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Abstra
t The paper 
onsiders the problem of supply 
hain pro�t maxi-

mization using the sales rebate 
ontra
t. The problem solving is proposed

for the two-e
helon supply 
hain model with risk-neutral partners and the

assumption of triangular distributed demand. It was shown that the sales

rebate 
ontra
t is not 
oordinating, as it does not provide the individual ra-

tionality for the supplier. The authors 
onsidered 
onditional 
oordination

of the supply 
hain with sales-rebate 
ontra
t, when the expe
ted pro�ts of

the supply 
hain and the retailer rea
h their maximum, and the supplier's

expe
ted pro�t is greater than for the 
ase of the wholesale pri
e 
ontra
t. It


an be argued that the sales-rebate 
ontra
t implementation under 
ertain


onditions is bene�
ial for both partners involved in the supply 
hain and

provides the maximum of the supply 
hain expe
ted pro�t. It was approved

that the problem of supply 
hain pro�t maximization 
an be solved using

the sales rebate 
ontra
t.
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oordinating 
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1. Introdu
tion

The total �nan
ial result of a supply 
hain, su
h as pro�t, depends on the de
isions

made by ea
h parti
ipant of the supply 
hain. At the same time, both partners

involved in the supply 
hain seek to maximize their own pro�ts, that often has a

negative impa
t on ea
h of partners, and, 
onsequently, on the total value of supply


hain's pro�ts. However, it is possible to motivate supply 
hain partners to make

de
isions to maximize supply 
hain pro�t and to a
hieve an a

eptable pro�t level

for ea
h partner through 
oordinating me
hanisms, one of them are 
ontra
ts. There

are di�erent types of 
ontra
ts with the parameters determined as a result of supply


hain partners' negotiations for instan
e, between a supplier and a retailer.

Finding 
ontra
t parameters providing the maximum of supply 
hain pro�t 
ould

be a problem, espe
ially given the fa
t that supply 
hain partners often do not have


omplete information. Even if we assume that the supply 
hain partners operate

under 
ondition of 
omplete information, the demand is a random variable. Only

after evaluation of the demand distribution, solving the problem of supply 
hain


oordination under assumptions 
an be 
arried out.

The problem of determining optimal 
ontra
t parameters providing the maxi-

mum of supply 
hain pro�t is quite relevant today. Often, the pro
ess of managing


ontra
tual relations between organizations o

urs spontaneously, without any gen-

erally a

epted rules and pro
edures. A

ording to the latest study by Aberdeen
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Resear
h Group, 
lear regulation of 
ontra
tual relations permits 
ompanies sav-

ings on transa
tion 
osts by 80%. Despite this, only 48% of organizations have a


entralized 
ontra
t management pro
ess. As for the resear
h interest in this topi
,

there are many studies on 
ontra
ts as 
oordination me
hanisms, ranging from fun-

damental works su
h as the work of O. Williamson's �The E
onomi
 Institutions of

Capitalism. Firms, Markets, Relational Contra
ting� and ending with studies 
on-

sidering the problem of supply 
hain 
oordination using 
ertain types of 
ontra
ts �

T.A. Taylor, �Supply Chain Coordination Under Channel Rebates with Sales E�ort

E�e
ts� (2002); G.P. Ca
hon, �Supply Chain Coordination with Contra
ts� (2003)

and Chun-Hung Chiu et al. �Sales Rebate Contra
ts in Fashion Supply Chains�

(2012). However, there are not many studies where the proposed algorithms for


onstru
ting a 
oordinating 
ontra
t would be tested on real data. One of su
h

works is the resear
h Chiu et al. (2012).

The aim of the resear
h is to solve the problem of the expe
ted pro�t maxi-

mization of the supply 
hain using 
oordinating 
ontra
t, espe
ially sales rebate


ontra
t. The study 
onsiders a supply 
hain 
onsisting of two partners: a sup-

plier and a retailer. Authors proposed an algorithm for 
onstru
ting 
oordinating


ontra
t under spe
i�ed assumptions, whi
h was 
arried out on the data of the

pharma
euti
al 
ompany. The pra
ti
al 
ontribution of this work lies in the ap-

pli
ation of the 
onstru
ted mathemati
al models of supply 
hain 
oordination for

solving a
tual management problems, that is, pro�t maximization by determining

the 
ontra
t parameters. The algorithm for building a 
oordinating 
ontra
t 
an

also be used by managers of suppliers and retailers to determine the fairness of the


onditions of existing 
ontra
ts.

The paper is organized as follows. The �rst part deals with the 
ontra
t as 
oor-

dination me
hanism. The se
ond part dis
usses the sales rebate 
ontra
t, espe
ially

its appli
ation in pra
ti
e, provides an overview of existing resear
h, whi
h solve the

problem of supply 
hain 
oordination with sales rebate 
ontra
t. It also presents the

problem solving of supply 
hain 
oordination problem using sales rebate 
ontra
t

under the assumption that demand is a random variable with a triangular distribu-

tion. The third part examines the 
ase of the pharma
euti
al supply 
hain, whi
h


onsists of a 
ompany engaged in the supply of spe
i�
 produ
ts to medi
al institu-

tions � a retailer and a large international manufa
turer � supplier. In 
on
lusion,

the results of the study were summed up.

2. Contra
t as a supply 
hain 
oordination me
hanism

The term 
ontra
t 
an be 
onsidered from both e
onomi
 and legal points of view.

The e
onomi
 interpretation of the 
ontra
t and the 
ontra
tual nature of the 
om-

pany's business obje
tives is re�e
ted in the study of Williamson (1985). The au-

thor explains the ubiquity of 
ontra
tual relations as follows: the solution of any

e
onomi
 problem 
an be organized in several ways implying the 
on
lusion of a


ontra
t (Williamson, 1985). In this 
ase, the 
ontra
t 
an be determined both by

words (formal 
ontra
t, expli
it 
ontra
t) and 
on
luded in writing or orally, and

by the a
tions of partners (implied 
ontra
t, impli
it 
ontra
t). Williamson de�nes

a 
ontra
t as �an agreement between a buyer and a supplier in whi
h the terms

of an ex
hange are determined by three fa
tors: pri
e, asset spe
i�
ity, and guar-

antees� (
ited in Williamson, 1985). The 
on
lusion of su
h an agreement usually

begins with a negotiation pro
ess, the purpose of whi
h is to determine the 
ontra
t
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parameters (terms of ex
hange) a

eptable to ea
h party. The 
on
ept of a

ept-

ability implies that the expe
ted pro�t of the 
ompany from parti
ipation in the


ontra
t with spe
i�
 parameters will not be less than a 
ertain exogenously estab-

lished level (reservation pro�t). This level usually re�e
ts the expe
ted pro�t that

a 
ompany 
an make by using alternative opportunities to pla
e its resour
es, that

is, the expe
ted pro�t without parti
ipation in the 
ontra
t in question (Bernstein

and Marx, 2006). If the parties agree on su
h 
onditions, the 
ontra
t is 
on
luded;

if the parties fail to agree, the 
ontra
t is not 
on
luded.

The 
ontra
t as a physi
al obje
t should also be 
onsidered from a legal point

of view. Tambovtsev provides the following de�nition of this 
on
ept in 
ivil law:


ontra
t is the �agreement of two or more persons 
on
erning the establishment,

amendment (redistribution) or the termination of 
ertain rights, primarily the right

of ownership on the property or otherwise� (
ited on Tambovtsev, 2004, p. 24).

Contra
ts are one of the me
hanisms for supply 
hain 
oordination. Depending

on what is meant by 
oordination, there are di�erent de�nitions of a 
oordinating


ontra
t. In this paper, we assume that under the assumption of risk neutrality of

the 
hain's partners, the 
ontra
t is a 
oordinating one if it motivates ea
h partner

to make su
h de
isions providing the maximum of the expe
ted pro�t of the supply


hain. In other words, a 
ontra
t is a 
oordinating if the 
ontra
t parameters, deter-

mined by ea
h partner on the basis of the 
ondition of maximizing their winnings

(expe
ted pro�ts), allow to obtain the maximum value of the expe
ted pro�t of the

supply 
hain. It should also be noted that 
oordination is a
hieved in 
ase when

the expe
ted pro�t of the supply 
hain is maximum, the solution of the problem

of supply 
hain expe
ted pro�t maximization 
an be redu
ed to the problem of


oordination.

The 
onstru
tion of any 
ontra
t des
ribing the intera
tion of supply 
hain part-

ners takes pla
e within a 
ertain model, that is, some theoreti
al game. For supply


hains, the terms of the game 
an be interpreted as follows:

· Players A and B � supply 
hain partners (e.g. supplier and retailer);

· The set of admissible strategies is the set of feasible solutions asso
iated with

the determination of the parameters of the 
ontra
t (order quantity/produ
tion,

sales pri
e, wholesale pri
e, rebate values);

· Payo� fun
tion � the expe
ted pro�t of ea
h partner per transa
tion under the

assumption of partisipants risk neutrality.

Sin
e this paper dis
usses the supply 
hain, 
onsisting of a supplier and a retailer

that sells produ
ts on the market, the sequen
e of events o

urring in the game will

be as follows (Ca
hon, 2003):

· The supplier o�ers the retailer the terms of the 
ontra
t for the pur
hase of one

type of produ
t;

· The retailer a

epts or reje
ts the proposed 
ontra
t (the situation when the

retailer does not a

ept the terms of the 
ontra
t is not 
onsidered in this study);

· If the retailer a

epts the terms of the 
ontra
t, it 
hooses the volume of pur-


hased produ
ts from the supplier (q);
· The supplier delivers q units to the retailer before the start of the sales season;

· The retailer sells produ
ts on the market in a

ordan
e with the implementation

of demand within one sales season;



The Problem of Supply Chain Pro�t Maximization 73

· The parties ful�ll their obligations under the 
ontra
t (money transfer takes

pla
e).

