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Abstrat A new alloation rule was proposed by splitting the original game

into a game between hyperlinks and games within them. A speial ase of

ooperative game on �ower type hypergraphs is investigated. The proposed

alloation rule has been generalized for games with a ommuniation stru-

ture represented by ayli redued hypergraphs and was illustrated by ex-

amples.
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1. Introdution

In a lassial way for group N := 1, ..., n of agents the eonomi possibilities of eah

subgroup are desribed by ooperative game (N, v), where N is a set of players and

v is a harateristi funtion. The harateristi funtion shows the power of eah

oalition. In this paper, we assume the ooperative game with transferable utility

or TU-games.

Classially in this game, we assume that eah subset of players an deide to

ooperate and the total payo� of this ooperation an be distributed among the

players. But in many pratial situations, not all players an ommuniate with

eah other due to some eonomi, tehnologial or other reasons, thus some oali-

tions annot be reated. It is the lass of TU-games with limited ooperation. The

ommuniation struture an be introdued by an undireted graph. In this way,

just players who have a link between them an ooperate. These games were �rst

studied in (Myerson, 1977), he introdued games on a graph and haraterized the

Shapley value (Shapley, 1953). Hereafter, games with ommuniation struture have

reeived a lot of attention in ooperative game theory. In (Owen, 1986) were studied

games where the ommuniation struture is a tree. The position value for games

where ommuniation struture is given by a graph was introdued in (Meessen,

1988).

But generally, the ommuniation struture an be given by a graph or hyper-

graph. For example, it an be some ompanies or sports teams. Cooperation between

two organizations is only possible if they have at least one member in both of them.

The TU-games on hypergraph were studied in (Nouweland, Borm and Tijs,

1992), they haraterized the Myerson value and the position value for these games.

The third value, whih is alled degree value for the games with hypergraph ommu-

niation struture was introdued in (Shan, Zhang and Shan, 2018). Many alloation

rules for TU-games with a hypergraph ommuniation struture an be proposed
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based on some di�erent interpretations. The Myerson value highlighting the role of

the players, the position value fouses on the role of ommuniation.

In this paper, we introdued a new alloation rule for TU-games on the hyper-

graph.

2. Game on sublass of hypergraph

2.1. Preliminaries

In this setion, we reall some notations and de�nitions about TU-games and hy-

pergraph.

TU-game is a pair (N, v). Charateristi funtion v : 2N → R and v(∅) = 0. We

will use |S| to show the ardinality of any S ∈ N .

Hypergraph is a pair (N,H ), H ⊆ {H ∈ 2N
∣∣|H | > 2}. H is some set of subsets

of players N with ardinality more or equal two.

2.2. De�nition of the game

Let N = {1, . . . , n− 1, c} be a player set. Communiation possibilities desribed by

hypergraph (N,H ) In this part we will onsider a speial ommuniation struture

whih given by

H ⊆ {H ∈ 2N
∣∣|H | > 2, Hj ∩Hk = c; j 6= k ∀Hj , Hk ∈ H }.

The interpretation of this struture is there is just one player who inluded in all

hyperlinks and other players inluded just in one of them. The ommuniation is

only possible between the players in hyperlinks. It an be also interpreted as the

entral player has some ompanies with workers.An example of this hypergraph

shown in �g.1

Fig. 1. An example of this hypergraph.

Denote the numbers of hyperlink in ommuniation struture by L. Also denote

the entral-player by c. Let Γi be a set of players whih inluded in hyperlink Hi

exept player c and Ui - the set of their strategies. Also denote a strategy of simple-

player j as uj
. A strategy of player c from his set of strategies we will denote by

uc ∈ Uc. We de�ne the payo� funtion of simple-player j in hyperlink Hi in this

way

hj(Ui, uc) = Kj(Ui, uc)
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where Kj � payo� of player j whih is de�ned on hyperlink whih inlude player

j. The payo� funtion of entral-player c:

hc(U1, U2, . . . , UL, uc) = K1
c (U1, uc) +K2

c (U2, uc) + · · ·+KL
c (UL, uc)

2.3. Cooperation

Now onsider the ase when the players agree to ooperate. It means that they will

hoose their strategies to maximize the sum of their payo�s

∑

k∈N

hk =
L∑

i=1

∑

m∈Hi

Km (Ui, uc) +
L∑

j=1

Kj
c (Uj , uc).

