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Abstrat We onsider problems of "fair" distribution of several di�erent

publi resourses. If τ is a partition of a �nite set N , eah resourse cj is dis-

tributed between points of Bj ∈ τ . We suppose that either all resourses are

goods or all resourses are bads. There are �nite projets, eah projet use

points from its subset of N (its oalition). A is the set of suh oalitions.

The gain/loss funtion of a projet at an alloation depends only on the

restrition of the alloation on the oalition of the projet. The following

4 solutions are onsidered: the lexiographially maxmin solution, the lex-

iographially minmax solution, a generalization of Wardrop solution. For

�xed olletion of gain/loss funtions, we de�ne envy stable alloations with

respet to Γ , where the projets ompare their gains/losses at �xed alloa-

tion if their oalitions are adjaent in Γ . We desribe onditions on A, τ ,

and Γ that ensure the existene of envy stable solutions, and onditions that

ensure the enlusion of the �rst three solutions in envy stable solution.

Keywords: lexiographially maxmin solution, Wardrop equilibrium, envy

stable solution, equal sari�e solution.

1. Introdution

We onsider problems of fair alloation of several publi resourses cj > 0 between

points of �nite set in the ase when either all resourses are publi goods or all

resourses are publi bads. All resourses are distributed between points of �nite set

N as follows. For partition τ of N , a resourse cj is distributed between points

of Bj ∈ τ . There are �nite projets, for eah projet a its gain/loss depends on

restrition of alloations on S(a) ⊂ N , i.e., S(a) is a oalition of a. We suppose that

S(a) are di�erent for di�erent a and denote the set of suh oalitions by A.

The same problems arise when di�erent Bj orrespond to di�erent moments or

when di�erent Bj orrespond to di�erent �nanial sourses.

We use the following notations.

For �xed τ , let C = {cj = c(Bj)}Bj∈τ ,

X = X(τ, C) = {x ∈ Rn : xi ≥ 0,
∑

i∈Bj

xi = cj, Bj ∈ τ}

be the set of imputations. For S ∈ A, x ∈ X , let xS = {xi}i∈S ,

GS be a ontinuous stritly inreasing in eah variable funtion de�ned on XS =
{xS : x ∈ X}, Γ be an undireted graph, where A is the set of nodes. We also

denote GS(x) = GS(xS) for x ∈ X .

Speial ases were onsidered for TU-ooperative games with restrited ooper-

ation in (Naumova, 2011; Naumova, 2012). In that models τ = {N} and GS(x) was
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either exess or proportional exess of oalition S at imputation x. The ase when

GS(xS) = U(x(S))− U(v(S)), was onsidered in (Naumova, 2013).

For the ase when GS(xS) are the gains of S at x, one of the natural solutions is
the lexiographially maxmin solution (see Sudholter and Peleg, 1998 for example).

It generalizes the nuleolus of ooperative game.

If GS(xS) are the losses of S at x, then the lexiographially minmax solution

seems to be natural. It generalizes the antinuleolus.

For ontinuousGS , these solutions always exist. In fat, it was proved in (Shmei-

dler,1969) and formally proved in (Vilkov, 1974) for eah ompat set X . If, more-

over, GS are onave funtions, then GS(xS) are uniquely determined in lexio-

graphially maxmin solution. If GS are onvex funtions, then GS(xS) are uniquely
determined in lexiographially minmax solution.

In this paper we onsider a new solution for these problems and all it envy

stable solution. Let γ be an undireted graph, where A is the set of verties. Projets

ompare their gains/losses i� their oalitions are adjaent in Γ . At alloation in envy

stable solution, even if a projet envies to another projet, it an't objet against

the alloation. Formally, envy stable solution generalizes sequal sari�e solution

for laim problems, where all oalitions were singletons, eah pair of singletons were

adjaent in Γ and τ = {N}.
All results of this paper onern haraterisations of the olletion of oalitions

A, the partition τ of N and the graph Γ that either ensure existene result for envy

stable solution or ensure enlusion of other solutions in envy stable solution.

These onditions generalize the previous results of the author that were obtained

in (Naumova, 2011; Naumova, 2012) only for two types of funtions GS (exesses

and proportional exesses), τ = {N}, and two types of graph Γ (either eah two

di�erent oalitions are adjaent in Γ of all pairs of disjoin oalitions are adjaent in

Γ .)
The problem of �nding points in envy stable solution arises. We onsider the

possibilities to use other solutions as subsets of envy stable solution. The results

are obtained only on speial lasses of funtions GS . For problems of enlusion

lexiographially maxmin/minmax solution in envy stable solution, we take the set

of funtions Gτ
S = {GS : GS(xS) = gS({x(S ∩B)}B∈τ )}.

