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Abstrat We introdue so-alled four-players triple game and de�ne Nash

equilibrium. The problem of numerial �nding of a Nash equilibrium in

a four-players triple game has been examined. Suh a game an be om-

pletely desribed by twelve matries, and it turns out to be equivalent to

the solving a nononvex optimization problem. Speial methods of loal

and global searh for the optimization problem are proposed. The pro-

posed algorithm was implemented on test problems by "GAMUT" (http:

gamut.stanford.edu).

Keywords: nononvex optimization, four-players triple game, loal and

global searh algorithm, Nash equilibrium,

1. Introdution

Game theory plays an important role in applied mathematis, mathematial model-

ing, eonomis and deision theory. There are many works devoted to game theory

(Neumann and Morgenstern, 1944; Vorobyev, 1984; Howson, 1972; Strekalovsky and

Orlov, 2007) and (Owen, 1971; Gibbons, 1992; Mangasarian and Stone, 1964). Most

of them deals with zero sum two person games or nonzero sum two person games.

Also, two person non zero sum game was studied in (Strekalovsky and Orlov, 2007;

Strekalovsky and Enkhbat, 2014; Orlov et al., 2014) by reduing it to D.C program-

ming.

The problem of numerial �nding of a Nash equilibrium in a 3-player polymatrix

game was studied in (Strekalovsky and Enkhbat, 2014; Orlov et al., 2014). In this
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paper it has found that a game an be ompletely desribed by six matries, and it

turns out to be equivalent to the solving a nononvex optimization problem with a

bilinear struture in the objetive funtion.

We onsider the four-person matrix game where eah of them plays with other

three players. We all suh game four-players triple game. In this game we intro-

due a de�nition of Nash equilibrium similarly to (Strekalovsky and Enkhbat, 2014).

The game redues to a nononvex optimization problem. For solving the optmiza-

tion problem, we propose a global optimization method that ombines the ideas of

the lassial multistart and loal searh methods.

2. Problem formulation and optimality onditions

The four-players triple game is given by Γ4 = {i, j, k, t, a, b, c, d}, where i = 1, ...,m,
j = 1, ..., n, k = 1, ..., s, ℓ = 1, ..., p are the sets of pure strategies of the respe-

tive players 1, 2, 3 and 4.

Payo�s of players de�ned on a strategy (i, j, k, t) ∈ I × J ×K × T are given by:

a(i, j, k, ℓ) = a1ijk + a2ijℓ + a3ikℓ, b(i, j, k, ℓ) = b1ijk + b2ijℓ + b3jkℓ,

c(i, j, k, ℓ) = c1ijk + c2ikℓ + c3jkℓ, d(i, j, k, ℓ) = d1ijℓ + d2jkℓ + c3ikℓ,

i = 1, . . . ,m, j = 1, . . . , n, k = 1, . . . , s, ℓ = 1, . . . , p.

Thus, twelve matries are given for players A,B,C,D, where A = (A1, A2, A3),
B = (B1, B2, B3), C = (C1, C2, C3) and D = (D1, D2, D3).

The payo� funtions of the �rst and seond players are de�ned as:

F1(x, y, z, t) =

m
∑

i=1

xi





n
∑

j=1

s
∑

k=1

a1ijkyjzk +

n
∑

j=1

p
∑

ℓ=1

a2ijℓyjtℓ +

s
∑

k=1

p
∑

ℓ=1

a3ikℓzktℓ



 ,

F2(x, y, z, t) =
n
∑

j=1

yj

(

m
∑

i=1

s
∑

k=1

b1ijkxizk +
m
∑

i=1

p
∑

ℓ=1

b2ijℓxitℓ +
s
∑

k=1

p
∑

ℓ=1

b3ikℓzktℓ

)

,

where (x, y, z, t) vetor of mixed strategies of four players. Similarly, we an de�ne

the payo� funtions F3 and F4 of other players.

Denote by Sq the set Sq = {u ∈ R
q|
∑q

τ=1
ui = 1, ui ≥ 0, τ = 1, . . . , q}, q =

m,n, s, p.