We suppose transferable payo�s. Thus the main question is how to alloate the

total payo� between players. We will do it in three steps. On the �rst step, we

onstrut a new ooperative game where we onsider hyperlinks as players. We will

reate a harateristi funtion for all oalitions in this game. After that we solve

this game proposing some alloation rule, in this paper we use a solution with equal

exess. So we get the payo�s for all hyperlinks. The seond step is to alloate this

payo� between the members in a hyperlink. To solve this problem we will use the

proportional solution. The last step is to �nd the total payo� for the entral player.

It will be the sum of his payo�s from all hyperlinks.

First step For now we onsider the game where the players are hyperlinks from the

given ommuniation struture.The set of hyperlinks we will denote as H. S ⊆ H is

oalition from this set of hyperlinks. We de�ne the harateristi funtion as follows:

V (S) =
∑

i: Hi∈S

∑

j∈Γi

Kj(Ũi, ûc) +
∑

i: Hi∈S

Ki
c(Ũi, ûc),

where ûc the solution of this maximization problem:

max
uc

max
Ui


 ∑

i: Hi /∈S

∑

j∈Γi

Kj(Ui, uc) +
∑

i: Hi /∈S

Ki
c(Ui, uc)


 =

=
∑

i: Hi /∈S

∑

j∈Γi

Kj(Ûi, ûc) +
∑

i: Hi /∈S

Ki
c(Ûi, ûc),

and Ũi the solution of:

max
Ui


 ∑

i: Hi∈S

∑

j∈Γi

Kj(Ui, ûc) +
∑

i: Hi∈S

Ki
c(Ui, ûc)


 =

=
∑

i: Hi∈S

∑

j∈Γi

Kj(Ũi, ûc) +
∑

i: Hi∈S

Ki
c(Ũi, ûc)

V (H) = max
uc

max
Ui


 ∑

i: Hi∈H

∑

j∈Γi

Kj(Ui, uc) +
∑

i: Hi∈H

Ki
c(Ui, uc)




We an interpret the values of harateristi in a following way. We suppose

that entral player is maximizing the total payo� of players in hyperlinks whih are
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not in S. Based on this, the entral playerâ��s ûc strategy is hosen, assuming

that in the worst ase the entral player will play this strategy, players from S

seek to maximize their total payo�. Thus, we have determined the harateristi

funtion for all oalitions of the hyperlinks. The next step is to �nd the gains for

eah hyperlink. For this, we use a solution with equal exess.

ξHj
= V (HJ ) +

V (H)−
∑
i∈H

V (Hi)

L
, j = 1, L.

Seond step After the previous step the payo�s for eah hyperlink have been

reeived, the next step will be the distribution of this payo� between the players

in eah hyperlink. At this step, we get L ooperative games, for eah we de�ne the

harateristi funtion for oalitions of players and the optimality priniple. The

harateristi funtion in these games will be determined in aordane with the

approah desribed in (Neumann and Morgenstern, 1994). The idea is quite simple:

the harateristi funtion in this ase shows the maximum gain that a oalition an

reeive, provided that all other players play against it. As an optimality priniple,

we take a proportional solution. Consider a game on the hyperlink Hj . We denote

the set of players on hyperlink Hj , inluding the entral one, by Nj . We assume

that vj(Nj) = ξHj
. De�ne the value of the harateristi funtion for eah of the

simple players on this hyperlink Hj as

vj(i) = max
ui

min
uc

⋃
Uj\ui

Ki(Uj , uc).

for entral-player on the same hyperlink

vj(c) = max
uc

min
Uj

Kj
c (Uj , uc).

Now we an de�ne the payo� of eah simple-player on the hyperlink Hj as:

Ej
i =

vj(i)∑
k∈Nj

vj(k)
v(Nj) =

vj(i)∑
k∈Nj

vj(k)
ξHi

.

The payo� of the entral-player on the hyperlink Hj we will de�ne by

Ej
c =

vj(c)∑
k∈Nj

vj(k)
v(Nj) =

vj(c)∑
k∈Nj

vj(k)
ξHi

.

Third step We already de�ned the payo�s of all simple-players. The payo� of the

entral-player is said to be equal a sum of his payo�s on eah hyperlink.

Ec =
L∑

j=1

Ej
c .

This is the main idea of this work.
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2.4. Example

For better understanding we will use this solution on the example. Consider the o-

operative game with player setN = {1, 2, 3, 4, c} and hypergraphH1 = {1, 2, c}, H2 =
{3, 4, c} whih is shown on �g.2 .

