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1. Introdution

In reent times, great attention is paid to researh proesses of human interation

through Game theory models. Mathematial game theory is now booming. Dynami

games are examined. Dynami games an play an important role in addressing the

issue of politis, eonomis of monopolies and the distribution of market power, and

some others. One of the fundamental models of the Game theory is the �prisoner's

dilemma�. Hamburger (Hamburger, 1973) has onsidered multi-agent behaviour ef-

fets throught implementation �n-person prisoner's dilemma�.

A large number of players makes this survey more entertaining sine even the

harateristi funtion looks less trivial than in the two-agent model.

The existing literature on repeated and dynami models of the �n-person pris-

oner's dilemma� is extensive and fouses partiularly on theoretial analysis and

searhing empirial results.

In this paper we onsider a new harateristi funtion introdued by Pet-

rosyan's harateristi funtion (Petrosyan, 2019). Using this harateristi funtion

the time-onsistent subset of the ore for dynami n-person prisoner's dilemma is

onstruted.

2. The �n-person prisoner's dilemma� model desription

A game Γ = 〈N, X1, . . . , Xn, H1 (x1, . . . , xn) , . . . , Hn (x1, . . . , xn)〉 is a stati
�n-person prisoner's dilemma� game, where N is a set of the players, |N | = n. We

denote by xi ∈ {C, D} = Xi the pure strategies for eah players ∀i ∈ N , where

C means �to ooperate� strategy, but D means �to defet�. The payo� funtion

Hi (x1, . . . , xi, . . . , xn) , ∀i ∈ N linearly depends on the number of players (x)
who have hosen the �to ooperate� strategy:

Hi (x1, . . . , xi, . . . , xn) =

{

Ci (x) = a1x+ b1, ∀ x ∈ (0, n] , if xi = C.

Di (x) = a2x+ b2, ∀ x ∈ [0, n) , if xi = D.

This funtion meets the following requirements:
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1. Di(x − 1) > Ci(x), ∀x ∈ [1, n], i. e. the strategy �to defet� stritly dominates

the strategy �to ooperate�;

2. Ci(n) > Di(0), so the strategy pro�le (C, . . . , C) is Pareto e�etive in ontrast

to (D, . . . , D).
3. Di (x) ≥ Di (0) , ∀x ∈ [0, n− 1] and Ci (x) ≥ Ci (1) , ∀x ∈ [1, n], therefore,

payo�s of the players in ase of the x ooperating players is at least not less

than in ase of the absene of ooperating players.

4. Ci(x) = Cj(x) and Di(x) = Dj(x), this means that the players are symmetri.

Stra�n ( Stra�n, 1993) introdue some of this priniples in his book.

Considerable amount of literature use the table form of writing the payo� fun-

tion. However, our investigation allows us to simplify the alulations of harater-

isti funtion and then desribe the onstrution of the ore and the omputing of

Shapley value. Moreover, suh form of payo� funtion is useful for future researh.

3. The ore of the �n-person prisoner's dilemma�

Consider a dynami game Γf whih is played during Kf steps. This game onsists

of the set of f stati games (γ1, . . . , γf ), whih an be desribed as the model of

�n-person prisoner's dilemma�. The games are realised with probabilities p1, . . . , pf

on eah stage of the game Γf ,
∑f

j=1 pj = 1.
The payo� funtions for eah possible stati game are:

H
γj

i (x1, . . . , xi, . . . , xn) =



















C
γj

i (x) = a
γj

1 xγj + b
γj

1 , ∀ xγj ∈ (0, n] , if x
γj

i = C and

xγj
is a number of players, who plays the C strategy,

D
γj

i (xγj ) = a
γj

2 x+ b
γj

2 , ∀ xγj ∈ [0, n) , if x
γj

i = D and

xγj
is a number of players, who plays the C strategy.

Let

V γj (N) = max
x1,...,xi,...,xn

∑

i∈N

H
γj

i (x1, . . . , xi, . . . , xn)

is equal for all γj : j ∈ [1, f ].

De�nition 1. A ore of the game Γf is a set of possible alloations (α1, . . . , αn)
whih doesn't ontradit to the following statements:

1. individual rationality: αi ≥ V Γf (i) , ∀i ∈ N ;

2. oalitional rationality:

∑

i∈S αi ≥ V Γf (S) , ∀S ⊂ N ;

3. e�ieny:

∑

i∈N αi = V Γf (N) .

The value of harateristi funtion for eah individual player in eah stage of

Γf equals to

V γj (i) = D
γj

i (0) = b
γj

2 .