De�nition 1. A strategy (x∗, y∗, z∗, t∗) ∈ Sm×Sn×Ss×Sp is alled a Nash equi-

librium of the four-person matrix game if the following onditions are satis�ed:
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F1(x
∗, y∗, z∗, t∗) ≥ F1(x, y

∗, z∗, t∗), ∀x ∈ Sm,
F2(x

∗, y∗, z∗, t∗) ≥ F2(x
∗, y, z∗, t∗), ∀y ∈ Sn,

F3(x
∗, y∗, z∗, t∗) ≥ F3(x

∗, y∗, z, t∗), ∀z ∈ Ss,
F4(x

∗, y∗, z∗, t∗) ≥ F4(x
∗, y∗, z∗, t), ∀t ∈ Sp.

(1)

Now we formulate next theorem:

Theorem 1. The stratergy (x∗, y∗, z∗, t∗) ∈ Sm×Sn×Sℓ×Sp is a Nash equilibrium

in the game Γ4 = ı(A,B,C,D) if and only if there exist numbers α∗, β∗, γ∗, δ∗ suh

that:

n
∑

j=1

s
∑

k=1

a1ijky
∗

j z
∗

k +
n
∑

j=1

p
∑

ℓ=1

a2ijℓy
∗

j t
∗

ℓ +
s
∑

k=1

p
∑

ℓ=1

a3ikℓz
∗

kt
∗

ℓ ≤ α∗em

m
∑

i=1

s
∑

k=1

b1ijkx
∗

i z
∗

k +

m
∑

i=1

p
∑

ℓ=1

b2ijℓx
∗

i t
∗

ℓ +

s
∑

k=1

p
∑

ℓ=1

b3jkℓz
∗

kt
∗

ℓ ≤ β∗en (2)

m
∑

i=1

n
∑

j=1

c1ijkx
∗

i y
∗

j +

m
∑

i=1

p
∑

ℓ=1

c2ikℓx
∗

i t
∗

ℓ +

n
∑

j=1

p
∑

ℓ=1

c3jkℓy
∗

j t
∗

ℓ ≤ γ∗es

m
∑

i=1

n
∑

j=1

d1ijℓx
∗

i y
∗

j +

m
∑

i=1

s
∑

k=1

d2ikℓx
∗

i z
∗

k +

n
∑

j=1

s
∑

k=1

d3jkℓy
∗

j z
∗

k ≤ δ∗ep

and satisfy

F1(x
∗, y∗, z∗, t∗) + F2(x

∗, y∗, z∗, t∗) + F3(x
∗, y∗, z∗, t∗) + F4(x

∗, y∗, z∗, t∗) =

= α∗ + β∗ + γ∗ + δ∗. (3)

Proof. Neessity : Assume that (x∗, y∗, z∗, t∗) is a Nash equilibrium. Then by de�-

nition 1, we have

F1(x
∗, y∗, z∗, t∗) ≥ F1(x, y

∗, z∗, t∗), ∀x ∈ Sm, (4)

F2(x
∗, y∗, z∗, t∗) ≥ F2(x

∗, y, z∗, t∗), ∀y ∈ Sn, (5)

F3(x
∗, y∗, z∗, t∗) ≥ F3(x

∗, y∗, z, t∗), ∀z ∈ Ss, (6)

F4(x
∗, y∗, z∗, t∗) ≥ F4(x

∗, y∗, z∗, t), ∀t ∈ Sp. (7)

In the �rst inequality (4), suessively hoose x = (0, 0, . . . , 1, . . . , 0) with 1 in

eah of the m spots, in (5) hoose y = (0, 0, . . . , 1, . . . , 0) with 1 in eah of the n
spots, in (6) hoose z = (0, 0, . . . , 1, . . . , 0) with 1 in eah of the s spots and in (7)

hoose t = (0, 0, . . . , 1, . . . , 0) with 1 in eah of the p spots. We an easily see that

F1(x
∗, y∗, z∗, t∗) ≥





n
∑

j=1

s
∑

k=1

a1ijky
∗

j z
∗

k +

n
∑

j=1

p
∑

ℓ=1

a2ijℓy
∗

j t
∗

ℓ +

s
∑

k=1

p
∑

ℓ=1

a3ikℓz
∗

kt
∗

ℓ



 ,

i = 1, . . . ,m,

Choose salar α∗ = F1(x
∗, y∗, z∗, t∗) and summing these inequalities, we have

inequality (4). For other players doing the same proedure we obtain (2).
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Su�ieny : Suppose that for a vetor

(x∗, y∗, z∗, t∗) ∈ Sm×Sn×Sℓ×Sp and numbers α∗, β∗, γ∗, δ∗ onditions (2) and

(3) are satis�ed.