The problem of inlusion Wardrop equilibrium solution in envy stable one is

onsidered for the ase when GS(x) = gS(x(S)). Wardrop equilibrium is natural

for road tra� problems, but we take it beause it is the solution of a speial

minimization problem that an be solved by standart methods for some funtions.

The paper is organized as follows. In Setion 2. we de�ne envy stable solution

on X(τ, C) with respet to Γ and desribe ompletely onditions on A, τ , and Γ
that ensure existene of {GS}S∈A - envy stable solution with respet to Γ for all

ontinuous stritly inreasing in eah variable funtions GS .

In Setion 3. we desribe ompletely onditions on A, τ , and Γ that ensure

inlusion of lexiographially maxmin/minmax solutions and Wardrop equilibrium

solution in {GS}S∈A - envy stable solution with respet to Γ .

2. Envy stable solution

In this setion we de�ne envy stable solutions and desribe onditions that ensure

its existene.

De�nition 1. Let Γ be an undireted graph, where A is the set of nodes.
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Let A ⊂ 2N , τ , Γ be �xed. An imputation x ∈ X(τ, C) belongs to {GS}S∈A -

envy stable solution w.r.t. Γ if for eah ar (P,Q) of Γ ,

GP (xP ) > GQ(xQ) implies x(P ) = 0.

This de�nition is a simpli�ation of the de�nition of the generalized kernel for

games with restrited ooperation and a generalization of equal sari�e solution

for laim problems.

It has the following motivation. For x ∈ X , only oalitions that are adjaent in

Γ ompare the values of their gains/losses. Let x belong to envy stable solution. If

goods are distributed and Q envies to P at x then Q an't objet against P sine

P does not use goods. If bads are distributed and P envy to Q at x, then P an't

objet against Q beause P does not get any bads at x.
The following theorem desribes existene ondition of envy stable solution.

Theorem 1. Let A ⊂ 2N , τ , Γ , C be �xed. For all ontinuous stritly inreasing

in eah variable funtions GS (S ∈ A), the {GS}S∈A - envy stable solution w.r.t.

Γ is a nonempty set if and only if A, Γ , τ satisfy the following ondition.

C0(A, Γ, τ). If a single node is taken out from eah omponent of Γ , then eah

B ∈ τ is not overed by the remaining elements of A.

Proof. Let A, Γ , τ satisfy the ondition C0(A, Γ, τ), {GS}S∈A be a olletion of

ontinuous stritly inreasing in eah variable funtions. For x ∈ X(τ, C) we de�ne

a direted binary relation ≻x on A as follows. K ≻x L i� K,L are adjaent in Γ ,

GK(x) < GL(x) and x(L) > 0. Then ≻x is an ayli binary relation. Let

FL = {x ∈ X(τ, C) : K 6≻x L for all K ∈ A}.

Then FL
is a losed set beause the funtions GS are ontinuous ones. In view of

C0(A, Γ, τ), it follows from Theorem 2 in Naumova, 1983 that there exists x0 ∈
X(τ, C) suh that x0 ∈ FL

for all L ∈ A beause the olletion of binary relations

{≻x}x∈X(τ,C) is an M-system of relations (in terms of Naumova, 1983).

Now suppose that the ondition C0(A, Γ, τ) is not ful�lled. Let {Dk}mk=1 be a

olletion of all omponents of Γ . Then there exist B0 ∈ τ and a olletion {Sk} ⊂ A
suh that Sk ∈ Dk and for A0 = A \

⋃
{Sk}mk=1,

B0 ⊂
⋃

T∈A0

T.

Let c̄ =
∑

B∈τ c(B), 0 < ǫ < c(B0)/(c̄|B0|). Take the following olletion of fun-

tions {GS}S∈A.

GS(xS) = x(S) for S = Sk, k = 1, . . .m
GS(xS) = x(S)/ǫ otherwise.
Let y ∈ X(τ, C) and y belong to {GS}S∈A - envy stable solution w.r.t. Γ . Then for

T ∈ A0
we have

y(T ) ≤ ǫc̄ < c(B0)/|B0|.

Thus, yi < c(B0)/|B0| at eah i ∈ B0
, hene y(B0) < c(B0) and y 6∈ X(τ, C). ⊓⊔

Example 1. Let A oversN , all nodes of Γ be adjaent. Then C0(A, Γ, τ) is fulfulled
i� A is a minimal overing of eah B ∈ τ .
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Example 2. K,L ∈ A are adjaent in Γ i� K∩L = ∅. |N | = 4, τ = {N}, A onsists

of no more than 5 two-person oalitions. Then C0(A, Γ, τ) is ful�lled.