One implementation of the des
ribed sequen
e of events 
orresponds to a single

transa
tion. This approa
h, �rst des
ribed in the work of Commons, involves the

analysis of trade at the mi
ro level of analysis (Commons, 1934) and the possibility

of introdu
ing the 
ondition of pro�t additivity, that is, the pro�t of the supply


hain 
onsists of the pro�ts of all partners in
luded in the 
hain, in this 
ase, the

supplier and the retailer (Gan, 2011). Note that sin
e the players in this game a
t


onsistently (�rst, the supplier o�ers the terms of the 
ontra
t, and then the retailer

responds to these 
onditions), the s
enario of intera
tion between the retailer and

the supplier 
orresponds to the Sta
kelberg model. The assumption that the �rst

move in the game is made by the supplier does not a�e
t the subsequent analysis of

the 
oordinating 
ontra
t, sin
e the model does not 
onsider the negotiation pro
ess,

the features of whi
h 
an a�e
t the terms of the ex
hange (Ca
hon, 2003).

The Sta
kelberg model is used when players have di�erent market power and

as a result the de
ision-making pro
ess is 
onsistent (Kogan, Tapiero, 2007). The

player who �rst 
hooses his strategy is the leader. Then the se
ond player � the

follower � 
hooses his best response to the leader's move. Thus, the leader has an

advantage, sin
e he 
an optimize his target fun
tion taking into a

ount the answer

of the follower known to him in advan
e. It is worth noting that this situation

is possible only if the leader knows the fun
tion of winning the follower (Kogan,

Tapiero, 2007).

From a formal point of view, the Sta
kelberg model 
an be represented as follows.

Consider a game that is played only by two players � A and B. Let

· YA � the set of admissible strategies of the player A;

· YB � the set of admissible strategies of the player B;

· KA(yA, yB) � the payo� fun
tion of player A;

· KB(yA, yB) � the payo� fun
tion of player B.

Suppose that the game is implemented under 
ondition of 
omplete information

for both players. Denote by

· y∗B = yRB(yA) � the best response of player B to player A's move, whi
h is

determined from the following 
ondition: max
yB

KB (yA, yB) = KB (yA, y∗B) =

KB

(

yA, yRB (yA)
)

;

· y∗A = yRA (y∗B) = yRA
(

yRB (yA)
)

� the best strategy of player A, provided that

the best response of player B is known in advan
e, whi
h is determined from

the following 
ondition: max
yA

KA (yA, y∗B) = KA (y∗A, y∗B) = KA

(

y∗A, yRB (yA)
)

.

A 
ouple of strategies (y∗A, y∗B) is a Sta
kelberg equilibrium. Note that the

Sta
kelberg equilibrium is essentially a Nash equilibrium in the Sta
kelberg model.

Thus, the following 
on
lusions 
an be drawn with regard to the intera
tion be-

tween the supplier and the retailer in the supply 
hain. If the solution of the game

is a Nash equilibrium, it provides the maximum possible expe
ted pro�t for ea
h

supply 
hain partner, sin
e the implementation of su
h a solution is based on the

prin
iple of maximizing ea
h partner's payo� fun
tion. If the solution is Pareto-

optimal, it provides the maximum of supply 
hain expe
ted pro�t. The validity of
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the reverse statement is ensured by the ful�llment of the pro�t additivity 
ondition

in 
ase of partners are risk neutrality (Gan, 2011). The 
oordinating 
ontra
t 
an

be de�ned as a 
ontra
t that motivates the supply 
hain partners to make their

de
isions that are the Nash equilibrium at the same time, and possess the prop-

erty of Pareto optimality. In other words, the 
oordinating 
ontra
t must ful�l the

properties of individual and 
olle
tive rationality.

Note that it is possible that there is no solution in the game that would be a Nash

equilibrium. For the Sta
kelberg model, this situation 
an be interpreted as follows:

it is impossible to determine a strategy for player A that would allow to maximize its

payo� fun
tion with the known best response of player B. In this 
ase, the 
ondition

of individual rationality for player A is not ful�lled, and therefore the 
ontra
t under

study is not 
oordinating. In this 
ase, player A 
an get more expe
ted pro�t than

some set level under 
ertain 
onditions. In su
h a situation, the 
ontra
t is bene�
ial

for ea
h partner, so we 
onsider the 
onditionally 
oordinated supply 
hain. If the


ontra
t is 
oordinating by de�nition, then there is un
onditional 
oordination of

the supply 
hain.

In order to determine the parameters of the 
oordinating 
ontra
t, des
ribing

the intera
tion of two supply 
hain partners, it is ne
essary to perform the following

steps:

1. Determine the parameters a�e
ting the expe
ted pro�t of the supply 
hain, in

whi
h the value of expe
ted pro�t is maximum;

2. Determine the parameters a�e
ting the individual fun
tions of the expe
ted

pro�t of ea
h partner, in whi
h these expe
ted pro�ts are maximum, taking

into a

ount the parameters sele
ted in the �rst step;

3. Make sure that the terms of the 
ontra
t are a

eptable for ea
h partner, ea
h

partner re
eives the maximum of expe
ted pro�t.

If the latter 
ondition is not met for at least one partner, the 
ontra
t is 
onsid-

ered non-
oordinating. However, in a situation where the parameters found and/or

the 
orresponding restri
tions on these parameters, the expe
ted pro�t of ea
h part-

ner ex
eeds a 
ertain set level, the 
ontra
t 
onditionally 
oordinates the supply


hain. In su
h a situation, the 
on
lusion of the 
ontra
t is bene�
ial for ea
h part-

ner in the supply 
hain. If none of the above situations o

ur when the parameters

are found, then the 
ontra
t with su
h parameters will probably not be 
on
luded.

3. Sales rebate 
ontra
t review

There are many di�erent types of 
ontra
ts that are used by 
ompanies, ranging

from the simplest wholesale pri
e 
ontra
t to more 
omplex 
ontra
ts that 
om-

bine several simple 
ontra
t models. Resear
hers most often analyze the following

types of 
ontra
ts: wholesale-pri
e 
ontra
t; revenue-sharing 
ontra
t; sales rebate


ontra
t; buy-ba
k 
ontra
t; quantity-�exibility 
ontra
t; two-part tari� 
ontra
t;

quantity dis
ount 
ontra
t.

In pra
ti
e, the 
hoi
e of a parti
ular type of 
ontra
t depends on the ratio of

possible bene�ts for partners and transa
tion 
osts. For example, the above types of


ontra
ts di�er in the 
ost of monitoring the performan
e of these 
ontra
ts. More


omplex 
ontra
t models involve the information sharing (for example, the number

of produ
ts sold), whi
h a�e
ts the amount of payments of partners under the


ontra
t terms. The 
ost of verifying the a

ura
y of su
h information will a�e
t the



The Problem of Supply Chain Pro�t Maximization 75

ability to enter into a parti
ular type of 
ontra
t. In addition, ea
h type of 
ontra
t

motivates partners to perform di�erent a
tions, for example, to buy/produ
e a larger

volume of produ
ts, sell a larger volume of produ
ts, et
. Thus, the 
hoi
e of the type

of 
ontra
t depends on the 
hara
teristi
s of the produ
ts and the 
hara
teristi
s of

the spe
i�
 industry in whi
h the partners operate.

In this paper, we will 
onsider the sales rebate 
ontra
t, whi
h was �rst des
ribed

by Taylor. The main idea of this 
ontra
t is as follows: the supplier pays the retailer

a rebate per unit sold by the threshold of sales volume set by the supplier. There

are two main types of sales rebate 
ontra
t (Taylor, 2002): linear rebate involves the

payment of a rebate per unit sold by the retailer; target rebate means the payment

of a rebate per unit sold by the retailer in ex
ess of the target sales volume set by

the supplier.

The sales rebate 
ontra
ts are 
ommon in various industries (personal 
omputer

manufa
turing, automotive, fashion, pharma
euti
als), so they are of parti
ular in-

terest to resear
hers as supply 
hain 
oordination me
hanisms. This 
ontra
t was

�rst des
ribed in (Taylor, 2002). The author explores the possibility of 
oordinating

the supply 
hain, 
onsisting of the manufa
turer and the retailer, through a sales

rebate 
ontra
t in the framework of the model, when the retailer does not make

additional e�orts to in
rease sales. The main 
on
lusion made by the author is that

for this model, the use of a sales rebate 
ontra
t helps to a
hieve supply 
hain 
o-

ordination and a mutually bene�
ial out
ome for both partners; while a linear sales

rebate 
ontra
t is non-
oordinated (Taylor, 2002). Coordination in the study refers

to the situation when the pro�t of the supply 
hain is maximum, and the win-win

situation that is the situation when both partners re
eive more pro�t than when us-

ing the wholesale pri
e 
ontra
t with any available distribution of the supply 
hain

pro�t between the partners (Taylor, 2002). Taylor (2002) also argues that if the re-

tailer makes additional e�orts to in
rease sales, the sales rebate 
ontra
t will help to

a
hieve supply 
hain 
oordination and a win-win situation for both partners only in


onjun
tion with the terms of the 
ontra
t with the possibility of repur
hase (when

unsold produ
ts are returned to the supplier for a fee) (Taylor, 2002). The same

model is 
onsidered in the arti
le (Krishnan et al., 2004). The authors 
onsider the

limitations of the 
ontra
t with the possibility of repur
hase and ways to over
ome

these limitations by 
ompli
ating the 
ontra
t models. One of these 
ompli
ations

is the rebates for the retailer per unit sold in ex
ess of a 
ertain volume (markdown

allowan
es). The 
ombination of a 
ontra
t with a repur
hase option and rebates

for the retailer allows a
hieving 
oordination (Krishnan et al., 2004).