We hoose x ∈ Sm, y ∈ Sn, z ∈ Ss and t ∈ Sp and multiply (4)-(7) by x, y, z and t
respetively. In summing we obtain

(

m
∑

i=1

xi

)

F1(x
∗, y∗, z∗, t∗) ≥

m
∑

i=1

xi





n
∑

j=1

s
∑

k=1

a1ijky
∗

j z
∗

k +

n
∑

j=1

p
∑

ℓ=1

a2ijℓy
∗

j t
∗

ℓ +

s
∑

k=1

p
∑

ℓ=1

a3ikℓz
∗

kt
∗

ℓ



 ,





n
∑

j=1

yj



F2(x
∗, y∗, z∗, t∗) ≥

n
∑

j=1

yj

(

m
∑

i=1

s
∑

k=1

b1ijkx
∗

i z
∗

k +
m
∑

i=1

p
∑

ℓ=1

b2ijℓx
∗

i t
∗

ℓ +
s
∑

k=1

p
∑

ℓ=1

b3ikℓz
∗

kt
∗

ℓ

)

,

(

s
∑

k=1

zk

)

F3(x
∗, y∗, z∗, t∗) ≥

s
∑

k=1

zk





m
∑

i=1

n
∑

j=1

c1ijkx
∗

i y
∗

j +
m
∑

i=1

p
∑

ℓ=1

c2ikℓx
∗

i t
∗

ℓ +
n
∑

j=1

p
∑

ℓ=1

c3jkℓy
∗

j t
∗

ℓ



 ,

(

p
∑

ℓ=1

yj

)

F4(x
∗, y∗, z∗, t∗) ≥

p
∑

ℓ=1

tℓ





m
∑

i=1

n
∑

j=1

d1ijℓx
∗

i y
∗

j +
m
∑

i=1

s
∑

k=1

d2ikℓx
∗

i z
∗

k +
n
∑

j=1

s
∑

k=1

d3jkℓy
∗

j z
∗

k



 ,

Taking into aount that

∑m

i=1
xi =

∑n

j=1
yj =

∑s

k=1
zk =

∑p

ℓ=1
tℓ = 1, we

have

F1(x
∗, y∗, z∗, t∗) ≥ F1(x, y

∗, z∗, t∗), ∀x ∈ Sm,

F2(x
∗, y∗, z∗, t∗) ≥ F2(x

∗, y, z∗, t∗), ∀y ∈ Sn,

F3(x
∗, y∗, z∗, t∗) ≥ F3(x

∗, y∗, z, t∗), ∀z ∈ Ss,

F4(x
∗, y∗, z∗, t∗) ≥ F4(x

∗, y∗, z∗, t), ∀t ∈ Sp.

whih shows that (x∗, y∗, z∗, t∗) is a Nash equilibrium. The proof is omplete. �
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We onsider the following optimization problem:

F (u) = F1(x, y, z, t)+F2(x, y, z, t)+F3(x, y, z, t)+F4(x, y, z, t)−α−β−γ−δ ↑ max
u

(8)

u = (x, y, z, t, α, β, γ, δ) ∈ Sm × Sn × Ss × Sp × R
4, (9)

(y, z, t, α) ∈ X, (x, z, t, β) ∈ Y, (x, y, z, γ) ∈ Z, (x, y, z, δ) ∈ T, (10)

where the sets X,Y, Z and T obey the onditions:

X =







(y, z, t, α) ∈ R
n+ℓ+p+1

∣

∣

∣

∣

∣

∣

n
∑

j=1

s
∑

k=1

a1ijkyjzk +
n
∑

j=1

p
∑

ℓ=1

a2ijℓyjtℓ+

+

s
∑

k=1

p
∑

ℓ=1

a3ikℓzktℓ ≤ αem

}

,

Y =

{

(x, z, t, β) ∈ R
m+ℓ+p+1

∣

∣

∣

∣

∣

m
∑

i=1

s
∑

k=1

b1ijkxizk +

m
∑

i=1

p
∑

ℓ=1

b2ijℓxitℓ+

+

s
∑

k=1

p
∑

ℓ=1

b3jkℓzktℓ ≤ βen

}

,

Z =







(x, y, t, γ) ∈ R
m+n+p+1

∣

∣

∣

∣

∣

∣

m
∑

i=1

n
∑

j=1

c1ijkxiyj +

m
∑

i=1

p
∑

ℓ=1

c2ikℓxitℓ+

+
n
∑

j=1

p
∑

ℓ=1

c3jkℓyjtℓ ≤ γes







, (11)