Example 3. K,L ∈ A are adjaent in Γ i� K∩L = ∅. |N | = 4, τ = {N}, A onsists

of all two-person oalitions. Then ondition C0(A, Γ, τ) does not ful�ll. Indeed, if

we take o� the oalitions {1, 2}, {1, 3}, {2, 3}, then the remaining elements of A
over N .

Example 4. K,L ∈ A are adjaent in Γ i� K ∩ L = ∅.
N = {1, . . . 6}, τ = {{1, 2, 3, 4}, {5, 6}},
A = {{1, 2, 5}, {3, 4, 6}, {1, 3}, {2, 4}}. Then C0(A, Γ, τ) is ful�lled.

3. Seletors of envy-stable solution

In this setion we de�ne lexiographially maxmin solution, lexiographially min-

max solution, Wardrop equilibrium solution and onsider the problems of inlusion

these solutions in envy stable solution. Here we restrit the lass of gain/loss fun-

tions of oalitions as follows.

If τ is a partition of N , S ∈ A, denote by Gτ
S the set of GS suh that GS(xS) =

gS({x(S ∩ B)}B∈τ ), where gS are ontinuous stritly inreasing in eah variable

funtions.

3.1. Lexiographially maxmin solution

The following solution seems natural if GS(xS) are gains of S at x.

De�nition 2. For x ∈ X(τ, C), {GS}S∈A, k = |A|, we enumerate S ∈ A, suh

that GS1
(xS1

) ≤ GS2
(xS2

) ≤ . . .GSk
(xSk

).
Denote θ(x) = (GS1

(xS1
), GS2

(xS2
), . . . GSk

(xSk
)).

A vetor x ∈ X belongs to the ({GS}S∈A, τ, C)�lexiographially maxmin

solution if θ(y) 6>lex θ(x) for all y ∈ X(τ, C).

If GS are onave funtions then for eah S ∈ A, GS(yS) oinide at all y in

this solution.

Lexiographially maxmin solution oinides with restrited nuleolus of oop-

erative game if GS(xS) = G1
S(xS) = x(S) − v(S) and oinides with restrited

proportional nuleolus if GS(xS) = G2
S(xS) = x(S)/v(S).

For i ∈ N , denote Ai = {T ∈ A : i ∈ T }.

De�nition 3. A is a (Γ, τ)�positive mixed olletion of oalitions if for eah

i ∈ B ∈ τ , Q ∈ Ai, S ∈ A, and Q, S adjaent at Γ , there exists j ∈ B suh that

Aj ⊃ Ai ∪ {S} \ {Q}.

(For the ase when τ = {N} and Q,S are adjaent in Γ i� Q ∩ S = ∅, these
olletions are alled weakly mixed in previous papers.)

Example 5. |N | = 4, K,L ∈ A are adjaent in Γ i� K ∩ L = ∅, τ = {N}, A =
{{i, j}, {k, l}; {i, k}, {j, l}},
A is (Γ, τ)�positive mixed olletion of oalitions.

Example 6. |N | = 5, K,L ∈ A are adjaent in Γ i� K ∩ L = ∅, τ = {N}, A =
{{i, j}, {k, l,m}, {i, k}, {j, l}},
A is (Γ, τ)�positive mixed olletion of oalitions.
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Example 7. |N | = 4, K,L ∈ A are adjaent in Γ i� K ∩ L = ∅, τ = {N}, A =
{{i, j}, {k}, {i,m}},
A is not (Γ, τ)�positive mixed olletion of oalitions. Indeed, take Q = {i, j},
S = {k}.

Theorem 2. Let S∩Q = ∅ for all S,Q ∈ A that are adjaent in Γ . For all {GS}S∈A

with GS ∈ Gτ
S , the ({GS}S∈A, τ, C)�lexiographially maxmin solution is ontained

in the {GS}S∈A�envy stable solution w.r.t. Γ if and only if A is a (Γ, τ)�positive
mixed olletion of oalitions.

Proof. Let A be a (Γ, τ)�positive mixed olletion of oalitions and x belong to

the ({GS}S∈A, τ, C)�lexiographially maxmin solution. Suppose that x does not

belong to {GS}S∈A�envy stable solution w.r.t. Γ , i.e., there exist S,Q ∈ A suh

that (S,Q) is an ar of Γ , GS(xS) > GQ(xQ) and x(S) > 0. Take i0 ∈ S suh that

xi0 > 0. Then i0 6∈ Q as if S ∩Q = ∅. Let i0 ∈ B ∈ τ .
Sine A is a (Γ, τ)�positive mixed olletion of oalitions, there exists j ∈ B

suh that Aj ⊃ Ai0 ∪ {Q} \ {S}.
For δ > 0, let yδ = {yi}i∈N , where yi0 = xi0 − δ, yj = xj + δ, yt = xt otherwise.