For this example we onsider that in eah hyperlink players have bimatrix game

between eah other. It means that for simple-player j in hyperlinkHi payo� funtion

is

hj(Ui, uc) = Kj(Ui, uc) =
∑

k:uk∈Ui\uj

Kj(u
k, uj) +Kj(u

j, uc),

and for entral player the payo� funtion

hc(U1, U2, . . . , UL, uc) = K1
c (U1, uc) +K2

c (U2, uc) + · · ·+KL
c (UL, uc)

where

Ki
c(U1, uc) =

∑

k:uk∈Ui

Ki
c(u

k, uc)

Fig. 2. Communiation struture

De�ne the bimatrix game for eah pair of linked players. We write a bimatrix

2× 2 for player i and j where i hooses the row and j hooses olumn. We onsider

that all players have the set of strategies (A,B).
For players 1 and 

(
4\8 3\6
1\3 5\6

)

For players 2 and 

(
3\6 5\5
0\2 4\8

)

For players 1 and 2

(
6\8 6\0
4\3 0\6

)

For players 3 and 
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(
8\0 6\10
3\6 9\3

)

For players 4 and 

(
5\2 8\9
7\2 6\5

)

For players 3 and 4

(
0\1 10\4
7\0 3\8

)

First step. Firstly we �nd the value of harateristi funtion for all oalitions

of hyperlinks.

V (H1) =
∑

j∈Γ1

Kj(Ũ1, ûc) +K1
c (Ũ1, ûc),

where ûc the solution of this maximization problem:

max
uc

max
U2


∑

j∈Γ2

Kj(U2, uc) +K2
c (U2, uc)


 =

=
∑

j∈Γ2

Kj(Û2, ûc) +K2
c (Û2, ûc) = 41

In this example ûc = B next we �nd Ũ1 it is the solution of:

max
U1


∑

j∈Γi

Kj(U1, B) +K1
c (U1, B)


 = 33

Thus V (H1) = 33

V (H2) =
∑

j∈Γ2

Kj(Ũ2, ûc) +K2
c (Ũ2, ûc),

where ûc the solution of this maximization problem:

max
uc

max
U1


∑

j∈Γ1

Kj(U1, uc) +K1
c (U1, uc)


 =

=
∑

j∈Γ1

Kj(Û1, ûc) +K1
c (Û1, ûc) = 35

In this example ûc = A next we �nd Ũ2 it is the solution of:

max
U2


∑

j∈Γ2

Kj(U2, A) +K1
c (U2, A)


 = 31

Thus V (H2) = 31
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V (H) = max
uc

max
Ui


 ∑

i: Hi∈H

∑

j∈Γi

Kj(Ui, uc) +
∑

i: Hi∈H

Ki
c(Ui, uc)


 = 74

Now we use the solution with equal exess to get payo�s for hyperlinks

ξHj
= V (Hi) +

V (H)−
∑
i∈H

V (Hi)

L
, j = 1, L.

ξH1
= V (H1) +

V (H)− (V (H1) + V (H2))

2
= 38

ξH2
= V (H2) +

V (H)− (V (H1) + V (H2))

2
= 36

Seond step. Now we solve two ooperative game as an optimality priniple

we will use proportional solution. For the game on hyperlink H1 a harateristi

funtion for players 1,2 and 

v1(1) = max
u1

min
uc

⋃
U1\u1

Ki(U1, uc) = max
u1

min
uc,u2

(K1(u
1, uc) +K1(u

1, u2)) = 10.

v1(2) = max
u2

min
uc

⋃
U1\u2

Ki(U1, uc) = max
u2

min
uc,u1

(K2(u
2, uc) +K2(u

1, u2)) = 6.

v1(c) = max
uc

min
U1

K1
c (U1, uc) = max

uc

min
u1,u2

(K1
c (u

2, uc) +K1
c (u

1, uc)) = 11

v1(N1) = ξH1
= 38

E1
1 =

v1(1)

v1(1) + v1(2) + v1(c)
v1(N1) =

380

27

E2
1 =

v1(2)

v1(1) + v1(2) + v1(c)
v1(N1) =

228

27

Ec
1 =

v1(c)

v1(1) + v1(2) + v1(c)
v1(N1) =

418

27

For the game on hyperlink H2 a harateristi funtion for players 3,4 and 

v2(3) = max
u3

min
uc

⋃
U2\u3

Ki(U2, uc) = max
u3

min
uc,u4

(K3(u
3, uc) +K3(u

3, u4)) = 15.