T =







(x, y, z, δ) ∈ R
m+n+ℓ+1

∣

∣

∣

∣

∣

∣

m
∑

i=1

n
∑

j=1

d1ijℓxiyj +
m
∑

i=1

s
∑

k=1

d2ikℓxizk+

+
n
∑

j=1

s
∑

k=1

d3jkℓyjzk ≤ δep







and eq = (1, 1, . . . , 1)T , q = m,n, s, p.

Theorem 2. The strategy (x∗, y∗, z∗, t∗) is the Nash equilibrium in the game

Γ (A,B,C,D) if and only if there exist numbers (α∗, β∗, γ∗, δ∗) suh that u∗ =
(x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) ∈ R

m+n+s+p+4
is a global solution to problem (8)-(11).
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Proof. Neessity : Suppose that (x∗, y∗, z∗, t∗) is a Nash equilibrium. Choose salars

α∗, β∗, γ∗, δ∗ as : α∗ = F1(x
∗, y∗, z∗, t∗), β∗ = F2(x

∗, y∗, z∗, t∗), γ∗ = F3(x
∗, y∗, z∗,

t∗) and δ∗ = F4(x
∗, y∗, z∗, t∗).

We show that the vetor (x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) is a solution of the problem

(8)-(11). First, we show that (x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) is a feasible point for the

problem (8).

By the de�nition of a Nash equilibrium, we have

F1(x
∗, y∗, z∗, t∗) ≥ F1(x, y

∗, z∗, t∗), ∀x ∈ Sm,

F2(x
∗, y∗, z∗, t∗) ≥ F2(x

∗, y, z∗, t∗), ∀y ∈ Sn,

F3(x
∗, y∗, z∗, t∗) ≥ F3(x

∗, y∗, z, t∗), ∀z ∈ Ss,

F4(x
∗, y∗, z∗, t∗) ≥ F4(x

∗, y∗, z∗, t), ∀t ∈ Sp.

The rest of the onstraints is satis�ed sine x ∈ Sm, y ∈ Sn and z ∈ Ss, t ∈
Sp. It means that (x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) is a feasible point. Choose any x ∈
Dm, y ∈ Dn, z ∈ Ds, t ∈ Dp, and multiply inequalities in (11) by xi, yj , zk and

tℓ respetively. Summing up these inequalities, we obtain

F1(x, y, z, t) ≤ F1(x
∗, y∗, z∗, t∗) = α∗,

F2(x, y, z, t) ≤ F2(x
∗, y∗, z∗, t∗) = β∗,

F3(x, y, z, t) ≤ F3(x
∗, y∗, z∗, t∗) = γ∗,

F4(x, y, z, t) ≤ F4(x
∗, y∗, z∗, t∗) = δ∗.

Hene, we get

F (x, y, z, t) ≤ F (x∗, y∗, z∗, t∗) = F1(x
∗, y∗, z∗, t∗) + F2(x

∗, y∗, z∗, t∗)+

+ F3(x
∗, y∗, z∗, t∗) + F4(x

∗, y∗, z∗, t∗)− α∗ − β∗ − γ∗ − δ∗ ≤ 0.

for all x ∈ Dm, y ∈ Dn, z ∈ Ds and t ∈ Dp.
But with α∗ = F1(x

∗, y∗, z∗, t∗), β∗ = F2(x
∗, y∗, z∗, t∗), and γ∗ = F3(x

∗, y∗, z∗, t∗),
δ∗ = F4(x

∗, y∗, z∗, t∗) we have F (x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) = 0 Hene, the point

(x∗, y∗, z∗, t∗, α∗, β∗, γ∗, δ∗) is a solution of the problem (8)-(11).

Su�ieny : Now we have to show reverse, namely, that any solution of the

problem (8)-(11) must be a Nash equilibrium. Let (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) be any solu-

tion of the problem (8)-(11).