Ca
hon 
onsiders various types of 
ontra
ts, in
luding sales rebate 
ontra
ts,

within the framework of two models. In the �rst model, the retail sales pri
e (p) is
�xed and is set by the supplier, in the se
ond model the retail sales pri
e (p) is the
parameter that the retailer 
hooses. The author 
on
ludes that in the �rst model the

sales rebate 
ontra
t is 
oordinating under 
ertain 
onditions; in the se
ond model

it is impossible to a
hieve 
oordination using this 
ontra
t (Ca
hon, 2003; Ca
hon

and Lariviere, 2005). Ca
hon believes that a 
ontra
t is a 
oordinating one if the

strategies implemented by the supply 
hain partners optimal for the supply 
hain

are also Nash equilibrium. At the same time, su
h optimal strategies should be the

unique Nash equilibrium, otherwise supply 
hain partners may de
ide that the 
hain

is 
oordinated when implementing strategies that are not optimal for it (Ca
hon,

2003). In addition, Ca
hon 
onsiders the 
oordination 
hain using 
ontra
ts in the
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framework of more 
omplex models (model one supplier and multiple 
ompeting

retailers, the model with the possibility of re-ordering in one selling season, et
.).

Studies of (Taylor, 2002) and (Ca
hon, 2003) are most important among resear
h

analyzed sales rebate 
ontra
ts. Other authors in their papers often refer to them

in the des
ription of the 
ontra
t or in determining the 
oordination of the supply


hain. In general, the subsequent studies related to the 
onsidered type of 
ontra
t


an be divided into three groups depending on the analyzed aspe
t:

· Studies in whi
h the sales rebate 
ontra
t is 
onsidered in the framework of

sophisti
ated models of supply 
hain (Chiu et al., 2011-b; Xing and Liu, 2012;

Lan et al., 2015; Pu et al., 2017);

· Resear
h that analyze di�erent types of sales rebate 
ontra
ts (Aydin and Por-

teus, 2009; Ar
elus et al., 2012; Liao, 2013; Saha 2013);

· Studies addressed the supply 
hain 
oordination using the sales rebate 
ontra
t

and other 
oordination me
hanisms (Wong and Leung, 2009; Chiu et al., 2011-

a).

Among the resear
h of the last year there are the studies where the authors

propose a new modi�
ation of the sales rebate 
ontra
t, allowing to a
hieve the

supply 
hain 
oordination in the framework of more 
omplex models (Heydari and

Asl-Naja�, 2017; Gen
 and Giovanni, 2018; Muza�ar et al., 2018; Sainathan and

Groenevelt, 2019). For example, Heydari, Asl-Naja� o�er a "new" sales rebate 
on-

tra
t that 
oordinates the supply 
hain when the retailer makes additional e�orts to

in
rease sales (Heydari and Asl-Naja�, 2017). One of the latest papers (Sainathan

and Groenevelt, 2019) analyzes the intera
tion between the supplier and the retailer

within the VMI 
oordination me
hanism, as well as using various 
ontra
ts. The

authors also propose new modi�
ations of existing 
ontra
ts with the possibility of

repur
hase and 
ontra
ts �exible in volume (Sainathan and Groenevelt, 2019).

4. Supply 
hain 
oordination with sales rebate 
ontra
t under the

assumption that demand has a triangular distribution

Let us solve supply 
hain 
oordination problem with the sales rebate 
ontra
t. For

this purpose, it is ne
essary to �nd parameters of a 
oordinating 
ontra
t, that is,

su
h a 
ontra
t that ensures the ful�llment of both individual and 
olle
tive ra-

tionality properties. In other words, the expe
ted supply 
hain pro�t with these

parameters should be maximum, and the expe
ted pro�t of ea
h supply 
hain part-

ner is maximum possible under the assumption that ea
h supply 
hain parti
ipant

a
ts rationally and maximizes their expe
ted pro�t.

Consider a supply 
hain 
onsisting of two risk-neutral players: a supplier and a

retailer that sell a single produ
t. The supplier sells the produ
t to the retailer that

then sells it to the market within a single season. Suppose that the parties intera
t

with ea
h other under the target rebate 
ontra
t, and also that the supplier has

ex
eptional market power. It means that he o�ers the retailer a take-it-or-leave-

it 
ontra
t, that is, the 
onditions o�ered by the supplier are not dis
ussed. The

retailer 
an either a

ept su
h a 
ontra
t or refuse to 
ooperate.

As the �rst step the supplier o�ers the retailer the following 
ontra
t parame-

ters: the wholesale pri
e per unit (ω) and the amount of rebate (r) paid per unit

sold above the established threshold (t). In response to the 
onditions o�ered by

the supplier, the retailer 
hooses what volume of produ
ts (q) she should order to
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maximize her pro�t. The sales rebate 
ontra
t implies that t ≤ q. After signing the


ontra
t and the delivery of produ
ts, the retailer sells them in the market at the


ertain pri
e per unit (p). In this model, the retail pri
e per unit (p) is not dis
ussed
at the time of signing the 
ontra
t and is �xed. If the retailer is unable to sell the

entire volume of pur
hased produ
ts at the initial retail pri
e (p), then she 
an sell

the remaining produ
ts at the salvage value per unit (v).

Let us analyze the intera
tion between the retailer and the supplier within the

framework of the Sta
kelberg model. Sin
e the supplier (S) is the �rst to 
hoose his

strategy, he is a leader, and the retailer (R) is a follower. The supplier's strategy is to


hoose three parameters: ω, r, t � from the available set; the retailer 
hooses only the

volume of pur
hased produ
ts � q � also from the available set (for example, in some


ontra
ts the minimum pur
hase volume is required). The expe
ted pro�t for one

transa
tion is 
onsidered as a payo� fun
tion both for the supplier and the retailer.

Thus, to �nd the optimal solution for su
h a model, �rstly it is ne
essary to �nd the

optimal solution for the retailer (�nd the optimal pur
hase volume q∗R), and then

using the expression for q∗R, optimize the supplier's expe
ted pro�t fun
tion. The

found solution is the Shtakelberg equilibrium that ful�lls the 
ondition of individual

rationality.

The ful�llment of 
olle
tive rationality property is ensured through the Pareto-

optimality of the found solution. In this model the solution is Pareto optimal if

the maximum of the expe
ted supply 
hain pro�t is a
hieved (Gan, 2011). The

parameter that a�e
ts the supply 
hain expe
ted pro�t is the volume of pur
hased

produ
ts (q). This parameter is 
hosen by the retailer. The parameters that in�uen
e

the distribution of the expe
ted supply 
hain pro�ts between partners � ω, r, t �
are determined by the supplier. Sin
e the supplier has ex
eptional market power,

in order to motivate the retailer to 
hoose su
h a volume of pur
hased produ
ts

(q∗SC), at whi
h the expe
ted supply 
hain pro�t fun
tion (E[ΠSC ℄) rea
hes its

maximum, he must 
hoose su
h an amount of the wholesale pri
es (ω), so that

at the optimal solution for the supply 
hain the retailer's expe
ted pro�t fun
tion

(E[πR]) also rea
hes its maximum (q∗SC = q∗R). At the same time, with the help

of two other parameters responsible for the distribution of the supply 
hain pro�t

between partners � r and t � the supplier optimizes his expe
ted pro�t fun
tion

(E[πS ]). Thus, the 
onstru
tion of a 
oordinating 
ontra
t (determination of the

parameters of su
h a 
ontra
t) for the 
onsidered intera
tion between the supplier

and the retailer 
onsists of the following steps:

1. Determination of the optimal pur
hase volume for the retailer (q∗R);

2. Determination of the optimal pur
hase volume for the supply 
hain (q∗SC);

3. Determination of the wholesale pri
e value ω∗
, at whi
h the optimal solution for

the retailer 
oin
ides with the optimal solution for the supply 
hain (q∗SC=q∗R);

4. Determination of the parameters r and t, at whi
h the expe
ted pro�t of the

supplier (E[πS ]) is maximum for obtained q∗ and ω∗
.

To solve the supply 
hain 
oordination task with the sales rebate 
ontra
t, the

notations presented in the table 1 are used.
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Table 1. Notations used for supply 
hain 
oordination problem solving

ω Wholesale pri
e per unit (
.u.)

r Rebate value, whi
h is paid by the supplier to the retailer per unit

sold above the established threshold (
.u.)

t Sales volume, in ex
ess of whi
h, the supplier pays the retailer a

rebate per ea
h unit sold above this volume (set by the supplier,

p
s.)

q Volume of produ
ts pur
hased by the retailer from the supplier

(p
s.)

p Retail pri
e per unit (
.u.)

v Salvage value per unit (
.u.)

cS Supplier's produ
tion 
osts per unit (
.u.)

cR Retailer's marginal 
osts per unit (
.u)

c Supply 
hain total 
osts, c = cS + cR (
.u.)

πS Supplier's pro�t for one transa
tion (
.u.)

πR Retailer's pro�t for one transa
tion (
.u.)

ΠSC Supply 
hain pro�t for one transa
tion, ΠSC = πS + πR (
.u)

Let us also denote additional prerequisites of the model and some restri
tions

on the parameters:

1. Both 
ompanies possess 
omplete information to determine the optimal a
tions,

in
luding the 
osts (cS , cR), the retail pri
e (p) and the salvage value (v);
2. Optimal a
tions are feasible for ea
h 
ompany;

3. Both 
ompanies are risk-neutral, that is, they are aimed at maximizing the

expe
ted pro�ts without taking risk into a

ount;

4. The retailer has no possibility of additional replenishment of sto
ks within the

one sales season;

5. The model does not 
onsider the supplier's 
hoi
e of the optimal produ
tion

volume;

6. Reputational losses are not 
onsidered (reputational 
osts are zero, both for the

supplier and for the retailer);

7. Demand distribution fun
tion is di�erentiable, stri
tly in
reasing;

8. The retail pri
e is higher than the wholesale pri
e; the wholesale pri
e is higher

than the supplier's produ
tion 
osts per unit:

0 <cS<ω<p.

9. The salvage value is lower than the supplier's produ
tion 
osts per unit:

v<cS .

The solution of the supply 
hain 
oordination problem with the sales rebate 
on-

tra
t in the framework of the des
ribed model begins with the assumption that

the demand for the 
onsidered type of produ
t is a random variable. Let ξ is the

demand for some type of produ
t, τ is the sales volume of this type of produ
t.

