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Abstra
t The a

eptability 
on
ept is a naturally generalization of the

equilibrium 
on
ept. An out
ome of a game is 
alled an a

eptable one if

no players whi
h have an obje
tion to it in the form their strategies. Note

that for the 
lass of games with payo� fun
tion, a

eptability 
ondition is

equivalent to individual rationality 
ondition. This arti
le is a 
ontinuation

of the previous work of the author (see Rozen, 2018). The aim of the arti
le

is a dete
tion of stru
ture of the set of a

eptable out
omes in antagonis-

ti
 games with ordered out
omes (all required de�nitions for antagonisti


games with ordered out
omes indi
ated in the introdu
tion, see se
tion 1).

In se
tion 2 we o�er some 
lassi�
ation for out
omes in antagonisti
 games.

Using this 
lassi�
ation, a lo
alization of a

eptable out
omes is spe
i�ed

(see se
tion 3). In se
tion 4 
ertain su�
ient 
onditions for non-emptiness

and uniqueness of a

eptable out
omes are found. Some examples related

to lo
alization of a

eptable out
omes in antagonisti
 games with ordered

out
omes are given.
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1. Introdu
tion

1.1. Games with ordered out
omes

A game of n players with ordered out
omes in the normal form 
an be given as a

system of the type

G = 〈N, (Xi)i∈I , A, (ωi)i∈I , F 〉 . (1)

where N = {1, . . . , n} is a set of players, n ≥ 2; Xi is a set of strategies of the

player i; A is a set of out
omes; ωi ⊆ A2
is an order relation whi
h represents the

preferen
es of player i; F is a realization fun
tion, i.e. a mapping from the set of all

situations X =
∏

i∈N Xi into the set of out
omes A. For the 
lass of games with

ordered out
omes of the type (1), the most important optimality 
on
ept is Nash

equilibrium.

De�nition 1. A situation x0 =
(

x0

i

)

i∈N
in game G of the form (1) is 
alled Nash

equilibrium point if for all i ∈ N and x′
i ∈ Xi the 
orrelation holds:

F
(

x0 ‖ x′
i

) ωi

≤ F
(

x0
)

. (2)

We now 
onsider a 
on
ept of a

eptable out
ome for game G of the form (1).

Fix some i ∈ N and put XN\i =
∏

j∈N
j 6=i

Xj . Note that we 
an 
onsider XN\i as a set
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of strategies of the 
omplementary 
oalition N \ i. A pair

(

xi, xN\i

)

where xi ∈ Xi

and xN\i ∈ XN\i uniquely de�nes some out
ome in game G whi
h is denoted by

F
(

xi, xN\i

)

.

De�nition 2. We say that a strategy x0

i ∈ Xi is an obje
tion of player i to out
ome

a ∈ A if for any strategy xN\i ∈ XN\i of the 
omplementary 
oalition the 
orrelation

F
(

x0

i , xN\i

) ωi

> a holds. An out
ome a ∈ A is 
alled an a

eptable one for player i
if he has not obje
tions to it. An out
ome a is 
alled a

eptable one in game G if

this out
ome is a

eptable for all players i ∈ N .

Therefore an out
ome a ∈ A is an a

eptable one in game G if for any i ∈ N and

xi ∈ Xi there exists a strategy xN\i ∈ XN\i of the 
omplementary 
oalition su
h

that the 
ondition ¬
(

F
(

xi, xN\i

) ωi

> a
)

holds. Indi
ated strategy xN\i of 
omple-

mentary 
oalition is 
alled a punishing strategy.

De�nition 3. An out
ome a ∈ A is 
alled quite a

eptable one for player i if there
exists a strategy xN\i ∈ XN\i of 
omplementary 
oalition su
h that for any xi ∈ Xi

the 
ondition ¬
(

F
(

xi, xN\i

) ωi

> a
)

holds. An out
ome a is 
alled quite a

eptable

one in game G if it is quite a

eptable for all players i ∈ N .

These 
on
epts are transferred from out
omes of game G to its situations.

Namely, a situation x ∈ X in game G is 
alled a

eptable (or quite a

eptable)

one if the out
ome F (x) is a

eptable (or quite a

eptable) respe
tively.

Remark 1. Nash equilibrium point is a quite a

eptable (and hen
e an a

eptable

also) point in game G with ordered out
omes.

1.2. Antagonisti
 games with ordered out
omes

An antagonisti
 game with ordered out
omes is a game of the type (1) in whi
h a

number of players is equal two and their preferen
e relations are mutually inverse.