We show that (x̄, ȳ, z̄, t̄) must be a Nash equilibrium of the game. Sine (x̄, ȳ, z̄, t̄, ᾱ,
β̄, γ̄, δ̄) is a feasible point, we have

n
∑

j=1

s
∑

k=1

a1ijk ȳj z̄k +
n
∑

j=1

p
∑

ℓ=1

a2ijℓȳj t̄ℓ +
s
∑

k=1

p
∑

ℓ=1

a3ikℓz̄k t̄ℓ ≤ ᾱ, i = 1, . . . ,m, (12)

m
∑

i=1

s
∑

k=1

b1ijkx̄iz̄k +
m
∑

i=1

p
∑

ℓ=1

b2ijℓx̄i t̄ℓ +
s
∑

k=1

p
∑

ℓ=1

b3jkℓ z̄k t̄ℓ ≤ β̄, j = 1, . . . , n, (13)

m
∑

i=1

n
∑

j=1

c1ijkx̄iȳj +

m
∑

i=1

p
∑

ℓ=1

c2ikℓx̄i t̄ℓ +

n
∑

j=1

p
∑

ℓ=1

c3jkℓȳj t̄ℓ ≤ γ̄, k = 1, . . . , s, (14)
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m
∑

i=1

n
∑

j=1

d1ijℓx̄iȳj +

m
∑

i=1

s
∑

k=1

d2ikℓx̄iz̄k +

n
∑

j=1

s
∑

k=1

d3jkℓ ȳj z̄k ≤ δ̄, ℓ = 1, . . . , p. (15)

Now we multiply inequality (12) by xi, (13) by yj , (14) by zk and (15) by tℓ respe-
tively. Then we sum up these inequalities and obtain:

F1(x̄, ȳ, z̄, t̄) ≤ ᾱ,

F2(x̄, ȳ, z̄, t̄) ≤ β̄,

F3(x̄, ȳ, z̄, t̄) ≤ γ̄,

F4(x̄, ȳ, z̄, t̄) ≤ δ̄.

Adding these inequalities, we obtain

F (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) = F1(x̄, ȳ, z̄, t̄) + F2(x̄, ȳ, z̄, t̄) + F3(x̄, ȳ, z̄, t̄)+

+F4(x̄, ȳ, z̄, t̄)− ᾱ− β̄ − γ̄ − δ̄ ≤ 0. (16)

We know that at a Nash equilibrium F (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) = 0. Sine (x̄, ȳ, z̄, t̄, ᾱ, β̄,
γ̄, δ̄) is also a solution, F (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) be equal to zero :

F (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) = (F1(x̄, ȳ, z̄, t̄)− ᾱ)+
(

F2(x̄, ȳ, z̄, t̄)− β̄
)

+(F3(x̄, ȳ, z̄, t̄)− γ̄)+

+
(

F4(x̄, ȳ, z̄, t̄)− δ̄
)

= 0.

Consequently,















F1(x̄, ȳ, z̄, t̄) = ᾱ
F2(x̄, ȳ, z̄, t̄) = β̄
F3(x̄, ȳ, z̄, t̄) = γ̄
F4(x̄, ȳ, z̄, t̄) = δ̄

Sine a point (x̄, ȳ, z̄, t̄, ᾱ, β̄, γ̄, δ̄) feasible, we an write the onstraints (12)-(15) as

follows :














F1(x̄, ȳ, z̄, t̄) ≤ F1(x, ȳ, z̄, t̄), ∀x ∈ Sm,
F2(x̄, ȳ, z̄, t̄) ≤ F2(x̄, y, z̄, t̄), ∀y ∈ Sn,
F3(x̄, ȳ, z̄, t̄) ≤ F3(x̄, ȳ, z, t̄), ∀z ∈ Ss,
F4(x̄, ȳ, z̄, t̄) ≤ F4(x̄, ȳ, z̄, t), ∀t ∈ Sp.

Now taking into aount the above results, by de�nition 1, we onlude that the

point (x̄, ȳ, z̄, t̄) is a Nash equilibrium whih ompletes the proof. �

Thus, �nding Nash equilibrium redues to solving problem (8)-(11). In order to

solve problem (8)-(11), we apply a global searh method proposed in (Gornov and

Zarodnyuk, 2014).
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3. The Curvilinear Multistart Algorithm (Enkhbat et al., 2016; Gornov

and Zarodnyuk, 2014)

To solve problems (8)-(11), we use urvilinear multistart algorithm. The algorithm

was originally developed for solving box-onstrained optimization problems. To solve

the original onstrained problem (8)-(11), we transform it to a more simple box-

ontrained problem with penalties for original onstraints. Denote:

Gi
1(y, z, t, α) =

n
∑

j=1

s
∑

k=1

a1ijkyjzk +

n
∑

j=1

p
∑

ℓ=1

a2ijℓyjtℓ +

s
∑

k=1

p
∑

ℓ=1

a3ikℓzktℓ − α ≤ 0,

i = 1, . . . ,m, (17)

Gj
2(x, z, t, β) =

m
∑

i=1

s
∑

k=1

b1ijkxizk +

m
∑

i=1

p
∑

ℓ=1

b2ijℓxitℓ +

s
∑

k=1

p
∑

ℓ=1

b3jkℓzktℓ − β ≤ 0,

j = 1, . . . , n, (18)

Gk
3(x, y, t, γ) =

m
∑

i=1

n
∑

j=1

c1ijkxiyj +

m
∑

i=1

p
∑

ℓ=1

c2ikℓxitℓ +

n
∑

j=1

p
∑

ℓ=1

c3jkℓyjtℓ − γ ≤ 0,

k = 1, . . . , s, (19)

Gl
4(x, y, z, δ) =

m
∑

i=1

n
∑

j=1

d1ijℓxiyj +

m
∑

i=1

s
∑

k=1

d2ikℓxizk +

n
∑

j=1

s
∑

k=1

d3jkℓyjzk − δ ≤ 0,

ℓ = 1, . . . , p, (20)

and

H1(x) =

m
∑

i=1

xi − 1 = 0, xi ≥ 0, i = 1, . . . ,m,

H2(y) =

n
∑

j=1

yj − 1 = 0, yj ≥ 0, j = 1, . . . , n, (21)

H3(z) =
s
∑

k=1

zk − 1 = 0, zk ≥ 0, k = 1, . . . , s,

H4(t) =

p
∑

ℓ=1

tℓ − 1 = 0, tℓ ≥ 0, ℓ = 1, . . . , p.

N = (m+n+s+p+4) and u = (x, y, z, t, α, β, γ, δ) ∈ R
N
, then our original problem

an be solved as a series of box-ontrained problems:

min
u∈D

f(u) = −F (u) + µk
1 g̃(u) + µk

2 h̃(u), (22)

where

g̃(u) =

m
∑

i=1

gi1 +

n
∑

j=1

gi2 +

s
∑

k=1

gi3 +

p
∑

l=1

gi4,
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h̃(u) =

4
∑

i=1

(Hi(u))
2,

gji = max(0, Gj
i (u))

2,

and the feasible set D ⊂ R
N

is a simple box:

0 ≤ xi ≤ 1, i = 1,m; 0 ≤ α ≤ α;

0 ≤ yj ≤ 1, j = 1, n; 0 ≤ β ≤ β;
0 ≤ zk ≤ 1, k = 1, s; 0 ≤ γ ≤ γ;

0 ≤ tl ≤ 1, l = 1, p; 0 ≤ δ ≤ δ.

The g̃(u) and h̃(u) are the penalty funtions; µ1 and µ2 are the penalty o-

e�ients. In eah iteration of the optimization method, we inrease the penalty

oe�ients, solve the problem and use the solution as the initial guess for the next

iteration. Details are given in the Algorithm Loal.

In order to desribe our global searh algorithm, we also need to introdue the

following de�nition:

De�nition 2. A point u0 ∈ D is said to be a onvex point with respet to a dire-

tion p ∈ R
N
, if the following ondition holds:

〈
∂2f(u0)

∂u2
p, p〉 > 0 (23)

where 〈, 〉 denote the salar produt of two vetors in R
N
. Construt a line u(t) =

u0 + hp, h ∈ R+. It is lear that if the point u
0
is onvex then there exist a positive

h∗
suh that:

f(u0 + hp) > f(u0), ∀h ∈ (0, h∗).

We an note that an approximate value of (23) an be omputed for a su�iently

small h as follows:

〈
∂2f(u0)

∂u2
p, p〉 ≈

1

h2

(

f(u0 + 2hp)− 2f(u0 + hp) + f(u0)
)

. (24)

To to solve problem (22), we propose a method of a global optimization whih

ombines the ideas of the lassial multistart and an estimation of the onvexity

degree of the starting point (Gornov and Zarodnyuk, 2014). The multistart idea re-

mains to be one of the most popular among global optimization approahes. Despite

the voiferous ritiism of experts, it is su�ient to arrange two-level omputational

proess for the suessful solution of a simple nononvex extremal problems. On the

upper level we generate a random starting approximation, and on the lower level

we perform the desent to a di�erent extremum with the use of loal algorithms.