Suppose that τ = g(ξ), where

τ = g (ξ) =

{

ξ, 0 ≤ ξ < q
q, ξ ≥ q

.
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Let ξ be a 
ontinuous random variable, fξ(x) is its probability density fun
tion,

Fξ(x) is its distribution fun
tion. Then the expe
ted sales volume, that is, the

expe
ted value of a random variable τ , 
an be 
al
ulated as follows:

E [τ ] = E [g (ξ)] = qFξ (q)−

∫ q

0

Fξ (x) dx+ q (1− Fξ (q)) = q −

∫ q

0

Fξ (x) dx. (1)

Based on the terms of the sales rebate 
ontra
t, the pro�ts of the supplier and

the retailer depend on whether the latter 
an sell the volume ex
eeding the threshold

t spe
i�ed in the 
ontra
t. Two 
ases follow from this statement: the a
tual sales

volume is less than the level established by the 
ontra
t (0 ≤ τ ≤ t) and the a
tual

sales volume is higher than the level established by the 
ontra
t (t < τ ≤ q).
The �rst 
ase ( 0 ≤ τ ≤ t)
The pro�ts of the retailer, the supplier and the supply 
hain with 0 ≤ τ ≤ t are:

πR = pτ + (q − τ) v − cRq − ωq = (p− v) τ − (ω + cR − v) q, (2)

πS = ωq − cSq = (ω − cS) q, (3)

ΠSC = πR + πS = (p− v) τ − (c− v) q. (4)

It is worth noting, that in this 
ase the supplier does not pay any rebate to the

retailer, and the regulation of the supply 
hain partners' a
tions takes pla
e within

the framework of the wholesale pri
e 
ontra
t.

The expe
ted pro�ts of the retailer, the supplier and the supply 
hain, based on

(2)�(4), are given by the following expressions:

E [πR] = (p− v)

(

q −

∫ q

0

Fξ (x) dx

)

− (ω + cR − v) q, (5)

E [πS ] = (ω − cS) q, (6)

E[ΠSC ] = (p− v)

(

q −

∫ q

0

Fξ (x) dx

)

− (c− v) q. (7)

The se
ond 
ase ( t < τ ≤ q)
In the se
ond 
ase, when the a
tual sales volume ex
eeds the level established in

the 
ontra
t (t < τ ≤ q), the retailer re
eives the rebate from the supplier for ea
h

unit sold above this level. Then the expressions for the retailer's, the supplier's and

supply 
hain pro�ts are as follows:

πR = pτ + (q − τ) v + r (τ − t)− cRq − ωq =

= (p− v + r) τ − (ω + cR − v) q − tr, (8)

πS = ωq − cSq − r (τ − t) = −rτ + (ω − cS) q + tr, (9)

ΠSC = πR + πS = (p− v) τ − (c− v) q. (10)

The expe
ted pro�ts of the retailer, the supplier and the supply 
hain, based on

(8)�(10), are given by the following expressions:

E [πR] = (p− v + r)

(

q −

∫ q

0

Fξ (x) dx

)

− (ω + cR − v) q − tr, (11)
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E [πS ] = (ω − cS) q − r

(

q −

∫ q

0

Fξ (x) dx

)

+ tr, (12)

E[ΠSC ] = (p− v)

(

q −

∫ q

0

Fξ (x) dx

)

− (c− v) q. (13)

Consider the problem of 
onstru
ting a 
oordinating 
ontra
t under the assump-

tion that demand (the random variable ξ) has the triangular distribution with the

range [0, h].
The probability density fun
tion of the random variable ξ is given by the fol-

lowing expression:

fξ (x) =







0, x < 0,
2(h−x)

h2 , 0 ≤ x ≤ h,
0, x > h.

The distribution fun
tion of the random variable ξ has the following form:

Fξ (x) =







0, x < 0,

1− (h−x)2

h2 , 0 ≤ x ≤ h,
1, x > h.

(14)

Consider the 
ase when h > q. Let us �nd the expe
ted value of the random

variable τ (E [τ ]) for the 
onsidered triangular distribution, substituting the distri-

bution fun
tion from the expression (14) into the expression (1):

E [τ ] = E [g (ξ)] = q −

∫ q

0

(

1−
(h− x)

2

h2

)

dx = q −

(

q +
(h− x)

3

3h2
|q0

)

=

=
h

3
−

(h− q)
3

3h2
. (15)

Let us write expressions for the fun
tions of the expe
ted pro�ts of the retailer,

the supplier and the supply 
hain, if the a
tual sales volume is less than the level

established by the 
ontra
t (0 ≤ τ ≤ t):

E [πR] = (p− v)

(

h

3
−

(h− q)3

3h2

)

− (ω + cR − v) q, (16)

E [πS ] = (ω − cS) q, (17)

E[ΠSC ] = (p− v)

(

h

3
−

(h− q)
3

3h2

)

− (c− v) q. (18)

If the a
tual sales volume ex
eeds the level established by the 
ontra
t (t < τ ≤
q), the expressions for the expe
ted pro�ts of the retailer, the supplier and supply


hain are:

E [πR] = (p− v + r)

(

h

3
−

(h− q)3

3h2

)

− (ω + cR − v) q − tr, (19)

E [πS ] = (ω − cS) q − r

(

h

3
−

(h− q)
3

3h2

)

+ tr, (20)
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E[ΠSC ] = (p− v)

(

h

3
−

(h− q)
3

3h2

)

− (c− v) q. (21)

In the 
ase when the a
tual sales volume is less than the level established by the


ontra
t (0 ≤ τ ≤ t), the a
tions of the supply 
hain parnters are regulated within

the framework of the wholesale pri
e 
ontra
t, whi
h is not 
oordinating. Let us

turn to solving the problem of 
onstru
ting a 
oordinating 
ontra
t for the se
ond


ase (t < τ ≤ q). To do this, 
onsider the 4 steps of 
onstru
ting a 
oordinating

sales rebate 
ontra
t.

Determination of the optimal pur
hase volume for the retailer ( q∗R)
The retailer 
hooses the optimal pur
hase volume (q∗R) after the supplier o�ers the

following 
ontra
t terms: the wholesale pri
e (ω), the amount of rebate (r) and sales

volume, in ex
ess of whi
h, the supplier pays the retailer a rebate per ea
h unit sold

above this volume (t). Let us �nd the maximum of the expe
ted retailer's pro�t

fun
tion E [πR] (q
∗

R) for the 
onsidered 
ase of the triangular distribution of the

random variable ξ.
The �rst derivative of the expe
ted sales volume E [τ ] for q has the following form:

(E [τ ])
′

= 1− Fξ (q) . (22)

Find the �rst order derivative of the fun
tion E[πR] for q, using the expression

(22):

dE[πR]

dq
= (p− v + r) (1− Fξ (q))− (ω + cR − v) .

The ne
essary extremum 
ondition allows �nding stationary points, whi
h 
an then

be explored to the maximum:

dE[πR]

dq
= (p− v + r) (1− Fξ (q))− (ω + cR − v) = 0.

The stationary point of the fun
tion E[πR] (q
0
R) satis�es the following 
ondition:

Fξ

(

q0R
)

=
p+ r − ω − cR

p− v + r
. (23)

To test the su�
ient 
ondition of the extremum, with the help of whi
h it is

determined whether the found stationary point is a maximum, minimum or saddle

point, we �nd the se
ond order derivative of the fun
tion E[πR]:

d2E[πR]

dq2
=(p−v+r) (−fξ (q)) .

By the 
ondition of the problem p > v, the distribution density fun
tion fξ (x) takes
only non-negative values. It follows that the se
ond order derivative always takes

only nonpositive values, in parti
ular

d2E[πR]

dq2
=(p−v+r) (−fξ

(

q0R
)

)≤0.

It 
an be 
on
luded that the stationary point q0R is the maximum point of the

expe
ted retailer's pro�t fun
tion E [πR] (q
∗

R).
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Substitute the distribution fun
tion (14) in the expression (23)

1−
(h−q∗R)

2

h2
=
p+r−ω−cR
p−v+r

.

Hen
e

(h−q∗R)
2=h2

(

1−
p+r−ω−cR
p−v+r

)

,

q∗R,1 = h

(

1−

√

1−
p+ r − ω − cR

p− v + r

)

, (24)

q∗R,2 = h

(

1 +

√

1−
p+ r − ω − cR

p− v + r

)

.

Note that q∗R,2 > h, and therefore this solution does not satisfy the introdu
ed


onstraint h > q. Thus, the optimal pur
hase volume for the retailer is given only

by the expression (24), q∗R,1 = q∗R.
Determination of the optimal pur
hase volume for the supply 
hain ( q∗SC)

The optimal pur
hase volume for the supply 
hain (q∗SC) is su
h an amount at

whi
h the expe
ted pro�t of the supply 
hain rea
hes its maximum. The pro
edure

for �nding the maximum of the expe
ted supply 
hain pro�t E[ΠSC ] (q
∗

SC) is identi-


al to the pro
edure of �nding the maximum of the expe
ted retailer's pro�t E[πR]
(q∗R) dis
ussed above.

The �rst order derivative of the fun
tion E[ΠSC ] for q using the expression (22):

dE[ΠSC ]

dq
=(p−v) (1−Fξ (q))− (c−v) .

The ne
essary extremum 
ondition:

dE[ΠSC ]

dq
=(p−v) (1−Fξ (q))− (c−v)= 0.

The 
ondition for the stationary point of the fun
tion E[ΠSC ] (q
0
SC):

Fξ

(

q0SC

)

=
p−c

p−v
. (25)

The se
ond order derivative of the fun
tion E[ΠSC ]for q:

d2E[ΠSC ]

dq2
= (p− v) (−fξ

(

q0R
)

) ≤ 0.

Thus, the stationary point (q0SC) is the maximum point of the expe
ted supply 
hain

pro�t fun
tion E[ΠSC ] (q
∗

SC).

Find the maximum point of the expe
ted supply 
hain pro�t fun
tion E[ΠSC ] (q
∗

SC)

for the 
onsidered 
ase of the triangular distribution of the random variable ξ. To
do this, we substitute the distribution fun
tion (14) into expression (25).