Suppose, that S is a oalition: S ⊂ N, |S| = s. It an guarantee the payo�

V γj (S) = max
r∈[0,s]

(

r
(

a
γj

1 r + b
γj

1

)

+ (s− r)
(

a
γj

2 r + b
γj

2

))

, ∀S ⊂ N.
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V γj (N) is the same in all games (γ1, . . . , γf ) and it is equal to

V γj (N) = max
s∈[0,n]

(

s
(

a
γj

1 s + b
γj

1

)

+ (n − s)
(

a
γj

2 s + b
γj

2

))

So, the ore of the game Γf is the set of alloations whih meets with following

onditions:











∑N

i=1 αi = Kf

∑f

j=1 pj maxs∈[0,n]

(

a
γj

1 s2 + b
γj

1 s+ a
γj

2 ns− a
γj

2 s2 + b
γj

2 n− b
γj

2 s
)

;

∑S

i=1 αi ≥ Kf

∑f

j=1 pj maxr∈[0, s]

(

a
γj

1 r2 + b
γj

1 r + a
γj

2 sr − a
γj

2 r2 + b
γj

2 s− b
γj

2 r
)

.

De�nition 2. De�ne W (S), S ⊂ N , as follows: W (S) = maxj V (γj , S). Denote

by D (γj) the set of imputations αγj =
(

α
γj

1 , . . . , α
γj
n

)

in Γf , satisfying the on-

dition

∑

i∈S

α
γj

i ≥ W (S) , S ⊂ N, S 6= N,

∑

i∈N

α
γj

i = V (γj , N) ,

here V (γj , N) is the maximum sum of players payo�s in the game Γf .

(Petrosyan and Pankratova, 2018)

De�nition 3. A set D (γ1) is alled to be strongly time onsistent in Γf if

1. D (γl+1) 6= ø, j ∈ [1, f ];
2. there exists imputation distribution proedure (See Petrosyan, 1993)

β =
(

β1, . . . , βj , . . . , βKf

)

: D (γ1) ⊃
∑l

j=1 βj ⊕ D (γl+1) for all alloations

αγ
1 ∈ D (γ1).

Here the sign ⊕ means

βj⊕D (γl+1) =
{

βj ⊕ d (γl+1) : d (γl+1) ∈ D (γl+1)
}

( PetrosyanandGrauer, 2004) .

Theorem 1 (Petrosyan-Pankratova's subset of the ore). 3-person game Γf

has time-onsistent subset of the ore D whih an be desribed by the following

inequalities

αD
i ≥ Kf max

j∈[1,f ]
b
γj

2 ,

αD
i + αD

j ≥

≥ Kf max

(

max
j∈[1,f ]

(

4a
γj

1 + 2b
γj

1

)

; max
j∈[1,f ]

(

a
γj

1 + b
γj

1 + a
γj

2 + b
γj

2

)

; max
j∈[1,f ]

(

2b
γj

2

)

)

,

αD
i + αD

j + αD
k = Kf max

j∈[1,f ]

(

9a
γj

1 + 3b
γj

1

)

, ∀ i, j, k ∈ N.
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Proof (of theorem). Sine the dominant strategy for eah players is D (�to defet�),

the value of harateristi funtion for singletone in the game γj , ∀j ∈ [1, f ] is

V γj (i) = H
γj

i (D,D,D) = b
γj

2 , ∀ i ∈ N.

All of the players are symmetri, so the value of harateristi funtion for two-

person oalition is the maximum of three sums

∑

i∈S H
γj

i (D, D, D),
∑

i∈S H
γj

i (C, D, D) or
∑

i∈S H
γj

i (C, C, D), where S = {1, 2}. Therefore,

V γj (1, 2) = V γj (1, 3) = V γj (2, 3) = max
(

4a
γj

1 + 2b
γj

1 ; a
γj

1 + b
γj

1 + a
γj

2 + b
γj

2 ; 2b
γj

2

)

Sine as the pro�le of strategies (C, C, C) is more e�etive than (D, D, D),

V γj (N) = max
{

9a
γj

1 + 3b
γj

1 ; 4a
γj

1 + 2b
γj

1 + 2a
γj

2 + b
γj

2 ; a
γj

1 + b
γj

1 + 2a
γj

2 + 2b
γj

2

}

.

Assume that

W (S) = max
j∈f

V (γj , S) , S ⊂ N

De�ne γj as a subgame of Γf with the starting point j, where j ∈ [1,Kf ]. Thus,
the subgame γ1 oinsides with Γf .

Next de�ne a new harateristi funtion W (Γf , S):

W
(

γj , S
)

= (Kf − j + 1)W (S) ,

where j ∈ [1,Kf ].
Sine V γj (N) = maxx1,...,xi,...,xn

∑

i∈N H
γj

i (x1, . . . , xi, . . . , xn) is equal for all

γj , j ∈ [1, f ],

αD
i ≥ Kf max

j∈[1,f ]
b
γj

2 .