We 
onsider su
h a game in the form

G = 〈X,Y,A, ω, F 〉 (3)

where X is a set of strategies of a player 1, Y is a set of strategies of a player 2, A
is a set of out
omes, ω is a (partial) order relation on the set A, F : X × Y → A is

a realization fun
tion. The preferen
es of the player 1 are given by the order ω and

preferen
es of player 2 are given by the inverse order ω−1
. We assume that |X | ≥ 2,

|Y | ≥ 2, |A| ≥ 2. For antagonisti
 games, de�nitions 1, 2 and 3 take the following

form.

De�nition 4. A situation (x0, y0) in game G of the form (3) is 
alled a saddle

point if for any x ∈ X, y ∈ Y hold the 
orrelations

F (x, y0)
ω

≤ F (x0, y0)
ω

≤ F (x0, y) . (4)

Next using de�nition 2, we obtain that in game G of the form (3), an out
ome

a ∈ A is a

eptable for player 1 if the following formula holds:

¬ (∃x ∈ X) (∀y ∈ Y )F (x, y)
ω
> a, i.e. (∀x ∈ X) (∃y ∈ Y )¬

(

F (x, y)
ω
> a

)

.
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Dually an out
ome a ∈ A is a

eptable for player 2 if the formula

(∀y ∈ Y ) (∃x ∈ X)¬
(

F (x, y)
ω
< a

)

holds. Thus an arbitrary out
ome a ∈ A is a

eptable in game G of the form (3) if

the following system of 
onditions







(∀x ∈ X) (∃y ∈ Y ) ¬
(

F (x, y)
ω
> a

)

(∀y ∈ Y ) (∃x ∈ X) ¬
(

F (x, y)
ω
< a

)

(5)

holds. Further, an out
ome a ∈ A is quite a

eptable in antagonisti
 game G of the

form (3) if the system of 
onditions







(∃y ∈ Y ) (∀x ∈ X) ¬
(

F (x, y)
ω
> a

)

(∃x ∈ X) (∀y ∈ Y ) ¬
(

F (x, y)
ω
< a

)

(6)

holds. Remark that the system (6) 
an be obtained from the system (5) by nontrivial

permutation of unlike quanti�ers. Moreover, strategies x ∈ X and y ∈ Y standing

in (6) under external quanti�ers are punishing strategies of players 1 and 2, respe
-

tively.

1.3. A

eptable and quite a

eptable out
omes in games with payo�

fun
tions

Consider an antagonisti
 game with payo� fun
tion Γ = 〈X,Y, u〉 where X is a

set of strategies of player 1, Y is a set of strategies of player 2, u (x, y) is a payo�

fun
tion. We 
an mean a game Γ as a game with ordered out
omes, in whi
h the set

of strategies of players are the same, a set of out
omes is real numbers R, realization

fun
tion is the fun
tion u (x, y), and order relation ω is determined by the value of

payo�. Put v1 = sup
x∈X

inf
y∈Y

u (x, y) be the lower value and v2 = inf
y∈Y

sup
x∈X

u (x, y) the

upper value of game Γ . Consider now the following 
ondition.

(C) If the external extremum in sup
x∈X

inf
y∈Y

u (x, y) is realized at the point x0 ∈ X

then the inner extremum in inf
y∈Y

u (x0, y) must be realized at 
ertain point y0 ∈ Y .

It is easy to show that for game Γ 
onsidered as a game with ordered out
omes,

the set of all a

eptable out
omes for player 1 is the interval (v1,∞) and possibly

the point v1. Moreover, the out
ome v1 is an a

eptable one for player 1 if and only

if the 
ondition (C) holds. For �nding of all a

eptable out
omes for player 2 we 
an

use the dual 
ondition (C∗
). Thus the set A
 Γ 
onsisting of all a

eptable out
omes

of game Γ is the interval (v1, v2) and possibly points v1 and v2. In parti
ular let

the sets X , Y be 
ompa
t topologi
al spa
es and the fun
tion u is 
ontinuous

on X × Y . Then the 
onditions (C) and (C∗
) hold, hen
e in this 
ase we obtain

A
 Γ = [v1, v2]. Hen
e for this game the set of all a

eptable out
omes 
oin
ides

with the set of individual-rational out
omes.