We rely on the hypothesis that the algorithm starts from a loal desent al-

gorithm from a point in whih the funtion is nononvex is less omputationally

e�ient, and it is preferable to use it as a starting point in whih the funtion is

onvex. Sine for multidimensional funtions one an not determine whether the

funtion is onvex or not for sure, we resort to heuristi evaluation, whih we all
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the onvexity degree. The methodology for suh numerial investigation of a on-

vexity property was proposed in (Gornov and Zarodnyuk, 2014). The idea of the

algorithm for testing the onvexity of a point is to repeatedly generate random di-

retions passing through this point and hek the onvexity with respet to hosen

diretions.

Estimation of a onvexity degree of the funtion is alulated as the ratio of the

number of �points of onvexity� to the total number of investigated sample points.

Algorithm Global

Step 1. Set initial values for α, β, γ, δ, k := 0, kmax > 0.
Step 2. Set k := k + 1.
Step 3. Generate a random point uk ∈ D.

Step 4. Chek the point uk
for the onvexity by Algorithm Convex and if it

is not onvex, then go to Step 3.

Step 5. Start Algorithm Loal from the point uk
to �nd a loal solution ũk

.

Step 6. If f(ũk) < f(u∗), then u∗ := ũk
.

Step 7. If k < kmax
, then go to Step 2, otherwise u∗

is an approximate global

solution.

Algorithm Loal

Step 1 Set penalty oe�ients µ1 := 1 and µ2 := 10.
Step 2 Solve problem (22) from the starting point uk

with some loal optimiza-

tion method and plae solution into ũk
.

Step 3 Compare the α, β, γ, and δ values with their upper boundaries and

inrease them if neessary. For example, if α = α, then α := K ·α, where K > 1
and go to Step 2.

Step 4 Compute the penalty value: P := g̃(ũk)+h̃(ũk). If P ≥ εP , then inrease

penalty oe�ents µ1 := 10µ1, µ2 := 10µ2 and go to Step 2.

Step 5 Point ũk
is an approximate loal solution.

Algorithm Convex

Step 1 Set j := 0, jmax > 0, h > 0, f0 = f(uk).
Step 2 Set j := j + 1 and generate a random diretion pj ∈ R

N
.

Step 3 Normalize the diretion: pj := pj/‖pj‖2.
Step 4 Compute the values to hek the point of onvexity (see (24)): f1 =
f(uk + hpj), f2 = f(uk + 2hpj),C = (f0 + f2 − f1)/h2.
Step 5 If C < 0, then uk

is not onvex, exit.

Step 6 If j < jmax
, then go to Step 2.

Step 7 The point uk
is onvex, exit.

4. Numerial Experiment

The proposed algorithm was tested on several four-players triple games. In all ases,

Nash equilibrium points were found suessfully. The following test problems were

onsidered and solved by our algorithm on the omputer with Intel Core i5-2400
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CPU (3.1 GHz), 4 GB RAM.

The problems 2-4 were reated by the well-known (GAMUT) generator. The gen-

erated game �les and our solutions an be found in (DATA). For example, Problems

1 has a matrix payo�s a dimensions 2× 2× 2.

Problem 1 (2× 2× 2× 2) Some points of the Nash equilibrium are:

F ∗ x∗ y∗ z∗ t∗ α∗ β∗ γ∗ δ∗

0 (0, 1) (1, 0) (0, 1) (1, 0) 1 2 3 1

0 (0, 1) (1, 0) (0, 1) (0.95, 0.05) 0.8 1.7 1.7 1

0 (0, 1) (1, 0) (0, 1) (0.9, 0.1) 0.6 1.4 2.8 1

0 (0, 1) (1, 0) (0, 1) (0.85, 0.15) 0.4 1.1 2.7 1

0 (0, 1) (1, 0) (0, 1) (0.8, 0.2) 0.2 0.8 2.6 1

0 (0, 1) (1, 0) (0, 1) (0.75, 0.25) 0 0.5 2.5 1

Problem 2. GAMUT Random Game 3× 4× 5× 6:

F ∗ x∗, y∗, z∗, t∗ α∗, β∗, γ∗, δ∗

1.43 · 10−2

x∗ = (9.94, 0, 0.06) α∗ = 48.57
y∗ = (0.34, 0.21, 0, 0.45) β∗ = 40.14
z∗ = (0, 0.26, 0.44, 0.3, 0) γ∗ = 42.30
t∗ = (0, 0, 0.18, 0.23, 0, 0.59) δ∗ = 52.99

1.75 · 10−2

x∗ = (0.06, 0.26, 0.68) α∗ = 44.74
y∗ = (0.18, 0.5, 0.18, 0.14) β∗ = 50.26
z∗ = (0, 0.15, 0, 0.66, 0.19) γ∗ = 55.83
t∗ = (0.31, 0.09, 0.05, 0, 0.29, 0.26) δ∗ = 53.32

1.68 · 10−2

x∗ = (0.43, 0.57, 0) α∗ = 50
y∗ = (0.07, 0, 0.23, 0.7) β∗ = 55.44
z∗ = (0.4, 0.04, 0, 0.20, 0.36) γ∗ = 44.04
t∗ = (0.53, 0.47, 0, 0, 0, 0) δ∗ = 50.26

Problem 3. GAMUT Random Game 6× 4× 3× 6:

F ∗ x∗, y∗, z∗, t∗ α∗, β∗, γ∗, δ∗

8.69 · 10−3

x∗ = (0.35, 0, 0.47, 0, 0, 0.18) α∗ = 56
y∗ = (0.08, 0.37, 0, 0.55) β∗ = 50.23
z∗ = (0.25, 0.26, 0.49) γ∗ = 53.66
t∗ = (0, 0, 0, 0, 0.25, 0.75) δ∗ = 49.08

1.74 · 10−2

x∗ = (0, 0.22, 0.1, 0.37, 0.31, 0) α∗ = 54.52
y∗ = (0.34, 0.25, 0.41, 0) β∗ = 45.94
z∗ = (0.47, 0.53, 0) γ∗ = 49.07
t∗ = (0, 1, 0, 0, 0, 0) δ∗ = 59.75

1.99 · 10−2

x∗ = (0, 0.52, 0, 0, 0.09, 0.39) α∗ = 52.65
y∗ = (0, 0.91, 0.09, 0) β∗ = 56.1
z∗ = (0.2, 0.5, 0.3) γ∗ = 52.11
t∗ = (0.5, 0.5, 0, 0, 0, 0) δ∗ = 57.37
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Problem 4. GAMUT Random Game 6× 8× 4× 5:

F ∗ x∗, y∗, z∗, t∗ α∗, β∗, γ∗, δ∗

−6.97 · 10−2

x∗ = (0, 0.11, 0.12, 0.02, 0.25, 0.5) α∗ = 53.39
y∗ = (0, 0.18, 0, 0.13, 0.46, 0.1, 0.13, 0) β∗ = 53.20
z∗ = (0, 0, 0.55, 0.45) γ∗ = 51.81
t∗ = (0.5, 0.02, 0.22, 0.26, 0) δ∗ = 56.87

1.09 · 10−2

x∗ = (0, 0.16, 0.35, 0.45, 0.02, 0.02) α∗ = 45.22
y∗ = (0, 0, 0.16, 0.22, 0, 0.49, 0.13, 0) β∗ = 57.64
z∗ = (0.53, 0.26, 0, 0.21) γ∗ = 47.8
t∗ = (0.2, 0.23, 0.19, 0.06, 0.32) δ∗ = 54.14

1.45 · 10−4

x∗ = (0, 0.31, 0.23, 0.46, 0, 0) α∗ = 48.68
y∗ = (0.18, 0, 0, 0, 0, 0.08, 0.18, 0.56) β∗ = 55.32
z∗ = (0, 0.2, 0.8, 0) γ∗ = 45.87
t∗ = (0.17, 0, 0, 0.61, 0.22) δ∗ = 47.96

5. Conlusion

We examined the nonzero sum four person triple game from a viewpoint of the

global optimization. Finding a Nash equilibrium of the game was redued to a

global optimization problem. To �nd the equilibrium points, we propose a method

that ombines the ideas of lassial multistart and an estimation of a onvexity of

points. This method was examined numerially on some test problems generated by

(GAMUT) and found solutions in all ases.
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