αD
i + αD

j ≥ W (S) , where |S| = 2 and

W (S) =

= Kf max

(

max
j∈[1,f ]

(

4a
γj

1 + 2b
γj

1

)

; max
j∈[1,f ]

(

a
γj

1 + b
γj

1 + a
γj

2 + b
γj

2

)

; max
j∈[1,f ]

(

2b
γj

2

)

)

.

∑

i∈N

αD
i =

= Kf max
j∈[1,f ]

{

9a
γj

1 + 3b
γj

1 ; 4a
γj

1 + 2b
γj

1 + 2a
γj

2 + b
γj

2 ; a
γj

1 + b
γj

1 + 2a
γj

2 + 2b
γj

2

}

,

∀j ∈ [1, f ] .

This inequalities proves that D is a subset of the ore.

But as far as W (N) is equal for all γj in Γf , W (N) = KfW (N).
Therefore, we an de�ne imputation distribution proedure, as
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βi1 =
α
γ
1

i

Kf

.

Then, for all subgames of the Γf

βij =
α
γj

i

Kf − j + 1
,

where j ∈ [1,Kf ].
The alloation α an be written using IDP (See Petrosyan, 1993) whih gives us

∑

j∈[1,Kf ]

∑

i∈S

α
γj

i

Kf − j + 1
=

l
∑

j=1

∑

i∈S

α
γj

i

Kf − j + 1
+

Kf
∑

j=l+1

∑

i∈S

α
γj

i

Kf − j + 1
≥

≥ lW (S) + (Kf − l)W (S) = W (S) .

Hene, we onstrut the strongly time-onsistent Petrosyan-Pankratova's

D-subset of the ore.

⊓⊔

Example 1 (D-subset of the ore). Consider a dynami 3-person prisoner's dilemma

Γf , where V γj (N) are equal for all j ∈ [1, f ]. Let us de�ne Kf = 5, f = 3.

Table 1. Game γ1
(the 1

st
is row-player, the 2

nd
is olumn player and the 3

rd
is page-player)

C C D

C (100, 100, 100) (90, 115, 90)

D (115, 90, 90) (100, 100, 90)

D C D

C (90, 90, 115) (80, 100, 100)

D (100, 80, 100) (85, 85, 85)

Table 2. Game γ2
(the 1

st
is row-player, the 2

nd
is olumn player and the 3

rd
is page-player)

C C D

C (100, 100, 100) (50, 105, 50)

D (105, 50, 50) (90, 90, 0)

D C D

C (50, 50, 105) (0, 90, 90)

D (90, 0, 90) (75, 75, 75)

Table 3. Game γ3
(the 1

st
is row-player, the 2

nd
is olumn player and the 3

rd
is page-player)

C C D

C (100, 100, 100) (90, 110, 90)

D (110, 90, 90) (98, 98, 80)

D C D

C (90, 90, 110) (80, 98, 98)

D (98, 80, 98) (86, 86, 86)

The values of harateristi funtions of the games (γ1, γ2, γ3) for eah oali-

tions are:

Then we onstrut D-subset of the ore for the game Γf
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Table 4. The values of the harateristi funtions of the games γ1�γ3

S {1} {2} {3} {1, 2} {1, 3} {2, 3} {1, 2, 3}

V γ1
85 85 85 180 180 180 300

V γ2
75 75 75 150 150 150 300

V γ3
86 86 86 180 180 180 300







αi ≥ 430, ∀ i ∈ N ;
αi + αj ≥ 900, ∀ i, j ∈ N, i 6= j;
αi + αj + αk = 1500, ∀ i, j, k ∈ N, i 6= j 6= k.

Consequently, D-subset of the ore for this dynami 3-person prisoner's dilemma

ontains imputations like (430, 470, 600), (500, 500, 500) (430, 535, 535), et.

4. The Shapley value of stohasti �n-person prisoner's dilemma�

De�nition 4. The Shapley value for the Γf is alled an imputation

(

Sh
Γf

1 , . . . ,

Sh
Γf
n

)

of the payo� V Γf (N) suh that

Sh
Γf

i =
∑

S⊆N

(s− 1)! (n− s)!

n!

[

V Γf (S)− V Γf (S \ {i})
]

(Shapley, 1953) .

