Two-stage game with ¢ = 1/2,Q = {2, 3}.

4N\ 71\ 71\ /1\ /7\ /1\ /1\ /1\ /19\ 71\ /1\ /1\ 17\ 1\ 71\ ~A1
s\ 1Y 1\[e\(2\(2\ (1) [z\[1\[1\[1\[z\[1}[1\[1
wBilzilz21fzlz2zllzllzll2(lzllzllz112iz)1Z]]|2
Ntz flaflaflaff 3 [\t firffzf{t\1]{1
7 |\z/ \2 2)\2/\2/ \2/ \7 | \2/ \2 2 \2/\2/ \2,
12 3 12 3

Fig. 3. Two-stage game with ¢ = 1/2, P = {2}, Q = {3}.
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4\ 71\ 71\ 71\ /7\ 71\ 71\ /1\ 19\ /1\ /1\ /1\ AT\ N\ 1\ A
AR TR T B AT R T BT B (ST ATEATEA YA
Bilz{lz|lz(l2|(z]1z2] 2 1z||2]|(z)|12)lz||z||Z
z \LAL\I3\EAALAL s NIz ]l i)l
7)) o/ \1)\a/ \a/ N\ 7 J\a 1\z/\e/ \z
12 6 12 6

Fig. 4. Two-stage game with ¢ = 1/2, P = {2, 3}.
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11\ 71\ 71\ /1\ /5\ 71\ /1\ /1\ 11\ /1\ 71\ /1\ S\ A\ /1N A
I3V AV I (I e MLy 1Y 2 3) 2)[2)[2
a01zllz0zHellzNz1z(l4lzllzllz|l7(Iz|lZ2]]2
3 (NILALAL)IB AL\ 3 N [s ]\ /{2 )\2
5 1\2/ \2/\2/\2/\2/\z 5/\2 2/\21\2/ \2/ \2
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=
%

. 5. Two-stage game with ¢ = 1/4,Q = {2}, P = {3}.

10\ 71\ 71\ /1\ /3\ 71\ 71\ 71\ /AN 71\ /1N 71\ B\ 1\ /N A
ALY VIV L) 2} e (L) 2 L) 3) 1)) (2
allzllz|l1z][2112]12|12{[2{zNz|z)l7||z||z]|]|2
N IR EN AN R L N IR AR N I LN N 1EY A EN IR AR
5 1\2/\2/ \2/ \7)\2/ \2/ \2/ \ 5 |\z 2/\71\2/ \2/ \2,
6 6 6

Fig. 6. Two-stage game with ¢ = 1/4,Q = {2, 3}.

11y 71\ 71\ 71\ /3\ 71\ /1\ /1\ AN 1\ /DN /1N S\ N N\ 4
S IMIV IV EV )20 e V[ 2) 20 2)(3)[2)[2) (L
allz{lzllz0170zllz[2|l7 lHz0z2{1z|l17([z1lz]]z2
s\ttt fleffrfiaflfle [N\ iL i)l |l1/{1]]1
5 1\2/ \2/ \2/\7/\2/ \z 5 1\2/ \2/ N2/ \7)\z/ \3/ \z
3 6 6 3

Fig. 7. Two-stage game with ¢ = 1/4, P = {2}, Q = {3}.

E.g., in Fig. 1 in subgame Z(zp, ), with payoff vectors shown at the terminal
vertices, it is easily seen that both the strategy profiles (a,a) and (r,r) are the Nash
equilibria. Then in subgame Z(xp,), both the strategy profiles (a,r) and (r,r) are
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alnwl ao| 2
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Rirn =S

Fig. 8. Two-stage game with ¢ = 1/4, P = {2, 3}.

the Nash equilibria. And in subgame Z(xr,), both the strategy profiles (a,a) and
(r,r) are the Nash equilibria. In subgame Z(xr,), both the strategy profiles (a, )
and (r,r) are the Nash equilibria. Finally, in game Z with x( as the initial vertex,
we can get that all the strategy profiles shown in the Table 1 are the SPNE of the
game.

Table 1. All SPNE and corresponding networks in the game described in Fig. 1.

Strategy Profiles \Players
Player 1 Player 2 Player 3
Networks
I3 (a,a,a) (a,r,a)
I3 (a,a,r) (a,r,a)
I3
I3 (r,a,a) (r,r,a)
I3 (rya,r) (r,r,a)
n I (a,r,7) (a,r,7)
I (a,r,a) (a,r,r)
I (r,r,7) (r,r,7)
Is (ryr,7) (ryr,7)
I3 (r,r,7) (r,r,7)
0 Iy (r,r,7) (r,r,7)
I (r,r,a) (ryr,7)
Is (r,r,a) (r,r,7)
I3 (r,r,a) (r,r,7)
Iy (r,r,a) (ryr,7)

We can also analyze the set of SPNE for games from Fig. 2 to Fig. 8 respectively.
And in fact, the sets of SPNE in games from Fig. 1 to Fig. 4 are not the same. For
instance, strategy profile (I's, u3, u}) where uy = (r,a,a), uj = (r,a,a) is a SPNE
in the game shown in Fig. 3. While it is not a SPNE in the game described in Fig.
4. Thus, we can conclude that the types of players can have an effect on SPNE.
While it is also easily seen that, for games which are shown from Fig. 5 to Fig. 8,
the sets of SPNE are the same. In other word, the types of players do not affect the
the set of SPNE in those cases.
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