We now 
onsider the quite a

eptability 
onditions for antagonisti
 game with

payo� fun
tion Γ = 〈X,Y, u〉 of general form. In a

ordan
e with (6), an arbitrary

out
ome a ∈ A is quite a

eptable in game Γ if and only if the following system

holds:

{

(∃y ∈ Y ) (∀x ∈ X) u (x, y) ≤ a

(∃x ∈ X) (∀y ∈ Y ) u (x, y) ≥ a
(7)
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Denoting standing under external quanti�ers in (7) punishing strategies of play-

ers 1 and 2 by x0 and y0 respe
tively, we obtain for any x ∈ X and y ∈ Y the

double inequality u (x, y0) ≤ a ≤ u (x0, y). Setting x = x0 and y = y0 we have

a = u (x0, y0), hen
e the situation (x0, y0) is a saddle point in pure strategies for

game Γ . Then the game Γ has a value v and a = v. We show that in antagonisti


game with payo� fun
tion the existen
e of quite a

eptable out
ome is equivalent

to existen
e of saddle point and in this 
ase the quite a

eptable out
ome 
oin
ides

with value of the game.

Therefore, for game with payo� fun
tion the set of a

eptable (and also quite

a

eptable) points has a very simple stru
ture. However, for antagonisti
 games

with order out
omes, the stru
ture of a

eptable points is more 
omplex. A study

of these problems is 
arried out in the following se
tions.

2. Classi�
ation of out
omes in antagonisti
 games

As a basis for the 
lassi�
ation of the set of out
omes for antagonisti
 game with

ordered out
omes we take the non-forbidden out
omes of its players. Re
all that

the sets of non-forbidden out
omes for players 1 and 2 are respe
tively

U (1) = {a ∈ A : (∀y ∈ Y ) (∃x ∈ X)
(

F (x, y)
ω

≥ a
)

}, (8)

U (2) = {a ∈ A : (∀x ∈ X) (∃y ∈ Y )
(

F (x, y)
ω

≤ a
)

}. (9)

Note that U (1) ∪ U (2) and (U (1) ∪ U (2))′ form a partition of the set all out-


omes A; in addition U (1)△U (2) and U (1)∩U (2) form a partition of U (1)∪U (2)
(here the sign△ denotes the symmetri
 di�eren
e of sets). Therefore in antagonisti


game G of the form (3), the set A of all out
omes 
an be represented as a disjoint

union of the following three subsets:

A = (U (1) ∩ U (2)) ∪ (U (1)△ U (2)) ∪ (U (1) ∪ U (2))
′
. (10)

We now introdu
e the designations for antagonisti
 game G of the form (3):

Z (G) = U (1) ∩ U (2) 
alled the 
entre of game G;

D (G) = U (1) ∪ U (2) 
alled the domain of game G;

R (G) = U (1)△ U (2) 
alled the ring of game G;

P (G) = (U (1) ∪ U (2))
′


alled the periphery of game G.

(11)

Hen
e in a

ording to (10), the set A of all out
omes in antagonisti
 game G is

disjoint union of the 
entre, the ring, and the periphery:

A = Z (G) ∪R (G) ∪ P (G) . (12)

In addition the domain of game G is a disjoint union its 
entre and ring, i.e.

D (G) = Z (G) ∪R (G).

Example 1. Consider an antagonisti
 game G with ordered out
omes whi
h has a

saddle point (x0, y0). In this 
ase the 
entre of game G 
onsists of the one element

F (x0, y0); the ring of game G 
onsists of out
omes 
omparable with F (x0, y0)
under order ω (ex
ept for the out
ome F (x0, y0) itself) and the periphery 
onsists

of out
omes in
omparable with F (x0, y0) under order ω.
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3. Lo
alization of a

eptable out
omes in antagonisti
 games

3.1. The 
entre and the periphery of a game 
onsist of a

eptable

out
omes

Using introdu
ed above 
lassi�
ation of out
omes for antagonisti
 games with or-

dered out
omes, we establish the following result, 
onne
ted with lo
alization of the

a

eptable out
omes in su
h games.

Theorem 1. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes. Then

1. All out
omes of its 
entre are a

eptable;

2. All out
omes of its periphery are a

eptable.

Proof (of theorem 1). Denote by V ∗ (k) the set of all out
omes in game G whi
h

are stri
tly guaranteed to the player k = 1, 2:

V ∗ (1) = {a ∈ A : (∃x ∈ X) (∀y ∈ Y )
(

F (x, y)
ω
> a

)

}, (13)

V ∗ (2) = {a ∈ A : (∃y ∈ Y ) (∀x ∈ X)
(

F (x, y)
ω
< a

)

}. (14)

Lemma 1. For any a ∈ V ∗ (1) and b ∈ U (2) holds a
ω
< b.