1−
(h− q∗SC)

2

h2
=

p− c

p− v
.
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Hen
e

(h−q∗SC)
2=h2

(

1−
p−


p−v

)

,

q∗SC,1 = h

(

1−

√

1−
p− 


p− v

)

, (26)

q∗SC,2 = h

(

1 +

√

1−
p− 


p− v

)

.

Note that q∗SC,2 > h, and therefore, this solution does not satisfy the introdu
ed


onstraint h > q. Thus, the optimal pur
hase volume for the supply 
hain will be

spe
i�ed only by the expression (26), q∗SC,1 = q∗SC .

Determination of the wholesale pri
e optimal value ω∗

The wholesale pri
e optimal value ω∗
is the value at whi
h the optimal solution

for the retailer 
oin
ides with the optimal solution for the supply 
hain (q∗SC = q∗R).
In this 
ase, the maximum of the expe
ted pro�t of the retailer E[πR], and the

expe
ted pro�t of the supply 
hain E[ΠSC ] is rea
hed at the same time.

Let us �nd the expression for ω∗
for the 
onsidered 
ase of the triangular distribution

of the random variable ξ. To do this, we equate the expressions (24) and (26).

h

(

1−

√

1−
p+ r − ω − cR

p− v + r

)

= h

(

1−

√

1−
p− 


p− v

)

.

Hen
e:

(p− v) (p+ r − ω∗ − cR) = (p− c) (p− v + r) ,

ω∗ =
−cSp+ cSv − cSr − cRr + vr

v − p
= cS +

c− v

p− v
r. (27)

Determination of the parameters r and t
In the previous steps of 
onstru
ting a 
oordinating 
ontra
t we determine the

parameters q∗ and ω∗
, at whi
h the 
ondition of individual rationality for the retailer

(the retailer's expe
ted pro�t is maximum) and the 
ondition of 
olle
tive rationality

for the supply 
hain (the expe
ted supply 
hain's pro�t is maximum) are met. Now

it is ne
essary to a
hieve the ful�llment of the individual rationality property for

the supplier, that is, to �nd su
h parameters r and t, at whi
h the expe
ted pro�t

of the supplier E[πS(r, t)] is maximum when q = q∗R = q∗SC = q∗ and ω = ω∗
for

the 
onsidered 
ase of the triangular distribution of the random variable ξ.
Write the expe
ted pro�t of the supplier E[πS(r, t)] for obtained q=q∗R=q∗SC=q∗

and ω=ω∗
.

E [πS (r, t)] = (ω∗−cS) q
∗−r

(

h

3
−
(h−q∗)

3

3h2

)

+tr.

Using expressions (26) and (27), transform the fun
tion of the supplier's expe
ted

pro�t:

E [πS (r, t)] =rh







c−v

p−v

(

1−

√

1−
p−


p−v

)

−
1

3
+

(√

1− p−


p−v

)3

3






+rt.
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The veri�
ation of the su�
ient extremum 
ondition for the fun
tion E [πS (r, t)]
is 
arried out using the Hessian matrix:

G=

(

∂2E[πS (r,t)]
∂r2

∂2E[πS (r,t)]
∂r∂t

∂2E[πS (r,t)]
∂t∂r

∂2E[πS (r,t)]
∂t2

)

.

It is ne
essary to 
al
ulate all partial derivatives of the �rst and se
ond order of the

fun
tion E [πS (r, t)] for r and t:

∂E [πS (r, t)]

∂r
=h







c−v

p−v

(

1−

√

1−
p−


p−v

)

−
1

3
+

(√

1− p−


p−v

)3

3






+t.

∂E [πS (r, t)]

∂t
=r,

∂2E [πS (r, t)]

∂r2
= 0,

∂2E [πS (r, t)]

∂t2
= 0,

∂2E [πS (r, t)]

∂r∂t
=
∂2E [πS (r, t)]

∂t∂r
= 1.

To 
he
k the su�
ient 
ondition, it is ne
essary to 
al
ulate the determinant of the

Hessian matrix:

∆=

∣

∣

∣

∣

0 1
1 0

∣

∣

∣

∣

= −1 .

The negative value of the determinant of the Hessian matrix allows us to 
on
lude

that there are no extremes of the expe
ted supplier's pro�t fun
tion E [πS (r, t)],
and therefore, there is no maximum of this fun
tion. From this fa
t it follows that

the sales rebate 
ontra
t does not ful�ll the individual rationality property for the

supplier, whi
h means it is not 
oordinating for the 
onsidered 
ase of the triangular

distribution of the random variable ξ.
Now 
he
k whether the sales rebate 
ontra
t 
onditionally 
oordinate the supply


hain for the 
ase of the triangular distribution of the random variable ξ. Find the

values of r and t at whi
h the expe
ted pro�t of the supplier E[πS(r, t)] for obtained
ω∗

and q∗ is at least not less than by the wholesale pri
e 
ontra
t with the same

values of ω∗
and q∗.

The expe
ted pro�t of the supplier E[πS(r, t)] for obtained ω∗
and q∗ has the

following form:

E [πS (r, t)] = (ω∗ − cS) q
∗ − r

(

h

3
−

(h− q∗)
3

3h2

)

+ tr =

=
c− v

p− v
rq∗ + r

(

(h− q∗)
3

3h2
−

h

3
+ t

)

. (28)

If the retailer is unable to sell the volume ex
eeding the threshold t spe
i�ed

by the 
ontra
t, then the regulation of the supplier and the retailer's a
tions takes
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pla
e as part of the wholesale pri
e 
ontra
t. Substitute the expression (27) for the

wholesale pri
e ω∗
into the expression (6) and determine the expe
ted pro�t of the

supplier E[πwholesale
S ] in 
ase when he does not pay any rebate to the retailer:

E
[

πwholesale
S

]

=(ω∗−cS) q
∗=

c−v

p−v
rq∗.

The expression (28) for E [πS (r, t)] 
an be represented as follows:

E [πS (r, t)] = E
[

πwholesale
S

]

+ r

(

(h− q∗)
3

3h2
−

h

3
+ t

)

. (29)

Let us analyze the expression for E [πS (r, t)]. In the 
ase of the triangular

distribution of the random variable ξ, the supplier should set a threshold sales

volume t su
h that:

t >
h

3
−

(h− q∗)
3

3h2
.

If the supplier sets t > h
3 −

(h−q∗)3

3h2 as well as the wholesale pri
e ω = ω∗
, then su
h a


ontra
t is pro�table for him, sin
e the expe
ted pro�t of the supplier is more than

without the use of the rebate (E [πS (r, t)] > E
[

πwholesale
S

]

). The retailer in this


ase 
hooses the pur
hase volume q = q∗, thereby maximizing her expe
ted pro�t

and the expe
ted pro�t of the supply 
hain. Under su
h 
onditions, the sales rebate


ontra
t is bene�
ial for both the retailer and the supplier, and will also ensure the

a
hievement of 
onditional supply 
hain 
oordination.

We show how the expe
ted pro�t of the supply 
hain is distributed between the

supplier and the retailer at t > h
3 − (h−q∗)3

3h2 in the 
ase when the supplier pays the

rebate to the retailer and when the intera
tion o

urs within the framework of the

wholesale pri
e 
ontra
t. Let us �nd the expe
ted pro�ts of the supplier and retailer

for obtained q = q∗ and ω = ω∗
in the situation when the rebate is not paid. We

substitute the expression (27) for the wholesale pri
e ω∗
into the expressions for the

expe
ted pro�ts of the supplier and the retailer (5) and (6).

E
[

πwholesale
R

]

= (p− v)

(

h

3
−

(h− q∗)
3

3h2

)

−

(

c− v

p− v
r + c− v

)

q∗,

E
[

πwholesale
S

]

=
c− v

p− v
rq∗.

Find the expe
ted pro�t of the retailer E
[

πrebate
R

]

for obtained q = q∗ and ω = ω∗

in the 
ase of the rebate payout. To do this, we substitute the expression (27) for

the wholesale pri
e ω∗
into expression (11).

E
[

πrebate
R

]

= (p− v + r)

(

h

3
−

(h− q∗)
3

3h2

)

−

(

c− v

p− v
r + c− v

)

q∗ − tr.

This expression 
an also be represented as follows:

E
[

πrebate
R

]

= E
[

πwholesale
R

]

− r

(

(h− q∗)
3

3h2
−

h

3
+ t

)

.
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The expe
ted pro�t of the supplier E
[

πrebate
S

]

for obtained q = q∗ and ω = ω∗
in

the 
ase of the rebate payout has the form (expression 29):

E
[

πrebate
S

]

= E
[

πwholesale
S

]

+ r

(

(h− q∗)
3

3h2
−

h

3
+ t

)

.

Thus, at t > h
3 −

(h−q∗)3

3h2 E
[

πrebate
S

]

> E
[

πwholesale
S

]

, E
[

πrebate
R

]

< E
[

πwholesale
R

]

.

Note that the initial terms of the sales rebate 
ontra
t suggest that the supplier

gives part of his expe
ted pro�t to the retailer in the form of the paid rebate.

However, as we show under the restri
tion on parameter t, by o�ering su
h a rebate,

the supplier in
reases his expe
ted pro�t by redu
ing the expe
ted retailer's pro�t.

This happens be
ause the rebate size is taken into a

ount in the o�ered wholesale

pri
e: the higher the rebate size, the higher the requested wholesale pri
e is.

5. Constru
ting a 
oordinating sales rebate 
ontra
t under the

assumption that the rebate de�ned as a per
entage of the retail sale

pri
e (p)

Let us now 
onsider the solution of the supply 
hain 
oordination problem using

the example of pharma
euti
al 
ompany engaged in the delivery of spe
i�
 produ
ts

to medi
al institutions in the north-west market. More than 90% of produ
ts are

pur
hased from a foreign supplier � a big international manufa
turer. The retailer


ompany is the ex
lusive partner of the manufa
turer, that is, it is the only 
om-

pany that works dire
tly with the supplier. The 
ompany's 
lients are both private


ompanies and government institutions. The intera
tion with them o

urs either

dire
tly or through additional intermediaries � dealers. It is worth noting, that in

the 
ase of selling produ
ts through dealer 
ompanies, the retailer 
ompany tra
ks

the movement of produ
ts to the �nal 
onsumer.