v2(4) = max
u4

min
uc

⋃
U2\u4

Ki(U2, uc) = max
u2

min
uc,u3

(K4(u
4, uc) +K4(u

3, u4)) = 11.

v2(c) = max
uc

min
U2

K2
c (U2, uc) = max

uc

min
u1,u2

(K2
c (u

3, uc) +K2
c (u

4, uc)) = 8

v2(N2) = ξH2
= 36

E3
2 =

v2(3)

v2(3) + v2(4) + v2(c)
v2(N2) =

540

34

E4
2 =

v2(4)

v1(3) + v2(4) + v2(c)
v2(N2) =

396

34
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Ec
2 =

v2(c)

v1(3) + v2(4) + v2(c)
v2(N2) =

288

34

Third step. Now we sum the payo�s of entral player from eah hyperlink

Ec =
L∑

j=1

Ej
c = Ec

1 + Ec
2 =

288

34
+

418

27

3. Generalization of the game

3.1. Preliminaries

In this part we onsider the generalization of the previous game. Now we need to

refresh some information about hypergraph.

The redution of hypergraph (N,H ) is alled hypergraph (N,H
′

) whih is

obtained from the original by removing all hyperlinks that are ompletely ontained

in other hyperlinks. Hypergraph is alled redued if it is equivalent to its redution,

that is, it does not have a hyperlink inside other hyperlinks.

A simple yle with length s in hypergraph (N,H) is a sequene

(H0, n0, H1, . . . , Hs1, ns1, Hs),

whereH0, . . . , Hs1 di�erent hyperlinks, hyperlinkHs oinides withH0, n0, . . . , ns−1

di�erent vertexes, and ni ∈ Hi ∩Hi+1 for all i = 0, . . . , s− 1.

A �rst de�nition of ayliity for hypergraphs was given in Berge, 1989. A hy-

pergraph is ayli if its inidene graph is ayli.

3.2. De�nition of the game

In this part, we will onstrut the game where ommuniation struture de�ned by

ayli redued hypergraph (N,H). An interpretation of this ommuniation stru-

ture an be that there are managers who work with ompanies and eah ompany

has workers who work just on them.

Let N := {1, . . . , n−m, c1, . . . , cm} be a set of players. Denote the numbers of

hyperlinks in ommuniation struture by L as before. The players whih inluded

just in one hyperlink we will all simple-players, other will be alled omplex-players.

To onstrut the game we need to introdue new notations.

Let ui is strategy of simple-player i from the set of his strategies Ui
. Also denote

as ucj a strategy of omplex-player j from the set of his strategies Ucj
. The set of

simple-players strategies in hyperlinkHi we will denote as Ui and the set of omplex-

players strategies in this hyperlink as U c
i . The payo� funtion for simple-player j

in hyperlink Hi denote as K
j(Ui, U

c
i ), and the payo� funtion for omplex-player j

in hyperlink Hi denote by K
cj
i (Ui, U

c
i ). Now we an de�ne the total payo� funtion

of eah player. For all simple-players for example j whih inluded in hyperlink the

payo� is equal to

hj = Kj(Ui, U
c
i )

the total payo� funtion of omplex-player j we de�ne as

hcj =
∑

i:cj∈Hi

K
cj
i (Ui, U

c
i )
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3.3. Cooperation

Now we onsider a ooperative game where the players agree to hoose their strate-

gies together to maximize the total sum of theirs payo�s. The total sum is equal:

n−m∑

i=1

hi +
m∑

i=1

hci =
L∑

i=1

∑

j∈Hi

Kj(Ui, U
c
i ) +

L∑

i=1

∑

j:cj∈Hi

K
cj
i (Ui, U

c
i )

Firstly we onsider the ooperative game where players are hyperlinks. We de-

�ne a harateristi funtion for any oalition of hyperlinks, after that we use an

alloation rule and get payo� for eah hyperlink. Next step is onsider L ooper-

ative games and get payo� for eah player. Finally we �nd a total payo�s for any

omplex-player as a sum from his payo�s from eah hyperlink in whih he exist.

First step We onsider the ooperative game with hyperlinks as players. To de�ne

the harateristi funtion for all oalitions we need to introdue new notations.