Proof (of lemma 1). The 
ondition a ∈ V ∗ (1) means that F (x0, y)
ω
> a for 
ertain

strategy x0 ∈ X and all y ∈ Y ; and the 
ondition b ∈ U (2) means that the formula

(∀x ∈ X) (∃y ∈ Y )
(

F (x, y)
ω

≤ b
)

holds. Then for x = x0 there exists a strategy

y0 ∈ Y su
h that F (x0, y0)
ω

≤ b. On the other hand setting y = y0, we have the


orrelation F (x0, y0)
ω
> a. Thus we obtain the double inequality a

ω
< F (x0, y0)

ω

≤ b

hen
e a
ω
< b and Lemma 1 is proved. ⊓⊔

Using lemma 1 we obtain the following equalities:

V ∗ (1) ∩ U (2) = ∅, (15)

V ∗ (2) ∩ U (1) = ∅. (16)

Indeed, assume that a ∈ V ∗ (1) ∩ U (2) then a

ording to lemma 1 we obtain

a
ω
< a that is false. Thus the equality (15) holds and dually we have (16).

Remark that the equality (15) is equivalent to the in
lusion U (2) ⊆ (V ∗ (1))
′
.

Dually we have the in
lusion U (1) ⊆ (V ∗ (2))
′
. Now in a

ordan
e with (5) the set

A
 G of all a

eptable out
omes in game G 
an be represented in the form

A
 G = (V ∗ (1))
′ ∩ (V ∗ (2))

′
. (17)

Then using (11), (15), (16). (17) we obtain

Z (G) = U (1) ∩ U (2) ⊆ (V ∗ (2))
′ ∩ (V ∗ (1))

′
= A
 G.

and the statement 1 of theorem 1 is proved. To prove the statement 2 of theorem 1

note that V ∗ (1) ⊆ U (1) and V ∗ (2) ⊆ U (2), then V ∗ (1) ∪ V ∗ (2) ⊆ U (1) ∪ U (2)
hen
e using (11), (17) we obtain

P (G) = (U (1) ∪ U (2))
′ ⊆ (V ∗ (1) ∪ V ∗ (2))

′
= (V ∗ (1))

′ ∩ (V ∗ (2))
′
= A
 G,

whi
h was to be proved. ⊓⊔
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Now using (12) we have the 
orollary.

Corollary 1. The set A
 G of a

eptable out
omes in antagonisti
 game G with

ordered out
omes 
an be represented as disjoint union its 
entre Z (G), periphery
P (G) and a

eptable out
omes its ring R (G). At the same time some of these sets

(or all these sets) 
an be empty.

3.2. A

eptable out
omes in antagonisti
 game with linearly ordered

out
omes

We now show that in antagonisti
 game G with linearly ordered out
omes, the set

of all a

eptable out
omes 
oin
ides with 
entre of the game: A
 G = Z (G).
Indeed, sin
e in this 
ase for any out
omes a1, a2 ∈ A the following equivalen
e

¬
(

a1
ω
> a2

)

⇔ a1
ω

≤ a2

holds, we get the following 
hain of equivalen
es for any a ∈ A:

a ∈ (V ∗ (1))
′ ⇔ ¬ (a ∈ (V ∗ (1))) ⇔ ¬ (∃x ∈ X) (∀y ∈ Y )F (x, y)

ω
> a ⇔

⇔ (∀x ∈ X) (∃y ∈ Y )¬
(

F (x, y)
ω
> a

)

⇔ (∀x ∈ X) (∃y ∈ Y )F (x, y)
ω

≤ a ⇔

⇔ a ∈ U (2)

Thus, for game G we have the equality (V ∗ (1))
′
= U (2) and also the dual

equality (V ∗ (2))
′
= U (1). Then using these equalities and (17), we obtain

A
 G = (V ∗ (1))
′ ∩ (V ∗ (2))

′
= U (2) ∩ U (1) = U (1) ∩ U (2) = Z (G)

whi
h was to be proved.

3.3. Example: all a

eptable out
omes are in a ring of a game

A

ording to theorem 1, any antagonisti
 game G with ordered out
omes in whi
h

its 
entre or periphery non-empty, has a

eptable out
omes. However, it is possible

when both the 
enter and the periphery in game G are empty but the game has

a

eptable out
omes; in this 
ase in a

ordan
e with (12) the set of all out
omes of

game G 
oin
ides with its ring R (G) and all a

eptable out
omes are in a ring of a

game. Indeed, 
onsider the following example.