Sales of produ
ts to government agen
ies o

ur through the 
on
lusion of state

pro
urement 
ontra
ts; sales to private 
ompanies o

ur through the 
on
lusion of

the wholesale 
ontra
ts or the 
ontra
ts with dis
ounts depending on the volume

pur
hased. Intera
tion with dealers is also organized through the wholesale pri
e


ontra
ts and the 
ontra
ts with dis
ounts depending on the volume pur
hased. In

2016/2017 the intera
tion of the retailer 
ompany with the supplier was regulated

by the wholesale pri
e 
ontra
t. In 2018 the supplier de
ided to swit
h to the sales

rebate 
ontra
t. Note that the supplier has mu
h more market power than the

retailer 
ompany, sin
e his produ
ts are unique. It is he who o�ers the retailer the

terms of the 
ontra
t.

The solution of the theoreti
al problem of supply 
hain 
oordination is given for

two supply 
hain partners - the supplier and the retailer - so we will 
onsider the

intera
tion between the manufa
turing 
ompany (supplier) and the retailer 
om-

pany. The 
ontra
t 
on
luded between these 
ompanies is essentially a 
ontra
t for

the supply of produ
ts between e
onomi
 entities, whi
h is 
on
luded a

ording to


ertain rules and 
ontains mandatory se
tions. The 
onsidered task of supply 
hain


oordination, that is, determination the parameters of a 
oordinating 
ontra
t, is

related to the 
ommer
ial terms of su
h a supply 
ontra
t, whi
h a�e
t the �nal

�nan
ial results of the 
ompanies, that is, the sizes of their pro�ts. In other words,

the task is to determine the parameters of the 
oordinating 
ontra
t, whi
h theo-

reti
ally 
an be stated in the se
tion with the 
ommer
ial terms of the 
ontra
t to
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be 
on
luded. Note that the 
ontra
t terms are determined annually for the entire

range of produ
ts; to solve the problem, we assume that the 
ontra
t is for one type

of produ
t (one vendor 
ode).

Consider in the more detailed form how the pro
urement pro
ess in the supply


hain is organized. The pur
hase o

urs every week. On Friday the retailer makes

orders for the supply of produ
ts and sends these data to the supplier. The produ
ts

arrive at the retailer's warehouse on Tuesday and during this week the produ
ts

are sold to the 
ompany's 
ustomers. Thus, in this model, the sales season is one

week. Note that, as a rule, pur
hase orders are formed at the request of 
ustomers;

however, for some types of produ
ts that are often sold, the pur
hase takes pla
e

with a 
ertain safety sto
k.

The solution of the supply 
hain 
oordination problem begins with the assump-

tion about the law of demand distribution for a spe
i�
 type of produ
t. In the

previous 
hapter the task of 
onstru
ting a 
onditionally 
oordinating sales rebate


ontra
t is solved under the assumption that the demand for the produ
t has the

triangular distribution. However, in pra
ti
e, obtaining information on the parame-

ters of demand distribution is an intra
table task. This fa
t signi�
antly limits the

possibility of applying the 
onsidered models to solve real management problems.

The alternative option is to build an empiri
al distribution fun
tion not of demand,

but of the sales volume. A

ess to su
h data is mu
h easier.

As noted earlier, the pro
urement pro
ess in the retailer 
ompany takes pla
e

weekly, so to build an empiri
al distribution fun
tion of the sales volume, data on

sales volume for the week is taken for several produ
ts separately. The produ
ts that

are most frequently sold are analyzed, for a total of 44 produ
ts. In the sample for

ea
h produ
t � 102 observations (2 years to 51 weeks in ea
h year, sin
e sales usually

begin from the se
ond week of the year). The random variable τi is the number of

units of a 
ertain produ
t sold per week (measured in units), i = B, . . .AZ. Data
for ea
h produ
t is analyzed for outliers and 
leared of them. Based on the analysis

of the 
onstru
ted histograms, an assumption about the triangular distribution of

the random variable τi (G(h)) is made. The 
hosen signi�
an
e level is 0,01. To test

this assumption, the following hypotheses are put forward:

H0: τi∈G (h) ,

Ha: τi /∈G (h) .

Testing the hypothesis is 
arried out using the Kolmogorov-Smirnov test. As a

result, �ve produ
ts are identi�ed, the weekly sales volume for whi
h is subje
t to

the triangular distribution law. For further analysis, one of �ve produ
ts is sele
ted.

The histogram of the random variable τ for the 
onsidered produ
t is presented in

the �gure 1.

Thus, we 
an 
on
lude that the weekly sales volume for the 
onsidered produ
t is

the random variable distributed a

ording to the triangular law with the parameter

h = 61. Note that the parameter h shows the maximum sales of the produ
t in

one week.

Consider the task of 
onstru
ting a 
oordinating 
ontra
t for the 
onsidered produ
t

in the framework of the model des
ribed earlier. To solve this problem, it is ne
essary

to know the law of demand distribution (random variable ξ); however, from the

available data it is possible to determine only the distribution law of the sales

volume (random variable τ). We assume that the random variable ξ has the same
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Fig. 1. The histogram of sales volume for the 
onsidered produ
t.

distribution law. To �nd the parameters of the 
oordinating 
ontra
t we will use

the data presented in the table 2.

Table 2. Initial data

p 2 385 (rub.)

v 0 (rub.)

cS 732 (rub.)

cR 90 (rub.)

c 822 (rub.)

Note that the salvage value per unit (v) is zero, sin
e the retailer 
ompany does

not have the opportunity to sell the remaining produ
ts within the framework of

one sales season. The retailer 
osts (cR) in
lude all 
osts asso
iated with the sale of

the produ
tion unit.

A

ording to the results presented in the previous se
tion, the sales rebate 
on-

tra
t 
onditionally 
oordinates the supply 
hain under the 
ertain restri
tion on

the parameter t. We use the results obtained in the previous se
tion to �nd the

parameters of the 
onditionally 
oordinating 
ontra
t for the 
onsidered produ
t,

the demand for whi
h has the triangular distribution with the parameter h = 61.
Let us determine the optimal pur
hase volume (q∗), at whi
h the expe
ted pro�ts

of the supply 
hain and the retailer rea
hes maximum. To do this, in the expression

(26) we substitute the spe
i�
 value of the parameter of the demand distribution

h = 61:

q∗ = h

(

1−

√

1−
p− 


p− v

)

= 61

(

1−

√

1−
2 385− 822

2 385

)

= 25, 19 ≈ 25.
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Sin
e the volume of pur
hased produ
ts (measured in units) 
an only be an integer,

it is ne
essary to round the result to an integer value.

De�ne the threshold sales volume (t), above whi
h the sales rebate 
ontra
t is

bene�
ial for the supplier. As is shown in the previous se
tion, this sales volume

must be greater than the expe
ted sales volume E [τ ]. In order to �nd the limit on

t, we substitute the spe
i�
 value of the demand distribution parameter h = 61 into

the expression (15) and the found value of the optimal pur
hase volume q∗ = 25, 19:

E [τ ] =
h

3
−

(h− q∗)
3

3h2
=

61

3
−

(61− 25)
3

3 ∗ 612
≈ 16.

Rounding o

urs from the grounds that the sales volume 
an only be an integer.

Thus, the sales rebate 
ontra
t for the 
onsidered produ
t is bene�
ial for the sup-

plier with t > 16. Note that to ensure that the regulation of supply 
hain partners

intera
tions o

ur pre
isely within the framework of the sales rebate 
ontra
t, the

retailer must order a larger volume than the threshold level of sales, q∗ > t. Other-

wise, the rebate is not paid and it is a wholesale pri
e 
ontra
t. Thus, we 
an write

the following inequality for the parameter t: E [τ ] < t < q∗; and for the 
onsidered

example � 16 < t < 25.
To determine the next parameter of the 
oordinating 
ontra
t � the wholesale

pri
e ω∗
, it is ne
essary to determine the size of the rebate (r). However, a

ording

to the results of the previous se
tion, it is not possible to obtain any restri
tions

on the parameter r (rebate size). This parameter is sele
ted by the supplier and

responsible for how the expe
ted supply 
hain pro�t is distributed among the supply


hain partners. Consequently, the supplier 
hooses su
h a value of r at whi
h his

expe
ted pro�t is maximum, and the expe
ted retailer's pro�t is a

eptable for her

(not less than a 
ertain exogenously established level � reservation pro�t). To solve

this problem, we assume that the rebate size (r) is de�ned as a 
ertain per
entage

of the retail pri
e (p), that is, r = δp, where δ ∈ [0, 1]. This approa
h is used in

(Chiu et al., 2012), and is also used by real 
ompanies to determine the parameter

r (Chiu et al., 2011-a). Sin
e δ 
an take a set of values on the interval [0, 1], there is
also a set of values of the parameter r, and hen
e the set of solutions of the model,

whi
h 
onventionally 
oordinate the supply 
hain. In addition, the parameter t 
an
also take di�erent integer values on the interval (16, 25).

To �nd all possible solutions and 
al
ulate the expe
ted pro�ts for the supplier,

the retailer and supply 
hain, it is better to build a table in Ex
el. Consider an

example of 
al
ulating the remaining parameters of the 
oordinating 
ontra
t and

the expe
ted pro�ts of the retailer, the supplier and the supply 
hain at δ = 0, 01,
t = 17.

Firstly, determine the size of the rebate (r):

r = δp = 0, 01 ∗ 2 385 = 23, 85.

Then, to determine the wholesale pri
e ω∗
, we substitute the obtained value for r

into expression (27):

ω∗ = cS +
c− v

p− v
r = 732 +

822

2 385
∗ 23, 85 = 740, 22.