Take δ > 0 suh that δ < xi0 and

GQ(y
δ
Q) < GS(y

δ
S).

Then GP (y
δ
P ) < GP (x

δ
P ) only for P = S and GQ(y

δ
Q) > GQ(xQ). Sine GQ(y

δ
Q) <

GS(y
δ
S), we obtain θ(yδ) >lex θ(x) and this ontradits the de�nition of the

({GS}S∈A, τ, C)�lexiographially maxmin solution.

Now let the ({GS}S∈A, τ, C)�lexiographially maxmin solution be always on-

tained in the {GS}S∈A�envy stable solution w.r.t. Γ .
Suppose that A is not a (Γ, τ)�positive mixed olletion of oalitions. Then there

exist B ∈ τ , i0 ∈ B, Q ∈ Ai0 , and S ∈ A suh that S and Q are adjaent in Γ ,
S ∩Q = ∅, and Aj 6⊃ Ai0 ∪ {S} \ {Q} for all j ∈ B.

Let 0 < ǫ < 1/(|τ ||N |).
We take alloation problem with cj = cBj

= 1/|τ | at eah B ∈ τ and the

following {GS}S∈A:

GS(xS) = x(S),
GP (xP ) = x(P )/|N |2 for P ∈ Ai0 \ {Q},
GT (xT ) = x(T )/ǫ otherwise.

Let x belong to the ({GS(xS)}S∈A, τ, C)�lexiographially maxmin solution and

to the {GS}S∈A�envy stable solution w.r.t. Γ .
Sine x belongs to the ({GS(xS)}S∈A, τ, C)�lexiographially maxmin solution,

x(P ) > 0 for eah P ∈ A. Then sine x belongs to {GS}S∈A�envy stable solution,

we have x(Q) = ǫx(S) ≤ ǫ.
There exists j0 ∈ B suh that xj0 ≥ 1/(|τ ||B|) ≥ 1/(|τ ||N |). Then j0 6∈ Q and

j0 6= i0. Hene, |B| ≥ 2 and |τ | < |N |.
Let δ > 0, yδ = {yi}i∈N , where yi0 = xi0 + δ, yj0 = xj0 − δ, yi = xi otherwise.

We an take δ suh that δ < 1/(|τ ||N |) and for eah T, P ∈ A,

GT (xT ) < GP (xP ) implies GT (y
δ
T ) < GP (y

δ
P ).

Then yδ(P ) > x(P ) for eah P ∈ Ai0 \ Aj0 . In partiular, yδ(Q) > x(Q), i.e.,
GQ(y

δ
Q) > GQ(xQ).



266 Natalia I. Naumova

It remains to prove that θ(yδ) >lex θ(x), i.e., x does not belong to the

{GS(xS)}S∈A, τ, C}�lexiographially maxmin solution. In order to prove that, we

shall prove the following.

There exists P ∈ A suh that GP (y
δ
P ) > GP (xP ) and GT (y

δ
T ) < GT (xT ) implies

GP (y
δ
P ) < GT (yT ). By the hoie of δ, it is su�ient to hek that GP (xP ) <

GT (xT ).
Consider 2 ases.

Case 1. j0 6∈ S. Let GT (y
δ
T ) < GT (xT ), then T ∋ j0 and GT (xT ) = x(T )/ǫ,

hene GT (xT ) ≥ xj0/ǫ > 1. Sine GQ(xQ) = x(Q)/ǫ < 1 and yδ(Q) > x(Q), we an
take P = Q.

Case 2. j0 ∈ S, then there exists P ∈ Ai0 \ Aj0 \ {Q}. Then GP (xP ) =
x(P )/(|N |2) ≤ 1/(|N |2) and GP (y

δ
P ) > GP (xP ). If yδ(T ) < x(T ) then either

T = S and GS(xS) = x(S) ≥ 1/(|τ ||N |) > 1/(|N |2) or GT (xT ) = x(T )/ǫ and

GT (xT ) ≥ xj0/ǫ > 1. Thus, yδ(T ) < x(T ) implies GT (xT ) > GP (xP ). ⊓⊔

Remark 1. If some S,Q ∈ A with S ∩Q 6= ∅ are adjaent in Γ , then there exists

an alloation problem, where GS(xS) = kSx(S) with kS > 0 for S ∈ A suh

that the ({GS}S∈A, τ, C)�lexiographially maxmin solution does not interset the

{GS}S∈A�envy stable solution w.r.t. Γ .

Proof. Let δ < 1/(6|N |). Consider the following alloation problem: τ = {N},
cN = 1,
GS(xS) = x(S),
GQ(xQ) = 2x(Q),
GT (xT ) = x(T )/δ otherwise.