Example 2. Let G be an antagonisti
 game with ordered out
omes whose realization

fun
tion F is given by the table 1 and order relation ω on the set of out
omes

A = {a, b, c, d, e, f} by diagram in pi
. 1. Let us 
onstru
t the extended table of the

realization fun
tion (see table 2).
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Table 1. Realization fun
tion F

F y1 y2 y3

x1 b d f

x2 e c f

x3 c b a

Fig. 1. Order relation ω

Explanation. In table 2 the sign

(

V 1

xi

)∗
denotes the set of all out
omes in game

G whi
h are stri
t guaranteed to player 1 by its strategy xi (i = 1, 2, 3); the sign

(

V 2

yj

)∗

denotes the set of all out
omes whi
h are stri
t guaranteed to player 2 by

its strategy yj (j = 1, 2, 3); the sign V ∗ (1) denotes the set of all stri
t guaranteed

out
omes of player 1 and V ∗ (2) the set of all stri
t guaranteed out
omes of player 2

(see (13), (14)).

Table 2. Extended table for realization fun
tion F

F y1 y2 y3 V ∗ (1) = {a} U (2) = {d, e, f}

∣

∣∩

x1 b d f
(

V 1

x1

)∗
= {a} U2

x1
= {b, d, e, f}

∣

∣↑

x2 e c f
(

V 1

x2

)∗
= {a} U2

x2
= {c, d, e, f}

∣

∣↑

x3 c b a
(

V 1

x3

)∗
= ∅ U2

x3
= A

∣

∣↑

U (1) = {a, b, c}

∣

∣∩ U1

y1
= {a, b, c, e}

∣

∣↓ U1

y2
= {a, b, c, d}

∣

∣↓ U1

y3
= A

∣

∣↓

V ∗ (2) = {f}
(

V 2

y1

)∗
= {f}

(

V 2

y2

)∗
= {f}

(

V 2

y3

)∗
= ∅

In a

ordan
e with (17), we �nd the set A
 G of all a

eptable out
omes in the

game

A
 G = (V ∗ (1))
′ ∩ (V ∗ (2))

′
= (V ∗ (1) ∪ V ∗ (2))

′
= {b, c, d, e}.

On the other hand, be
ause U (1) = {a, b, c}, U (2) = {d, e, f}, we obtain

Z (G) = U (1) ∩ U (2) = {a, b, c} ∩ {d, e, f} = ∅,

P (G) = (U (1) ∪ U (2))
′
= ({a, b, c} ∪ {d, e, f})′ = A′ = ∅.
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Thus in game G of example 2 both the 
enter Z (G) and the periphery P (G)
are empty, however the set of a

eptable out
omes is non-empty.

3.4. Example: the set of a

eptable out
omes in game 
oin
ides with

its periphery

Another extreme 
ase of the antagonisti
 game with ordered out
ome is possible,

when the set of all a

eptable out
omes in game G 
oin
ides with its periphery

P (G).

Example 3. Consider antagonisti
 game G with ordered out
ome whose realization

fun
tion by the table 3 is given and the ordered set of out
omes by the diagram

(Fig. 2).

Table 3. Realization fun
tion F

F y1 y2 y3

x1 d c d

x2 b b c

x3 d b b

Fig. 2. Order relation ω

The extended table of the realization fun
tion is shown in table 4 (in this table

symbol designations as in table 2).

Table 4. Realization fun
tion F

F y1 y2 y3 V ∗ (1) = {a} U (2) = {e}

∣

∣∩

x1 d c d
(

V 1

x1

)∗
= {a} U2

x1
= {c, d, e}

∣

∣↑

x2 b b c
(

V 1

x2

)∗
= {a} U2

x2
= {b, c, e}

∣

∣↑

x3 d b d
(

V 1

x3

)∗
= {a} U2

x3
= {b, d, e}

∣

∣↑

U (1) = {a}

∣

∣∩ U1

y1
= {a, b, d}

∣

∣↓ U1

y2
= {a, b, c}

∣

∣↓ U1

y3
= {a, c, d}

∣

∣↓

V ∗ (2) = {e}
(

V 2

y1

)∗
= {e}

(

V 2

y2

)∗
= {e}

(

V 2

y3

)∗
= {e}
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Using (17), we �nd the set A
 G of all a

eptable out
omes in the game

A
 G = (V ∗ (1))
′ ∩ (V ∗ (2))

′
= (V ∗ (1) ∪ V ∗ (2))

′
= {a, e}′ = {b, c, d}.