Let Γi be a set of simple-players in hyperlink Hi, Γ
c
i is a set of omplex-players

in hyperlink Hi. Also denote a set of hyperlinks whih inlude omplex-player j as

Bcj . For any oalition S we will make a partition on eah hyperlink in S of omplex-

player set in this hyperlink. The set of strategies in hyperlink Hi of omplex-players

whih inluded only in hyperlinks from the oalition S we denote as U cf

i others by

U cn

i , U cf

i ∪ U cn

i = U c
i . The set of hyperlinks we denote as H. S ⊆ H is oalition

from this set of hyperlinks. Now we an de�ne the harateristi funtion for all

oalitions of hyperlinks as follows

V (S) =
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i )

where Û cn

i the solution of this maximization problem:

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i )

and Ũi and Ũ cf

i the solution of:

max
Ucf

i

max
Ui


 ∑

i:Hi∈S

∑

j∈Γi

Kj(Ui, U
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cf

i , Û cn

i )


 =

=
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i )

for the grand oalition we have:

V (H) = max
Uc

i

max
Ui


 ∑

i:Hi∈H

∑

j∈Γi

Kj(Ui, U
c
i , ) +

∑

i:Hi∈H

∑

j∈Γ c
i

K
cj
i (Ui, U

c
i )
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As alloation rule here we use Shapley value. Notie that in this step we an use

any alloation rule from lassi ooperative theory.

φHi
(V ) =

∑

S⊆H\Hi

|S|!(|N | − |S| − 1)!

N !
(V (S ∪Hi)− V (S))

Seond step From the previous step we get payo�s for eah hyperlink in our

hypergraph. Now we onsider a ooperative game on eah hyperlink with players

whih inluded in it. It means that now we have L independent ooperative games.

As an optimality priniple we use proportional solution. We denote the set of play-

ers on hyperlink Hj by Nj . Assume that vj(Nj) = φHj
. De�ne the value of the

harateristi funtion for eah simple players on hyperlink Hj as

vj(i) = max
ui

min
Uc

j

⋃
Uj\ui

Ki(Uj , U
c
j ).

for omplex-player i on the same hyperlink

vj(ci) = max
uci

min
Uc

j
\uci

⋃
Uj

Kci
j (Uj , U

c
j ).

Now we an de�ne the payo� of eah simple-player on the hyperlink Hj as:

Ej
i =

vj(i)∑
k∈Nj

vj(k)
vj(Nj) =

vj(i)∑
k∈Nj

vj(k)
φHi

.

The payo� of omplex-player i on the hyperlink Hj we will de�ne by

Ej
ci =

vj(ci)∑
k∈Nj

vj(k)
vj(Nj) =

vj(ci)∑
k∈Nj

vj(k)
φHi

.

Third step Now we get total payo�s for eah simple-player. The total payo� for

eah omplex-player is the sum of his payo�s from eah hyperlink in whih it is

inluded.

Eci =
∑

j:Hj∈Bci

Ej
ci

3.4. Example

Consider the ooperative game with player set N = {1, 2, 3, 4, c1, c2} and hyper-

graph H1 = {1, 2, c1}, H2 = {3, c1, c2}, H3 = {c2, 4} whih is shown on �g.3.

For this example we onsider that in eah hyperlink players have bimatrix game

between eah other. It means that for simple-player i in hyperlinkHj payo� funtion

is

hi(Uj , U
c
j ) = Ki(Uj , U

c
j ) =

∑

k:uk∈Uj\ui

Ki(uk, ui) +
∑

k:uck∈Uc
j

Ki(ui, uck),

and for entral player the payo� funtion

hcj =
∑

i:cj∈Hi

K
cj
i (Ui, U

c
i )
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Fig. 3. Communiation struture

where

Kci
j (Uj , U

c
j ) =

∑

k:uk∈Uj

Kci(uk, uci) +
∑

k:uck∈Uc
j
\uci

Kci(uci , uck)

De�ne the bimatrix game for eah pair of linked players. We will write a bimatrix

2× 2 for player i and j where i hooses the row and j hooses olumn. We onsider

that all players have a set of strategies (A,B).
For players 1 and c1

(
4\8 3\6
1\3 5\6

)

For players 2 and c1

(
3\6 5\5
0\2 4\8

)

For players 1 and 2

(
6\8 6\0
4\3 0\6

)