Suppose that x is ontained in both sets. Then x(S) > 0 and x(Q) > 0 be-

ause x belongs to the ({GS}S∈A, τ, C)�lexiographially maxmin solution. Hene,

GS(xS) = GQ(xQ) and x(Q) ≤ 1/2. Then there exists j0 ∈ N \ Q suh that

xj0 ≥ 1/(2|N |) > 3δ. Let i0 ∈ S ∩Q.

Take the following y:
yj0 = xj0 − δ,
yi0 = xi0 + δ,
yi = xi otherwise.

Then y(S) ≥ x(S), y(Q) > x(Q) and y(T ) < x(T ) implies y(T ) > 2δ, i.e., GT (yT ) >
2. Sine GS(yS) ≤ 1, GQ(yQ) ≤ 2, we obtain GT (yT ) > GQ(yQ), GT (yT ) > GS(yS),
so θ(y) >lex θ(x) and x does not belong to the ({GS}S∈A, τ, C)�lexiographially
maxmin solution. ⊓⊔

Remark 2. Theorem 2 is not valid without the ondition GS ∈ Gτ
S . We demon-

strate this by the following example.

Example 8. N = {1, 2, 3, 4}, τ = {N}, c = cN = 2,
A = {{1, 2}, {3, 4}, {1, 3}, {2, 4}},
the ars of Γ are ({1, 2}, {3, 4}) and ({1, 3}, {2, 4}),
G{1,2}(x) = x1 + x2, G{3,4}(x) = x3 + x4, G{1,3}(x) = x1/2 + x3, G{2,4}(x) =
x2/2 + x4.

Let x belong to the ({GS}S∈A, τ, C)�lexiographially maxmin solution and to

the {GS}S∈A�envy stable solution w.r.t. Γ . Sine x belongs to the {GS}S∈A�envy

stable solution w.r.t. Γ , the ases x({1, 2}) = 0, x({3, 4}) = 0, x({1, 3}) = 0 and
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x({2, 4}) = 0 are impossible, so we have x1 + x2 = x3 + x4 = 1, G{1,3}(x) =
G{2,4}(x) = 1 − x({1, 2})/4 = 3/4 and θ(x) = (3/4, 3/4, 1, 1). But for

y = (2/5, 2/5, 3/5, 3/5), θ(y) = (4/5, 4/5, 4/5, 6/5) and θ(y) >lex θ(x) and x does

not belong to the ({GS}S∈A, τ, C)�lexiographially maxmin solution.

3.2. Lexiographially minmax solution

If the funtions GS(xS) are losses of S at x, it is natural to onsider the folowing

solution.

De�nition 4. For x ∈ X(τ, C), {GS}S∈A, k = |A|, we enumerate S ∈ A, suh

that GS1
(xS1

) ≥ GS2
(xS2

) ≥ . . . GSk
(xSk

).
Denote θ̄(x) = (GS1

(xS1
), GS2

(xS2
), . . .GSk

(xSk
)).

A vetor x ∈ X belongs to the ({GS}S∈A, τ, C)�lexiographially minmax

solution if θ̄(y) 6<lex θ̄(x) for all y ∈ X(τ, C).

If GS are onvex funtions then for eah S ∈ A, GS(yS) oinide at all y in this

solution.

Lexiographially minmax solution oinides with restrited antinuleolus of o-

operative game if GS(xS) = G1
S(xS) = x(S) − v(S) and oinides with restrited

proportional antinuleolus if GS(xS) = G2
S(xS) = x(S)/v(S).

De�nition 5. A is a (Γ, τ) � negative mixed olletion of oalitions if for eah

i ∈ B ∈ τ , Q ∈ Ai, S ∈ A, and Q, S adjaent at Γ , there exists j ∈ B suh that

Aj ⊂ Ai ∪ {S} \ {Q}.

Example 9. Let τ = {N}. If A is a minimal over of N , then A is a Γ, τ � negative

mixed olletion of oalitions for eah Γ .

Example 10. |N | = 5, K,L ∈ A are adjaent in Γ i� K ∩ L = ∅, τ = {N},
A = {{1, 2}, {3, 4, 5}, {1, 3}, {2, 4}},
A is not a (Γ, τ)�negative mixed olletion of oalitions. Indeed, take Q = {3, 4, 5},
i = 5, S = {1, 2}.

Theorem 3. For all {GS}S∈A with GS ∈ Gτ
S , the ({GS}S∈A, τ, C)�lexiographially

minmax solution is ontained in the {GS}S∈A�envy stable solution w.r.t. Γ if and

only if A is a (Γ, τ)�negative mixed olletion of oalitions.