It is well-known that the Shapley value satis�es:

1. e�iensy:

∑

i∈N

Sh
Γf

i

(

V Γf
)

= V Γf (N) ;

2. symmetry: if players i and j are symmetri in aordane with V Γf

Sh
Γf

i

(

V Γf
)

= Sh
Γf

j

(

V Γf
)

;

3. additivity: for two games V Γf
and WΓf

Sh
Γf

S

(

V Γf
)

+ Sh
Γf

S

(

WΓf
)

= Sh
Γf

S

(

V Γf +WΓf
)

;

4. null-player: if V Γf (S ∪ {i})− V Γf (S) = 0, ∀S ⊆ N \ {i}

Sh
Γf

i

(

V Γf
)

= 0

Consider now the generalisation of the game Γf , where V
γj (N) an be not equal

in di�erent stages. De�ne the values of the harateristi funtions of eah games

γj , j ∈ [1, f ] for the oalition N :

V γj (N) = max
x1,...,xi,...,xn

∑

i∈N

H
γj

i (x1, . . . , xi, . . . , xn) .

Assume that Sj is a oalition |Sj | = sj , whih selet the strategy D. This

oalition we all deviating oalition. Then |N \ Sj | = n− sj .
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The maximum of the harateristi funtion for the game γj is ahieved when

the bene�t from the deviation of eah additional player

D
γj

i (x = n− (s+ 1))− C
γj

i (x = n− s) =

=
(

a
γj

2 (n− s− 1) + bγj2
)

−
(

a
γj

1 (n− s) + b
γj

1

)

is less than the amount of losses of all other players, inluding those who have

already deviated

n−sj−1
∑

i=1

(

C
γj

i (x∗)− C
γj

i (x∗∗)
)

+

sj
∑

i=1

(

D
γj

i (x∗)−D
γj

i (x∗∗)
)

,

where x∗ = n− sj , and x∗∗ = n− s− 1.
We shall �nd the number of players in the deviated oalition sj, whih gives the

maximum values of the harateristi funtions for eah of the f possible realizations

of γj in Γf :

a
γj

1 n− a
γj

1 sj − a
γj

1 + a
γj

2 sj > a
γj

2 n− a
γj

2 sj − a
γj

2 + b
γj

2 − a
γj

1 n− a
γj

1 sj − b
γj

1 .

Then, the number of diviating players is

sj =

[

(

2a
γj

1 − a
γj

2

)

n+
(

a
γj

2 − b
γj

2 + b
γj

1 − a
γj

1

)

(

2a
γj

1 − 2a
γj

2

)

]

, ∀γj ∈ Γf .

Therefore, the values of the harateristi funtions on eah stage of the game

Γf we an just share as

V γj (N) =
(

a
γj

1 (n− sj) + b
γj

1

)

(n− sj) +
(

a
γj

2 (n− sj) + b
γj

2

)

sj ,

where sj =

[

(2a
γj
1

−a
γj
2 )n+(a

γj
2

−b
γj
2

+b
γj
1

−a
γj
1 )

(2a
γj
1

−2a
γj
2 )

]

, j ∈ [1, f ] .

Due to the e�ieny and the symmetry axioms we an just shared equally the

expeted value of the harateristi funtion of Γf for the grand oalition.

Shi

(

V Γf
)

=

= Kf

f
∑

j=1

((

a
γj

1 − a
γj

2

)

s2j +
(

a
γj

2 n+ b
γj

2 − a
γj

1 n− b
γj

1

)

sj + a
γj

1 n2 + b
γj

1 n
)

pj

n
,

for ∀i ∈ N , sj =

[

(2a
γj
1

−a
γj
2 )n+(a

γj
2

−b
γj
2

+b
γj
1

−a
γj
1 )

(2a
γj
1

−2a
γj
2 )

]

.

And furthermore, on the eah stage of Γf , the Shapley value is equal to

Shi (V
γj ) =

f
∑

j=1

((

a
γj

1 − a
γj

2

)

s2j +
(

a
γj

2 n+ b
γj

2 − a
γj

1 n− b
γj

1

)

sj + a
γj

1 n2 + b
γj

1 n
)

pj

n
,
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for ∀i ∈ N , sj =

[

(2a
γj
1

−a
γj
2 )n+(a

γj
2

−b
γj
2

+b
γj
1

−a
γj
1 )

(2a
γj
1

−2a
γj
2 )

]

. It does not hange during the

transition from one stage of the game to the next, given that the probabilities of

eah possible games (γ1, . . . , γf ) remain at all stages. Aordingly, the Shapley

value of this game is time-onsistent and belongs to the D subset of the ore.

5. Conlusion

The payo� funtion is onstruted for the arbitrary number of players in the n-

person prisoner's dilemma. It would be orret to say that this payo� funtion an

be used for multystage dynami game where n players partiipate as in the the

standard �prisoners dilemma�.

The purpose of this study is to de�ne the time-onsistent subset of the ore. It

is found the Petrosjan's harateristi funtion, whih gives the possibility to �nd

Petrosjan-Pankratova's subset of the ore.

Moreover, the Shapley value of the stohasti version of the n'person prisoner's

dilemma was onstruted in aordane with obtained payo� funtion.
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