Thus, the parameters of the 
oordinating 
ontra
t are presented in the table 3.
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Table 3. The parameters of 
onditionally 
oordinating sales rebate 
ontra
t

q
∗

25 (p
s.)

ω
∗

740,22 (rub./p
s.)

r 23,85 (rub./p
s.)

t 17 (p
s.)

Find the expe
ted pro�ts of the retailer, the supplier and the supply 
hain with

the found parameters of 
onditionally 
oordinating 
ontra
t. The values from tables

2 and 43, as well as the value of the parameter of the demand distribution h = 61,
are substituted into expressions (11)�(13). Cal
ulate the values of expe
ted pro�ts:

E [πR] = 17 751, 16,

E [πS ] = 225, 68,

E[ΠSC ] = 17 976, 84.

In addition, we �nd the supplier's pro�t in the absen
e of any rebate, that is, if the

intera
tion of the supply 
hain partners is regulated by the wholesale pri
e 
ontra
t

for obtained ω∗
and q = q∗. To do this, we substitute the ne
essary parameters in

the expression (6):

E
[

πwholesale
S

]

= (ω∗ − cS) q
∗ = 205, 5.

The following 
on
lusions 
an be drawn from the analysis of these expressions.

The expe
ted pro�ts of the supply 
hain and the retailer are maximum, sin
e the

volume of pur
hased produ
ts is q = q∗. The expe
ted pro�t of the supplier in the

sales rebate 
ontra
t is higher than in the wholesale pri
e 
ontra
t. However, 98,7%

of the expe
ted supply 
hain pro�t of the 
hain is �taken away� by the retailer,

and only 1,3% goes to the supplier. Thus, despite the fa
t that the 
ontra
t with

these parameters is 
onditionally 
oordinating, it will probably not be 
on
luded in

pra
ti
e, sin
e the supplier re
eives the negligible pro�t 
ompared with the retailer.

In addition, the supplier is the leader in the game, so it is likely that su
h 
onditions

are not a

eptable to him.

In Ex
el solutions for the task of supply 
hain 
oordination when the parameter

δ 
hanges from 0,01 to 0,455 with a step of 0,005 and for di�erent values of the

parameter t belonging to the interval (16, 25) are found. The expe
ted pro�ts of

the retailer, the supplier and the supply 
hain are 
al
ulated, as well as the per
ent-

age ratio in whi
h the expe
ted supply 
hain pro�t is distributed among partners

involved. Note that the expe
ted pro�t of the supply 
hain does not 
hange when

the parameters r and t 
hange, sin
e these parameters a�e
t only the distribution of

this pro�t between the supplier and the retailer. If the rebate size in
reases, leaving

the other 
ontra
t parameters (ex
ept the wholesale pri
e ω∗
, whi
h fun
tionally

depends on the rebate size r) un
hanged, the share of the supplier's expe
ted pro�t

in the expe
ted supply 
hain pro�t in
reases, and the share of the retailer de
reases.

With an in
rease in the sales threshold t and �xed values of other parameters, the

share of the expe
ted pro�t of the supplier also in
reases.

Under the restri
tions on the parameter t a

ording to the previous se
tion, the

expe
ted pro�t of the supplier in the 
ase of the sales rebate 
ontra
t should be
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higher than in the 
ase when su
h a rebate is not paid. For ea
h obtained wholesale

pri
e value ω∗
, we 
al
ulate the expe
ted pro�t of the supplier in the 
ase of the

wholesale pri
e 
ontra
t for obtained q = q∗. As expe
ted, in the 
ase of the sales

rebate 
ontra
t, the expe
ted pro�t of the supplier is higher than for the wholesale

pri
e 
ontra
t. Thus, the sales rebate 
ontra
t really 
onditionally 
oordinates the

supply 
hain.

Based on the 
al
ulations, we 
onstru
t graphs of the expe
ted pro�ts of the sup-

plier and the retailer depending on the size of the rebate, namely on the parameter

δ, for all possible values of the parameter t belonging to the interval (16, 25). On

ea
h graph, we also 
onstru
t the dependen
e of the expe
ted pro�t of the supplier

in the absen
e of the rebate, that is, if the intera
tion of the supply 
hain partners

is regulated by wholesale pri
e ω∗

ontra
t, on the parameter δ. Figures 2 and 3

show graphs of the expe
ted pro�ts of the supplier and the retailer on the rebate

size for t = 17 and t = 24.

Fig. 2. The expe
ted pro�ts of the supplier and the retailer for t = 17.

The graphs 
learly demonstrate that the fun
tion of the supplier's expe
ted

pro�t does not have a maximum, as it in�nitely in
reases in r and t. That is why,
as it is shown in the previous se
tion, there is no solution that un
onditionally


oordinates the supply 
hain in the 
ase of the sales rebate 
ontra
t. Note also that

the smaller the value of the threshold sales volume (t), the more gentle the graphs

of the fun
tions of the expe
ted pro�ts of the retailer and the supplier are. It 
an be


on
luded that the larger the threshold sales volume (t), the faster with an in
rease

in the size of the rebate paid, the retailer's share in the expe
ted supply 
hain pro�ts

de
reases and the supplier's share in
reases, respe
tively. For example, at t = 17,
the expe
ted retailer's pro�t equals the expe
ted supplier's pro�t for the 
onsidered

produ
t, with the rebate amount (r) of 924, 08 rubles. (δ = 0, 395). When t = 21,
this situation is already a
hieved when r = 679, 73 rubles (δ = 0, 285); for t = 24 �

at r = 548, 55 rubles (δ = 0, 23). Note also that for t = 17, the retailer's expe
ted
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Fig. 3. The expe
ted pro�ts of the supplier and the retailer for t = 24.

pro�t be
omes negative when r > 1 896, 08 rubles (δ > 0, 795); for t = 21 when

r > 1 323, 68 rubles (δ > 0, 555); for t = 24 when r > 1 085, 18 rubles (δ > 0, 455).
Hen
e, we 
an 
on
lude that if the supplier 
hooses the threshold sales volume 
lose

to the optimal pur
hase volume (q∗), then the number of possible options for the

rebate size is less than when the threshold sales volume is 
lose to the expe
ted

sales volume (E [τ ]). Moreover, the larger the value of the threshold sales volume,

the smaller the maximum possible rebate value (the value of the parameter r and,

a

ordingly, δ) at whi
h the expe
ted pro�ts of both supply 
hain partners are

non-negative.

If we 
ompare the graphs of the supplier's expe
ted pro�t in the 
ase when the

rebate is paid and when there is the wholesale pri
e 
ontra
t (without the rebate),

then we noti
e that the graph of the expe
ted supplier's pro�t in the 
ase of the

wholesale pri
e ω∗

ontra
t is even more gentle. For any value of the parameter t, the

graph of the fun
tion of the supplier's expe
ted pro�t in the wholesale pri
e 
ontra
t

is lower than in the 
ase of the rebate payment. Thus, with the same wholesale pri
e

values, the supplier gets a lower expe
ted pro�t for the wholesale pri
e 
ontra
t than

for the sales rebate 
ontra
t. This on
e again proves the possibility of the sales rebate


ontra
t to 
onditionally 
oordinate the supply 
hain.

6. Constru
ting a 
oordinating sales rebate 
ontra
t under the

assumption that the rebate is de�ned as a per
entage of the

wholesale pri
e (ω)

After studying the sales rebate 
ontra
t, whi
h is a
tually 
on
luded between the

retailer 
ompany and the manufa
turing 
ompany in 2018, it was found that the

rebate amount (r) is de�ned as a 
ertain per
entage of the wholesale pri
e (ω).
At the same time, the rebate amount for the 
onsidered produ
t 
ategory, whi
h

in
ludes the produ
t being analyzed, may be 2%, 4%, 6% or 8% of the wholesale



The Problem of Supply Chain Pro�t Maximization 93

pri
e. This approa
h is also used in other real-life 
ases des
ribed in (Chiu et al.,

2011-a).

Let us build solutions of the supply 
hain 
oordination problem using the sales

rebate 
ontra
t for the 
onsidered produ
t in Ex
el, assuming that the rebate size

is now determined as a per
entage of the wholesale pri
e, that is, r = γω, where
γ ∈ [0, 1], and the parameter t takes di�erent integer values on the interval (16, 25).
Using the previously obtained value for the optimal pur
hase volume (q∗), we 
on-

sider an example of 
al
ulating the remaining parameters of the 
oordinating 
on-

tra
t and the expe
ted pro�ts of the retailer, the supplier and the supply 
hain for

γ = 0, 01, t = 17.
If earlier it was ne
essary to �rstly determine the size of the rebate (r), and then


al
ulate the optimal wholesale pri
e (ω∗
), then now we �rst determine the value

of the wholesale pri
e. To do this, we substitute the assumption about the method

of determining the size of the rebate in the expression (27):

ω∗ = cS +
c− v

p− v
r = cS +

c− v

p− v
γω∗.

Hen
e

ω∗ =
cS

1− c−v
p−v

γ
.

For the 
onsidered example:

ω∗ =
732

1− 822
2 385 ∗ 0, 01

= 734, 53.

The rebate size:

r = 0, 01 ∗ 734, 53 = 7, 35.

Thus, the parameters of the 
oordinating 
ontra
t are presented in the table 4. Find

Table 4. The parameters of 
onditionally 
oordinating sales rebate 
ontra
t

q
∗

25 (p
s.)

ω
∗

734,53 (rub./p
s.)

r 7,35 (rub./p
s.)

t 17 (p
s.)

the expe
ted pro�ts of the retailer, the supplier and supply 
hain with the found

parameters of 
onditionally 
oordinating 
ontra
t. For this, the values from tables

2 and 4, as well as the value of the parameter of the demand distribution h = 61,
are substituted into expressions (11)�(13).

E [πR] = (p− v + r)

(

h

3
−

(h− q∗)3

3h2

)

− (ω∗ + cR − v) q∗ − tr = 17 907, 34.

E [πS ] = (ω∗ − cS) q − r

(

h

3
−

(h− q∗)
3

3h2

)

+ tr = 69, 51.