Proof. Let A be a (Γ, τ)�negative mixed olletion of oalitions and x belong to

the ({GS}S∈A, τ, C)�lexiographially minmax solution. Suppose that x does not

belong to {GS}S∈A�envy stable solution w.r.t. Γ , i.e., there exist S,Q ∈ A suh

that (S,Q) is an ar of Γ , GS(xS) > GQ(xQ) and x(S) > 0. Take i0 ∈ S suh that

xi0 > 0. Let i0 ∈ B ∈ τ .
Sine A is a (Γ, τ)�negative mixed olletion of oalitions, there exists j ∈ B

suh that Aj ⊂ Ai0 ∪ {Q} \ {S}. Then j 6∈ S.
For δ > 0, let yδ = {yi}i∈N , where yi0 = xi0 − δ, yj = xj + δ, yt = xt otherwise.

Take δ > 0 suh that δ < xi0 and GQ(y
δ
Q) < GS(y

δ
S).

Then GS(y
δ < GS(x) beause j 6∈ S and GP (y

δ) > GP (x) only for P = Q.

Thus, θ̄(yδ) <lex θ̄(x) and this ontradits the de�nition of the (GS}S∈A, τ, C)�
lexiographially minmax solution.
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Now let the ({GS}S∈A, τ, C)�lexiographially minmax solution be always on-

tained in the {GS}S∈A�envy stable solution w.r.t. Γ .
Suppose that A is not a (Γ, τ)�negative mixed olletion of oalitions. Then

there exist B ∈ τ , i0 ∈ B, Q ∈ Ai0 , and S ∈ A suh that S and Q are adjaent in

Γ , and Aj 6⊂ Ai0 ∪ {S} \ {Q} for all j ∈ B.

Let 0 < ǫ < 1/(|τ ||N |), M > 1.
We take the alloation problem with cj = cBj

= 1/|τ | at eah B ∈ τ and the

following {GS}S∈A:

GS(xS) = x(S),
GP (xP ) = x(P )/M for P ∈ Ai0 \ {Q},
GT (xT ) = x(T )/ǫ otherwise.

Let x belong to the ({GS(xS)}S∈A, τ, C)�lexiographially minmax solution and

to the {GS}S∈A�envy stable solution w.r.t. Γ .
If x(Q) > ǫ then x(Q)/ǫ ≤ x(S) ≤ 1 beause x belongs to the ({GS(xS)}S∈A, τ,

C)�lexiographially minmax solution, hene x(Q) ≤ ǫ. for eah P ∈ A. Then sine

x belongs to {GS}S∈A�envy stable solution, we have x(Q) = ǫx(S) ≤ ǫ.
There exists j0 ∈ B suh that xj0 ≥ 1/(|τ ||B|) ≥ 1/(|τ ||N |) > ǫ. Then j0 6∈ Q

and j0 6= i0.
Let δ > 0, yδ = {yi}i∈N , where yi0 = xi0 + δ, yj0 = xj0 − δ, yi = xi otherwise.

We an take δ suh that δ < 1/(|τ ||N |) and for eah T, P ∈ A,

GT (xT ) < GP (xP ) implies GT (y
δ
T ) < GP (y

δ
P ).

Sine Aj 6⊂ Ai0 ∪ {S} \ {Q} for all j ∈ B, there exists P̄ ∈ A suh that j0 ∈ P̄
and P̄ 6∈ Ai0 ∪ {S} \ {Q}. Then P̄ 6= Q as if j0 6∈ Q, hene i0 6∈ P̄ . This implies

yδ(P̄ ) < x(P̄ ).
Moreover, P̄ 6= S implies GP̄ (x) = x(P̄ )/ǫ, hene

GP̄ (x) ≥ xj0/ǫ > 1.

Let yδ(T ) > x(T ) then i0 ∈ T , j0 6∈ T . Then either T = Q and GT (x) =
x(Q)/ǫ ≥ 1 or GT (x) = x(T )/M < 1, thus,

GP̄ (x) > GT (x).

It follows from the hoie of δ that GP̄ (y
δ) > GT (y

δ) for eah T with yδ(T ) > x(T ).
Thus, θ̄(yδ) <lex θ̄(x) and this ontradits the de�nition of the (GS}S∈A, τ, C)�

lexiographially minmax solution. ⊓⊔

Chernyshova proved this theorem for the ase when τ = {N}, the oalitions are
adjaent in Γ i� they are disjoint, and GS(x) = x(S)/v(S) (see Chernysheva, 2017).

Remark 3. Theorem is not valid without the ondition GS ∈ Gτ
S . We demonstrate

this by the following example.

Example 11. N = {1, 2, 3, 4}, τ = {N}, c = cN = 2,
A = {{1, 2}, {3, 4}, {1, 3}, {2, 4}},
the ars of Γ are ({1, 2}, {3, 4}) and ({1, 3}, {2, 4}),
G{1,2}(x) = x1+x2, G{3,4}(x) = x3+x4, G{1,3}(x) = 2x1+x3, G{2,4}(x) = 2x2+x4.