We now �nd the periphery P (G) of game G:

P (G) = (U (1) ∪ U (2))
′
= ({a} ∪ {e})′ = {b, c, d}.

Thus in the game G of example 3 the set of all a

eptable out
omes 
oin
ides

with its periphery.

Remark 2. For any antagonisti
 game G with ordered out
omes in whi
h the set

of all a

eptable out
omes 
oin
ides with its periphery, the following equalities hold:

a)Z (G) = ∅; b)V ∗ (1) = U (1) ; c)V ∗ (2) = U (2) .

Indeed, it follows from the 
orollary 1 that the equality a) holds. In addition

note that in su
h a game there are no saddle points sin
e the out
ome at the

saddle point is in 
entre of the game (see example 1). Let us prove b). Be
ause

the evident in
lusion V ∗ (1) ⊆ U (1) holds, it is su�
iently to show the equality

U (1) \V ∗ (1) = ∅. Assume a ∈ U (1) \V ∗ (1), i.e. a ∈ U (1) and a ∈ (V ∗ (1))
′
. From

the 
ondition a ∈ U (1) it follows that a ∈ (V ∗ (2))′ (see (16)), i.e. out
ome a is an

a

eptable one for player 2; sin
e a ∈ (V ∗ (1))
′
then out
ome a is an a

eptable one

for player 1. Hen
e the out
ome a is an a

eptable one in game G and a

ording to

our assumption we obtain a ∈ P (G). On the other hand sin
e

P (G) = (U (1) ∪ U (2))′ = (U (1))′ ∩ (U (2))′ .

the in
lusion P (G) ⊆ (U (1))′ holds, then a ∈ (U (1))′ whi
h 
ontradi
ts to as-

sumption a ∈ U (1)\V ∗ (1). The equality b) is proved: the equality 
) is established

dually. Using 
onditions a), b), 
), we obtain that in game G the pair of subsets

{V ∗ (1) , V ∗ (2)} forms a partition of the domain D (G).
Note that all 
onditions indi
ated in remark 2 are true for example 3.

4. Conditions for non-emptiness and uniqueness of a

eptable

out
omes

4.1. Su�
ient 
ondition for non-emptiness of a

eptable out
omes


on
erning the ordered set of out
omes

Theorem 2. Assume in antagonisti
 game G = 〈X,Y,A, ω, F 〉 with ordered out-


omes all 
hains of ordered set 〈A,ω〉 are �nite. Then the set A
 G of a

eptable

out
omes in game G is non-empty.

Proof (of theorem 2). Case 1. V ∗ (1) 6= ∅, V ∗ (2) 6= ∅. Sin
e by assumption all 
hains

in the ordered set 〈A,ω〉 are �nite, both as
ending 
hain 
ondition and des
ending


hain 
ondition are hold, hen
e every non-empty subset in A has a maximal and

minimal element (see Birkho�, 1964). Let a∗ be a maximal element in non-empty

subset V ∗ (1) and b∗ a minimal element in non-empty subset V ∗ (2). Be
ause a∗ ∈
V ∗ (1) then there exists a strategy x0 ∈ X whi
h stri
tly guarantees the out
ome

a∗ to player 1, i.e.

(∀y ∈ Y ) F (x0, y)
ω
> a∗. (18)
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Dually, be
ause b∗ ∈ V ∗ (2) then there exists a strategy y0 ∈ Y whi
h stri
tly

guarantees the out
ome b∗ to player 2, i.e.

(∀x ∈ X) F (x, y0)
ω
< b∗. (19)

Setting y = y0 in (18) and x = x0 in (19), we obtain a∗
ω
< F (x0, y0)

ω
< b∗.

Sin
e a∗ is a maximal element in V ∗ (1) and b∗ is a minimal element in V ∗ (2), it
follows from the last double inequality that F (x0, y0) /∈ (V ∗ (1) ∪ V ∗ (2)); a

ording
to (17) we get F (x0, y0) ∈ (V ∗ (1) ∪ V ∗ (2))

′
= (V ∗ (1))

′ ∩ (V ∗ (2))
′
= A
 G. Thus

the out
ome F (x0, y0) is an a

eptable one in game G.

Case 2. V ∗ (1) 6= ∅, V ∗ (2) = ∅. Like the 
ase 1 we get that there exists a maximal

element a′ in non-empty set V ∗ (1). Sin
e a′ ∈ V ∗ (1) there exists a strategy x′ ∈ X
whi
h stri
tly guarantees the out
ome a∗ to player 1, i.e.