E[ΠSC ] = (p− v)

(

h

3
−

(h− q∗)
3

3h2

)

− (c− v) q∗ = 17 976, 84.
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In addition, we �nd the supplier's pro�t in the absen
e of any rebate, that is, if the

intera
tion of the supply 
hain partners is regulated by the wholesale pri
e 
ontra
t

for obtained ω∗
and q = q∗. To do this, we substitute the ne
essary parameters in

the expression (6):

E
[

πwholesale
S

]

= (ω∗ − cS) q
∗ = 63, 29.

Let us analyze the results. The expe
ted pro�ts of the supply 
hain and the retailer

are maximum, sin
e the pur
hase volume is q = q∗. The expe
ted pro�t of the sup-

plier for the sales rebate 
ontra
t is higher than for the wholesale pri
e ω∗

ontra
t.

However, as in the previous 
ase, the retailer "takes away" most of the supply 
hain

expe
ted pro�t (99,3%), and only 0,7% of the expe
ted pro�t goes to the supplier,

that probably does not agree with su
h 
onditions. Note that when 
omparing two

approa
hes to 
al
ulating the size of the rebate, the wholesale pri
e values are 
om-

parable, while for the �rst approa
h the size of the rebate is more than 3 times

higher than for the se
ond.

In Ex
el solutions for the task of supply 
hain 
oordination when the parameter

γ 
hanges from 0,01 to 0,985 with a step of 0,005 and for di�erent values of the

parameter t belonging to the interval (16, 25) are found. The expe
ted pro�ts of

the retailer, the supplier and supply 
hain, the per
entage ratio in whi
h the supply


hain expe
ted pro�t is distributed among partners, and the expe
ted pro�t of the

supplier in the 
ase of the wholesale pri
e ω∗

ontra
t for obtained q = q∗ are


al
ulated. Figures 4 and 5 show graphs of the expe
ted pro�ts of the supplier

and the retailer in the 
ase of the rebate payment and the expe
ted pro�t of the

supplier in the wholesale pri
e 
ontra
t on the rebate size, namely the parameter γ,
for t = 17 and t = 24. Note that all 
on
lusions made under the assumption that the

rebate is determined as a per
entage of the retail pri
e are fair for the 
ase under


onsideration when the rebate amount is a 
ertain per
entage of the wholesale pri
e.

The sales rebate 
ontra
t really 
onditionally 
oordinates the supply 
hain.

If we 
ompare the two approa
hes to determining the rebate size, we 
an 
on
lude

that for the �rst approa
h, as the size of the paid rebate in
reases, the share of

expe
ted supply 
hain pro�ts that the retailer re
eives de
reases faster than for the

se
ond approa
h, and the share of the expe
ted supply 
hain pro�t that the supplier

re
eives in
reases respe
tively. This is due to the fa
t that when using the se
ond

approa
h, the rebate paid is lower than for the �rst approa
h, sin
e initially the

per
entage is determined from the lower value (ω < p).
Based on the analysis of the 
onstru
ted solutions in the task of supply 
hain


oordination for the 
onsidered produ
t, the demand for whi
h has the triangular

distribution with the parameter h = 61, we 
an draw the following 
on
lusions.

First, while testing the mathemati
al model on real data, it is possible to obtain

su
h parameters of the 
oordinating sales rebate 
ontra
t, for whi
h:

1. The expe
ted supply 
hain pro�t is maximum;

2. The expe
ted retailer's pro�t is maximum;

3. The expe
ted supplier's pro�t is higher than in the 
ase of the wholesale pri
e


ontra
t.

Se
ondly, in the task of 
onditional 
oordination for a spe
i�
 type of prod-

u
t, under the proposed assumption about the determination of the rebate size, a

number of solutions are found, that is, a set of 
ontra
t parameters, that allow the
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Fig. 4. The expe
ted pro�ts of the supplier and the retailer for t = 17.

Fig. 5. The expe
ted pro�ts of the supplier and the retailer for t = 24.

supply 
hain to be 
onditionally 
oordinated. In other words, in the model under


onsideration there are more than one solution.

Finally, the 
onstru
ted model of a 
oordinating 
ontra
t 
an be an e�e
tive tool

for making management de
isions related to the intera
tion of partners involved in

the supply 
hain, both for the supplier (international manufa
turing 
ompany) and

for the retailer 
ompany. For a model in whi
h the supplier is the leader and o�ers

the retailer 
ontra
t terms, there are many solutions in whi
h there is a di�erent dis-

tribution of the maximum expe
ted supply 
hain pro�t among the partners involved
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in the supply 
hain. While making de
isions about the spe
i�
 parameters of the

sales rebate 
ontra
t, the supplier, using this model, 
an analyze what part of the

expe
ted pro�t of the supply 
hain he gives to the retailer and whi
h part he retains.

At the same time, it is obvious that at extreme values of the 
ontra
t parameters,

when the share of the supply 
hain expe
ted pro�t of one partner 
an be less than

1%, the 
ontra
t will not be 
on
luded. Thus, using this model, the supplier 
an

determine the desired ratio of his expe
ted pro�t to the retailer's expe
ted pro�t

and, based on this, make further de
isions about the parameters of the 
ontra
t.

Here we denote that the expe
ted pro�t of ea
h supply 
hain partner must be higher

than a 
ertain exogenously established level (reservation pro�t). The parties under-

stand their alternatives for the use of resour
es, so even if the supplier is the leader

and o�ers the retailer the terms of the 
ontra
t, he must in any 
ase ensure that

the retailer's expe
ted pro�t from parti
ipation in the 
ontra
t will be higher than

this established level. The retailer 
an also analyze the distribution of the expe
ted

supply 
hain pro�t among the supply 
hain partners and determine if the supplier's

proposed 
ontra
t parameters are a

eptable, that is, if she re
eives more expe
ted

pro�t than a 
ertain exogenously determined level (reservation pro�t).

In general, we 
an 
on
lude that the sales rebate 
ontra
t is a �exible me
ha-

nism of supply 
hain 
oordination, sin
e it allows to 
hoose parameters at whi
h

the expe
ted supply 
hain pro�t is maximum, and any distribution of this pro�t

between supply 
hain partners is also possible. The de
ision about what per
ent-

age of the maximum possible expe
ted supply 
hain pro�t goes to the retailer and

what per
entage goes to the supplier, in pra
ti
e, must be made as a part of the

negotiation pro
ess.

7. Con
lusion

The paper 
onsiders the sales rebate 
ontra
t, its features and appli
ation in pra
-

ti
e. The simple model for risk-neutral supply 
hain partners is presented, and the

supply 
hain 
oordination problem solving is proposed. The solution of this problem

is given under the assumption of triangular distributed demand. It was shown that

the sales rebate 
ontra
t is not 
oordinating, as it does not provide the ful�llment of

the 
ondition of individual rationality for the supplier (the fun
tion of the expe
ted

pro�t of the supplier does not have maximum points). However, su
h a 
ontra
t

allows a
hieving 
onditional 
oordination of the supply 
hain, when the expe
ted

pro�ts of the supply 
hain and the retailer are maximum, and the expe
ted pro�t

of the supplier is greater than for the 
ase of the wholesale pri
e 
ontra
t. It 
an be

argued that the use of sales-rebate 
ontra
t under 
ertain 
onditions is bene�
ial for

both supply 
hain partners in the supply 
hain and allows to maximize the expe
ted

pro�t of the 
hain. Thus, it was approved that the problem of supply 
hain pro�t

maximization 
an be solved using the sales rebate 
ontra
t.

To verify the algorithm for 
onstru
ting a 
oordinating 
ontra
t, the 
ase of the

pharma
euti
al supply 
hain was investigated. The intera
tion between a 
ompany

engaged in the supply of spe
i�
 produ
ts to medi
al institutions whi
h is a retailer

in the 
onsidered model and a large international manufa
turer whi
h is a supplier

in the 
onsidered model was explored. As a result of the study of the retailer's data

on weekly sales, it was found that there are produ
ts, the demand for whi
h is a

random variable that has a triangular distribution. Based on this information and

using expressions for the parameters of the 
oordinating 
ontra
t obtained earlier,
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solutions were found in the supply 
hain 
oordination problem under the assumption

that the supplier determines the amount of the rebate paid as a per
entage of the

retail pri
e and as a per
entage of the wholesale pri
e. The sales rebate 
ontra
t

was also 
ompared to the 
ontra
t at wholesale pri
e and it was shown that the

supplier always gets more expe
ted pro�t under the sales rebate 
ontra
t than

under the 
ontra
t at wholesale pri
e. Thus, the possibility of a
hieving 
onditional


oordination and obtaining the maximum of expe
ted pro�t of the supply 
hain

using sales rebate 
ontra
t under the proposed assumptions was demonstrated on

real data.

The analysis of the solutions also showed the e�e
tiveness of the sales rebate


ontra
t in terms of the distribution of the supply 
hain expe
ted pro�t between

partners. Under the proposed assumptions, the found parameters of the 
oordinat-

ing 
ontra
t allow a
hieving any distribution of the supply 
hain expe
ted pro�t

between the supplier and the retailer. This means that the sales-rebate 
ontra
t a
t

as a 
oordination me
hanism not only in the model, where the supplier is a leader

and o�ers the retailer a take-it-or-leave-it 
ontra
t, but also in more 
omplex mod-

els, where the 
ontra
t parameters are determined within the negotiation pro
ess.

Using the proposed model, both the supplier and the retailer 
an observe how the

expe
ted pro�t of the supply 
hain is redistributed between them depending on the

spe
i�
 values of the 
ontra
t parameters. In addition, sin
e ea
h partner knows the

minimum amount of expe
ted pro�t that he expe
ts to re
eive from parti
ipation

in the 
ontra
t, it is possible to impose additional restri
tions on the values of the

parameters. Thus, the proposed model of �nding a solution to the problem of supply


hain 
oordination 
an serve as an e�e
tive management tool in making de
isions

about the 
hoi
e of the 
ontra
t parameters.
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