Let x belong to the ({GS}S∈A, τ, C)�lexiographially minmax solution and to

the {GS}S∈A�envy stable solution w.r.t. Γ . Sine x belongs to the {GS}S∈A�envy
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stable solution w.r.t. Γ , we have x1 + x2 = x3 + x4 = 1, G{1,3}(x) = G{2,4}(x) =
1 + x({1, 2})/2 = 3/2 and θ̄(x) = (3/2, 3/2, 1, 1). But for y = (1/3, 1/3, 2/3, 2/3),
θ̄(y) = (4/3, 4/3, 4/3, 2/3) and θ(y) <lex θ(x), and x does not belong to the

({GS}S∈A, τ, C)�lexiographially minmax solution.

4. Wardrop equilibrium

The following solution was de�ned in (Wardrop, 1952) for road tra� problems. In

our model, it an be used if GS(x) = gS(x(S)), where gS are funtions de�ned on

[0,+∞).

De�nition 6. Let {gS}S∈A be a olletion of stritly inreasing ontinuous fun-

tions de�ned on [0,+∞), τ be a partition of N , C = {c(B)}B∈τ . An alloation

x ∈ X(τ, C) is a Wardrop equilibrium with respet to {gS}S∈A if for eah

B ∈ τ , i, j ∈ B,

∑

T∈A:T∋i

gT (x(T )) >
∑

T∈A: T∋j

gT (x(T )) implies xi = 0.

De�nition 7. Let {gS}S∈A be a olletion of stritly inreasing ontinuous fun-

tions de�ned on [0,+∞). A ({gS}S∈A, τ, C)�solution is the set of solutions of the

problem

∑
S∈A

z(S)∫
0

gS(t)dt → min{z: z∈X(τ,C)}.

The following fat is well known (see, for example, Krylatov and Zakharov, 2017

Th.1 or Mazalov, 2010 Th.9.10).

Proposition 1. An alloation x ∈ X(τ, C) belongs to ({gS}S∈A, τ, C)�solution i�

it is a Wardrop equilibrium with respet to {gS}S∈A.

De�nition 8. A olletion of oalitions A is a (Γ, τ)�mixed olletion if for eah

B ∈ τ , i ∈ B, Q ∈ Ai S ∈ A and Q, S adjaent at Γ , there exists j ∈ B suh that

Aj = Ai ∪ {S} \ {Q}.

Example 12. |N | = 4, τ = {N}, P and Q are adjaent in Γ i� P ∩ Q = ∅, A =
{{i, j}, {k, l}; {i, k}, {j, l}}, then A is a (Γ, τ)�mixed olletion.

Example 13. |N | = 5, τ = {N}, P and Q are adjaent in Γ i� P ∩ Q = ∅, A =
{{1, 2}, {3, 4, 5}, {1, 3}, {2, 4}}.
It was demonstrated in 10 that A is not a (Γ, τ)�negative mixedolletion, hene it

is not a (Γ, τ)�mixed olletion of oalitions.

Theorem 4. For all olletions {gS}S∈A of stritly inreasing ontinuous funtions

de�ned on [0,+∞), if GS(x) = gS(x(S)), then the ({gS}S∈A, τ, C)�solutions are

ontained in the {GS}S∈A�envy stable solution w.r.t. Γ if and only if A is a (Γ, τ)�
mixed olletion of oalitions.

Proof. LetA be a (Γ, τ)�mixed olletion of oalitions. Let x belong to a ({gS}S∈A, τ,
C)�solution.

Suppose that x does not belong to the {GS}S∈A�envy stable solution w.r.t. Γ ,
i.e., there exist Q,S ∈ A suh that (Q,S) is an ar of Γ , x(Q) > 0, and gQ(x(Q)) >
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gS(x(S)). Take i0 ∈ Q with xi0 > 0. Let i0 ∈ B ∈ τ . Sine A is a (Γ, τ)�mixed

olletion, there exists j0 ∈ B suh that Aj0 = Ai0 ∪ {S} \ {Q}. Thus, {T ∈ A :
T 6∋ j0, T ∋ i0} = {Q}, {T ∈ A : T ∋ j0, T 6∋ i0} = {S}, hene

∑

T∈A:T∋i0

gT (x(T ))−
∑

T∈A:T∋j0

gT (x(T )) = gQ(x(Q)) − gS(x(S) > 0,

but this ontradits Proposition 1. Thus, x belongs to the {GS}S∈A�envy stable

solution w.r.t. Γ .