(∀y ∈ Y ) F (x′, y)
ω
> a′. (20)

Fix arbitrarily a strategy y′ ∈ Y then a

ording to (20) we obtain F (x′, y′)
ω
>

a′. Moreover be
ause element a′ is a maximal one in subset V ∗ (1), from the last


orrelation we have F (x′, y′) /∈ V ∗ (1), i.e. the out
ome F (x′, y′) is an a

eptable

one for player 1. Sin
e by assumption V ∗ (2) = ∅ any out
ome in game G, in

parti
ular, the out
ome F (x′, y′) is an a

eptable one for player 2. Thus the out
ome

F (x′, y′) is an a

eptable one in game G.

Case 3. V ∗ (1) = ∅, V ∗ (2) 6= ∅. The proof is dual to the 
ase 2.

Case 4. V ∗ (1) = ∅, V ∗ (2) = ∅. In this 
ase any out
ome a ∈ A is a

eptable in

game G. Theorem 2 is proved. ⊓⊔

Sin
e in �nite ordered set all 
hains are �nite, we have

Corollary 2. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes in whi
h the set A of out
omes is �nite. Then the set A
 G of a

eptable

out
omes in game G is non-empty.

Corollary 3. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes in whi
h the sets of players strategies are �nite. Then the set A
 G of a

ept-

able out
omes in game G is non-empty.

A proof of 
orollary 3 
an be redu
ed to previous 
orollary as follows. Let

G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out
omes in whi
h sets

of players strategies X and Y are �nite. Consider the redu
ed game G0
whi
h is

obtained from the game G by elimination of non-realizable out
omes (that is in

game G0
the set of out
omes is the range of realization fun
tion F ). Then in game

G0
the set of out
omes is �nite and in a

ordan
e with 
orollary 2 the game has an

a

eptable out
ome. It is easy to show that this out
ome is also a

eptable one in

game G whi
h was to be proved.

4.2. Uniqueness of a

eptable out
ome in a game having saddle point

Theorem 3. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes whi
h has a saddle point (x0, y0). Then the set A
 G of a

eptable points

in game G 
onsists of the out
ome F (x0, y0) and all out
omes whi
h are non-


omparable with element F (x0, y0) under order ω.



292 Vi
tor V. Rozen

Proof (of theorem 3). Che
k that F (x0, y0) ∈ U (2) (see (9)). Indeed, in a

ordan
e

with the de�nition of saddle point, for any x ∈ X there exists y = y0 ∈ Y su
h that

F (x, y)
ω

≤ F (x0, y0). Now assume that a ∈ V ∗ (1). Then a

ording to lemma 1 we

obtain a
ω
< F (x0, y0). Conversely, suppose a

ω
< F (x0, y0). Then for any y ∈ Y we

get F (x0, y)
ω

≥ F (x0, y0)
ω
> a hen
e F (x0, y)

ω
> a i.e. a ∈ V ∗ (1). Thus we show the

formula:

V ∗ (1) = {a ∈ A : a
ω
< F (x0, y0)}. (21)

The dual formula have the form:

V ∗ (2) = {a ∈ A : a
ω
> F (x0, y0)}. (22)

Be
ause the set A
 G of a

eptable points in game G 
an be presented as

A
 G = (V ∗ (1) ∪ V ∗ (2))
′

then using (21), (22) we obtain the proof of theorem 3. ⊓⊔

Corollary 4. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes whi
h has a saddle point (x0, y0). Then the set A
 G of a

eptable points in

game G 
onsists of a single element F (x0, y0) if and only if any out
ome of the

game is 
omparable under order ω with out
ome F (x0, y0).

4.3. Su�
ient 
ondition for uniqueness of a

eptable out
ome


on
erning the ordered set of out
omes

The following result was established in the paper (Rozen, 2018).

Theorem 4. Let G = 〈N, (Xi)i∈N , A, (ρi)i∈N , F 〉 be a game with quasi-ordered

out
omes and for every i ∈ N quasi-ordered set 〈A, ρi〉 as
ending 
hain 
ondition

satis�es. Then there exists an unique up to the natural equivalen
e ε a

eptable

out
ome if and only if game G has a spe
ial Nash equilibrium point x0
and out
ome

F
(

x0
)

is a 
entri
 one.

We now show that in the 
ase of antagonisti
 game with ordered out
omes


onditions of theorem 4 
an be simpli�ed by the following statements 1-4.

Statement 1. In antagonisti
 game with ordered out
omes the 
on
epts �spe
ial

Nash equilibrium point� and �saddle point� are equivalent.