For players 3 and c1

(
8\0 6\10
3\6 9\3

)

For players c2 and c1

(
5\2 8\9
7\2 6\5

)

For players 3 and c2
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(
0\1 10\4
7\0 3\8

)

For players 4 and c2

(
1\4 2\7
4\0 3\5

)

First step. Firstly we will �nd the value of the harateristi funtion for all

oalitions of hyperlinks. In oalition S = {H1}, U cn

1 = U c
1 = (uc

1) then the value of

harateristi funtion of this oalition is equal

V (H1) =
∑

j∈Γ1

Kj(Ũ1, Û
cn

1 ) +
∑

j∈Γ c
1

K
cj
1 (Ũ1, Û

cn

1 )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 50

from this we get Û cn

1 = (ûc1) = B

max
U1


∑

j∈Γ1

Kj(U1, Û
cn

1 ) +
∑

j∈Γ c
1

K
cj
1 (U1, Û

cn

1 )


 =

=
∑

j∈Γ1

Kj(Ũ1, Û
cn

1 ) +
∑

j∈Γ c
1

K
cj
1 (Ũ1, Û

cn

1 ) = 33

Thus we get V (H1) = 33.
In oalition S = {H2}, U cn

2 = U c
2 = (uc1 , uc2) then the value of harateristi

funtion of this oalition is equal

V (H2) =
∑

j∈Γ2

Kj(Ũ2, Û
cn

2 ) +
∑

j∈Γ c
2

K
cj
2 (Ũ2, Û

cn

2 )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 44

from this we get Û cn

2 = (ûc1 , ûc2) = (A,B)

max
U2


∑

j∈Γ2

Kj(U2, Û
cn

2 ) +
∑

j∈Γ c
2

K
cj
2 (U2, Û

cn

2 )


 =

=
∑

j∈Γ2

Kj(Ũ2, Û
cn

2 ) +
∑

j∈Γ c
2

K
cj
i (Ũ2, Û

cn

2 ) = 31
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Thus we get V (H2) = 31.
In oalition S = {H3}, U cn

3 = U c
3 = (uc2) then the value of harateristi

funtion of this oalition is equal

V (H3) =
∑

j∈Γ3

Kj(Ũ3, Û
cn

3 ) +
∑

j∈Γ c
3

K
cj
3 (Ũ3, Û

cn

3 )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 74

from this we get Û cn

3 = (ûc2) = (B)

max
U3


∑

j∈Γ3

Kj(U3, Û
cn

3 ) +
∑

j∈Γ c
3

K
cj
3 (U3, Û

cn

3 )


 =

=
∑

j∈Γ3

Kj(Ũ3, Û
cn

3 ) +
∑

j∈Γ c
3

K
cj
i (Ũ3, Û

cn

3 ) = 9

Thus we get V (H3) = 9.

In oalition S = {H1, H2}, U cf

1 = U c
1 = (uc1), U cn

2 = (uc2), U cf

2 = (uc1) then the

value of harateristi funtion of this oalition is equal

V (S) = V ({H1, H2}) =
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 9

From this we get Û cn

2 = (uc2) = B

max
Ucf

i

max
Ui


 ∑

i:Hi∈S

∑

j∈Γi

Kj(Ui, U
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cf

i , Û cn

i )


 =

=
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i ) = 74

Thus we get V ({H1, H2}) = 74.

In oalition S = {H2, H3}, U cf

3 = U c
3 = (uc3), U cn

2 = (uc1), U cf

2 = (uc2) then the

value of harateristi funtion of this oalition is equal
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V (S) = V ({H2, H3}) =
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 41

From this we get Û cn

2 = (uc1) = A

max
Ucf

i

max
Ui


 ∑

i:Hi∈S

∑

j∈Γi

Kj(Ui, U
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cf

i , Û cn

i )


 =

=
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i ) = 40

Thus we get V ({H2, H3}) = 40.
In oalition S = {H1, H3}, U cn

1 = U c
1 = (uc1), U cn

3 = U c
3 = (uc2) then the value

of harateristi funtion of this oalition is equal

V (S) = V ({H1, H3}) =
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i )

max
Ucn

i

max
Ui


 ∑

i:Hi /∈S

∑

j∈Γi

Kj(Ui, U
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cn

i )