Let ({gS}S∈A, τ, C)�solution be always ontained in the {GS}S∈A�envy stable

solution w.r.t. Γ for GS(x) = gS(x(S)). Suppose that A is not a (Γ, τ)�mixed

olletion of oalitions. Then there exist B ∈ τ , i0 ∈ B, Q ∈ Ai0 , and S ∈ A suh

that (S,Q) is an ar of Γ , and for eah j ∈ B, Aj 6= Ai0 ∪ {S} \ {Q}.
Let 0 < ǫ < 1/(|τ ||N |), M > 1. We take the following problem. cB = 1/τ for

eah B ∈ τ ,
gS(x(S)) = x(S)− 1,
gP (x(P )) = x(P )/M − 1 for P ∈ Ai0 \ {Q},
gT (x(T )) = x(T )/ǫ− 1 otherwise.

Let x belong to the ({gS}S∈A, τ, C)�solution and to the {GS}S∈A�envy stable

solution w.r.t. Γ . First, we prove that x(Q) ≤ ǫ. If x(Q) > ǫ, then gQ(x(Q)) ≤
gS(x(S), i.e., x(Q) ≤ ǫx(S) ≤ ǫ. There exists j0 ∈ B suh that xj0 ≥ 1/(|τ ||N |).
Then j0 6∈ Q.

Note that gQ(x(Q)) ≤ gS(x(S)) beause if x(Q) = 0 then gQ(x(Q)) = −1,
gS(x(S)) > −1 sine xj0 > 0, and if x(Q) > 0 then it follows from the de�nition of

envy stable solution.

We shall prove that

∑

T∈A:T∋i0

g(x(T )/v(T )) <
∑

T∈A:T∋j0

g(x(T )/v(T )), (1)

and this will ontradit Proposition 1.

Sine Aj0 6= Ai0 ∪ {S} \ {Q}, the following 3 ases are possible.

1. j0 6∈ S.
2. j0 ∈ S, Ai0 \ {Q} 6= ∅, and j0 6∈

⋂
P∈Ai0

\{Q} P .

3. j0 ∈ Ai0 ∪ {S} \ {Q} and there exists T0 ∈ Aj0 \ (Ai0 ∪ {S}).
Case 1. If T ∈ Ai0 \ {Q} then g(T ) < 0. Moreover, x(Q) < ǫ in this ase beause

x(S) < 1 and x(Q) ≥ ǫ implies x(Q) ≤ ǫx(S) < ǫ. Thus, gQ(x(Q)) < 0 and

∑

T∈A: T 6∋j0,T∋i0

gT ((x(T )) ≤ gQ((x(Q)) < 0.

For all T ∈ Aj0 \ Ai0 , x(T ) > ǫ and gT (x(T )) > 0 as if j0 6∈ S, therefore,
∑

T∈A:T∋j0,T 6∋i0

gT ((x(T )) ≥ 0,

this implies (10).

Case 2. Sine Ai0 \ Aj0 \ {Q} 6= ∅ and gT (x(T )) < 0 for all T ∈ Ai0 \ {Q}, we
obtain

∑

T∈A:T 6∋j0,T∋i0

gT ((x(T )) = gQ((x(Q)) +
∑

T∈Ai0
\Aj0

\{Q}

gT ((x(T )) < gQ((x(Q).
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If T ∈ Aj0 \ Ai0 then either T = S or x(T ) > ǫ and gT (x(T )) > 0, therefore

∑

T∈A:T∋j0,T 6∋i0

gT ((x(T )) ≥ gS((x(S)).

Sine gQ(x(Q)) ≤ gS(x(S)), we obtain (10).

Case 3. Here {T ∈ A : T 6∋ j0, T ∋ i0} = {Q}, so

∑

T∈A:T 6∋j0,T∋i0

gT ((x(T )) = gQ((x(Q)).

If T ∈ Aj0 \ (Ai0 ∪ {S}) then gT (x(T )) ≥ 0, so

∑

T∈A:T∋j0,T 6∋i0

gT ((x(T )) ≥ gS((x(S)) + gT0
((x(T0)) > gS((x(S)).

Sine gQ(x(Q)) ≤ gS(x(S)), we obtain (1). ⊓⊔

5. Conlusion

The paper onsidered some solutions of alloation problems with di�erent publi

resourses. Eah oalition from a �xed olletion of oalitions estimates an alloation

by its gain/loss funtion, and the result of estimation depends only on restrition

of alloation on that oalition. A new solution onept (envy stable solution) was

introdued. Conditions on the olletion of oalitions that ensure existene result

at all ontinuous gain/loss funtions of oalitions are desribed. The onditions on

the olletion of oalitions that ensure inlusion of lexmaxmin, lexminmax, and

Wardrop equlibrium solutions in envy stable solution are desribed in terms of the

olletion of oalitions.
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