Indeed, in antagonisti
 game with ordered out
omes Nash equilibrium point

be
omes a saddle point. It remains to show that any saddle point in antagonisti


game is a spe
ial Nash equilibrium point. The last assertion means that for saddle

point (x0, y0) the following 
ondition

V ∗ (1) ∪ V ∗ (2) = {a ∈ A : a
ω
< F (x0, y0)} ∪ {a ∈ A : a

ω
> F (x0, y0)} (23)

holds. The equality (23) follows dire
tly from (21) and (22).

Statement 2. In antagonisti
 game with ordered out
omes the natural equiva-

len
e relation ε is the identity relation IdA:

ε = ε1 ∩ ε2 =
(

ω ∩ ω−1
)

∩
(

ω−1 ∩ ω
)

= IdA ∩ IdA = IdA. (24)
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Statement 3. In antagonisti
 game with ordered out
omes, an element c ∈ A
is a 
entri
 one if and only if for any a ∈ A the following 
ondition holds:

a = c or a
ω
< c or a

ω
> c. (25)

The statement 3 follows from de�nitions and statement 2.

Statement 4. In antagonisti
 game with ordered out
omes both as
ending 
hain


onditions (AC) for ordered sets 〈A,ω〉 and 〈A,ω−1〉 are equivalent that all 
hains

in 〈A,ω〉 are �nite (see Szasz, 1962).

Using theorem 4 and statements 1�4, we now have the following result.

Theorem 5. Let G = 〈X,Y,A, ω, F 〉 be an antagonisti
 game with ordered out-


omes 〈A,ω〉 in whi
h all 
hains are �nite. Then the set A
 G of a

eptable points

in game G 
onsists of a single element if and only if the game G has a saddle point

and any out
ome of the game is 
omparable under order ω with out
ome at that

saddle point.

Remark 3. If the �niteness of 
hains 
ondition in ordered set 〈A,ω〉 is reje
ted,

the statement of theorem 5 be
omes false. Indeed, 
onsider the following example.

Example 4. Let G = 〈X,Y, F 〉 be antagonisti
 game with payo� fun
tion F (x, y)
given by the table 5 where a is a �xed real number. Re
all that we 
an mean G as

a game with ordered out
omes (see se
. 1.3).

Table 5. Payo� fun
tion F

X
Y

y1 y2 y3 · · · yn · · · inf

x1 a a+ 1/2 a+ 1/3 · · · a+ 1/n · · · a

x2 a+ 1 a− 1/2 a− 1/3 · · · a− 1/n · · · a− 1/2

sup a+ 1 a+ 1/2 a+ 1/3 · · · a+ 1/n · · · v1 = v2 = a

We �nd v1 = sup
x∈X

inf
y∈Y

F (x, y) = a, v2 = inf
y∈Y

sup
x∈X

F (x, y) = a i.e. game G has

a value a in pure strategies. In this game the out
ome a is an a

eptable one for

player 1 (sin
e both strategies x1 and x2 are not obje
tions of player 1 to out
ome

a). In addition, the out
ome a is an a

eptable one for player 2 (sin
e no obje
tions

of player 2 to out
ome a). Thus the out
ome a is an a

eptable one in game G.

Moreover in game G no a

eptable out
omes other than the out
ome a. Indeed, the
strategy x1 ∈ X is an obje
tion of player 1 to any out
ome p < a. Besides for any
out
ome q > a there exists a strategy yn ∈ Y whi
h is an obje
tion of player 2

to out
ome q (it is su�
iently put n = [1/(q − a)] + 1). Therefore in this game G
the out
ome a is the single a

eptable one, however the game G has not of saddle

points in pure strategies.



294 Vi
tor V. Rozen

Referen
es

Szasz, G. (1962). Einfuhrung in die Verbandstheorie. Verlag der Ungaris
en Akademie der

Wissens
haften: Budapest.

Birkho�, G. (1964) Latti
e theory. Amer. Math. So
. Colloquium Publ., Vol. XXV.

Rozen, V.V. (2013). De
ision making under qualitative 
riteria. Mathemati
al models.

Palmarium A
ademi
 Publishing: Saarbru
ken, Deuts
hland (in Russian).

Rozen, V.V. (2018). A

eptable Points in Games with Preferen
e Relations. In: Contri-

butions to game theory and management. Vol.XI. Colle
ted papers presented on the

Eleventh International Conferen
e Game Theory and Management (Petrosyan, L.A.

and N.A. Zenkevi
h, eds.), pp. 196�206. Graduate S
hool of Management SPbU: SPb.