 =

=
∑

i:Hi /∈S

∑

j∈Γi

Kj(Ûi, Û
cn

i ) +
∑

i:Hi /∈S

∑

j∈Γ c
i

K
cj
i (Ûi, Û

cn

i ) = 35

From this we get Û cn

3 = (uc2) = B, and Û cn

1 = (uc1) = B

max
Ucf

i

max
Ui


 ∑

i:Hi∈S

∑

j∈Γi

Kj(Ui, U
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ui, U

cf

i , Û cn

i )


 =

=
∑

i:Hi∈S

∑

j∈Γi

Kj(Ũi, Ũ
cf

i , Û cn

i ) +
∑

i:Hi∈S

∑

j∈Γ c
i

K
cj
i (Ũi, Ũ

cf

i , Û cn

i ) = 42

Thus we get V ({H1, H3}) = 42.
For the grand oalition H the value of harateristi funtion is equal

V (H) = max
Uc

i

max
Ui


 ∑

i:Hi∈H

∑

j∈Γi

Kj(Ui, U
c
i , ) +

∑

i:Hi∈H

∑

j∈Γ c
i

K
cj
i (Ui, U

c
i )


 = 83
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In this example at this step we will use the solution with equal exess as an

optimality priniple.

ξHj
= V (Hi) +

V (H)−
∑
i∈H

V (Hi)

L
, j = 1, L.

ξH1
= V (H1) +

V (H)− (V (H1) + V (H2) + V (H3))

3
= 36.(3)

ξH2
= V (H2) +

V (H)− (V (H1) + V (H2) + V (H3))

3
= 34.(3)

ξH3
= V (H3) +

V (H)− (V (H1) + V (H2) + V (H3))

3
= 12.(3)

Seond step. Now we need to solve three ooperative game as an optimality

priniple we will use proportional solution. For the game on hyperlink H1 a har-

ateristi funtion for players 1,2 and c1

vj(i) = max
ui

min
Uc

j

⋃
Uj\ui

Ki(Uj , U
c
j ).

vj(ci) = max
uci

min
Uc

j
\uci

⋃
Uj

Kci
j (Uj , U

c
j ).

v1(1) = 10, v1(2) = 6, v1(c1) = 11

v1(N1) = ξH1
= 36.(3)

E1
1 =

v1(1)

v1(1) + v1(2) + v1(c1)
v1(N1) =

363.(3)

27

E1
2 =

v1(2)

v1(1) + v1(2) + v1(c1)
v1(N1) =

218

27

E1
c1 =

v1(c1)

v1(1) + v1(2) + v1(c1)
v1(N1) =

399.(6)

27

For the game on hyperlink H2 a harateristi funtion for players 3, c1 and c2

v2(3) = 15, v2(c1) = 8, v2(c2) = 11

v2(N2) = ξH2
= 34.(3)

E2
3 =

v2(3)

v2(3) + v2(c2) + v2(c1)
v2(N2) =

515

34

E2
c1 =

v2(c1)

v2(3) + v2(c2) + v2(c1)
v2(N2) =

274.(6)

34

E2
c2 =

v2(c2)

v2(3) + v2(c2) + v2(c1)
v2(N2) =

377.(6)

34

For the game on hyperlink H3 a harateristi funtion for players 4 and c2

v3(4) = 3, v3(c2) = 5

v3(N3) = ξH3
= 12.(3)
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E3
4 =

v3(4)

v3(4) + v3(c2)
v3(N3) =

37

8

E3
c2 =

v3(c2)

v3(4) + v3(c2)
v3(N3) =

61.(6)

8

Third step. Now we need to sum the payo�s of players c1 and c2

Ec1 =
∑

j:Hj∈Bc1

Ej
c1 = E1

c1 + E2
c1 =

399.(6)

27
+

274.(6)

34

Ec2 =
∑

j:Hj∈Bc2

Ej
c2 = E2

c2 + E3
c2 =

377.(6)

34
+

61.(6)

8

So we get the imputation

E1 =
363.(3)

27
, E2 =

218

27

E3 =
515

34
, E4 =

37

8

Ec1 =
399.(6)

27
+

274.(6)

34
, Ec2 =

377.(6)

34
+

61.(6)

8

4. Conlusion

A ooperative game with a hypergraph ommuniation struture is proposed. The

two-level ooperation in this lass of games is onsidered. A new approah for the

de�nition of the harateristi funtion for oalitions of hyperlinks is introdued.

For a two-level ooperation struture, a new alloation rule is proposed. Examples

of hypergraph games are presented.
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