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Abstract We consider a differential simple search game without phase con-
straints on the plane. Each pursuer from the team chooses an initial position
and piecewise constant strategy. As an example, the game of simple search
of immobile hider (evader) on the plane is considered, and the necessary
conditions for detection are found. For cases with two and three pursuers, a
comparison of the detection time of the evader was made and approximate
information sets numerically constructed.
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1. Introduction

In this paper, we consider the zero-sum differential search game (Petrosjan and
Zenkevich, 1986; Zenkevich and Mestnikov, 1991; Petrosjan and Garnaev, 1992)
from the pursuer viewpoint. The research relates to studies (Mestnikov, 1994; Mest-
nikov, 1996; Mestnikov and Petrov, 2017), in which the properties and problems
of information sets approximation for various classes of specific differential search
games were examined both from the side of the pursuer and from the side of the
evading player.

Currently, definition, construction, and approximation of information sets of
players are among the important tasks of the differential game theory (links in the
paper The Hohzaki, 2016). The method of approximation and numerical construc-
tion of information sets was described in (Mestnikov, Petrov and Everstova, 2014).

In this work, we present a search game with evader E and pursuers team P. For
some cases, when the pursuers team P consists of two or three players, sufficient
conditions were found on the parameters of the game to guarantee the detection of
player E in one class of strategies. A search time comparison was also performed
for these strategies.

Using a computer program, we numerically constructed information sets for the
games in question.
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2. The Game

The zero-sum differential search game between team of pursuers P = { P}, ..., Py}
and evader F is considered. The following differential equation describes the dy-
namic of the game

Pyii; = ug, [ui| < o, 2(0) = zo, |v0] =7 + 1,75, u; € R?, (1)
E:g =, v <B,y(0) = o, lyol < 7,6 < a,y,v € R, (2)
where i = 1,...,k, xg - location of pursuer P; at time point tg = 0, yo - location of

evader F at time point tg =0, «, B, 7, | - game parameters.

The detection set S(z) of player P;, i = 1,...,k is the disk of radius [ centered
at the position of the pursuer. We consider simple search game between evader E
and team P = {P,..., P.} of similar pursuers acting like one.

The admissible controls u; = w;(t), t > 0, player P;, i = 1,...,k - piecewise
constant functions with two intervals of constancy. The set all admissible controls
of player P;, i = 1,...,k we will denote as Dp. Under pure strategy a; of a player
P, i=1,...,k will be denoted as pair a; = (z§,u;(-)), where the point zj € R?
satisfies the condition (1).

The admissible controls v = v(t), t > 0, of a player F - are piecewise continuous
functions. The set of all admissible controls of a player E is denoted as Dg. Under
pure strategy b of a player E will be denoted as pair b = (yg, v(+)), where y; € R?
satisfies the condition (2). The game is considered in program strategies.

The state of information in the game is as follows. In the initial moment of time
t = tg, player P;(F),i=1,...,k possesses only a priori information about another
player, that is, he knows |lyg|| < r (||lz§|| = r +1) and game dynamics (1),(2). In the
further game process, players do not receive current information about the location
of the enemy.

The game proceeds as follows: player E selects some point y§ from a circle of
radius r and admissible controls v(-). Player P; chooses the strategy a; = (xf, ui(+)),
not knowing the strategy of player E. Player F considered detected (caught) at time
moment ¢, if distance between x;(t), i = 1,...,k and y(¢) is less or equal to I, where
l - a given positive number.

Assume that for each state x; € R? i = 1,...,k is defined the set S(z) C R? -
closed circle of radius [ with center in the point x, which in the future will be called
detection domain player P;, i = 1,...,k. Then a = ((zo, u1(")),. .., (o, ux(:))) is
called strategies for pursuers team P. Winning Function of team P is defined as in
the paper(Mestnikov and Petrov, 2017).

3. The Game, if Pursuers Team P Consists of One Player

Assume that for the pursuer team P = {Py,..., Py}, k=1 for 8 = 0 (immobile
hider). In other words, pursuer team consists of only one player P, who at initial
time tg = 0 is at the point zy and selects control with two intervals of constancy.

() uy, 0<t<tr,
u(-) =
ug, t* <t < oo,
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that is, the strategies of player P are piecewise constant strategies a = (xf,u;(+)).
The trajectory generated by the strategy a = (zf,u(-)) is denoted by z(-) =
x(+,to, g, u(+)). Such a trajectory on the plane is represented as the union of the
segment [z§; z(t*)] and a ray with beginning at point z(t*) or a polyline with two
links (Fig. 1).

where

7

i
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Fig. 1. Game with one pursuer player P.

The time instant t* will be called the turning moment. In this case, the first
peak of a broken line is at point z{;, the second peak at point G = z(t*) at the time
t* and third at the point S = x(T'). The case when u(-) = const, with one interval,
was described in (Mestnikov and Petrov, 2017).

Represent now this game on the plane. To do this, we draw a rectangular Carte-
sian coordinate system so that the initial position z§ of player P coincides with
the origin of coordinates Oz 23, and the center of the initial location of player F, a
circle of radius r, with center on the axis Oz.

Further, we will denote the initial point xf by zo, and the center of the circle of
radius r of the initial location of player E by yo.

The distance between points x¢ and yg is 7 + [.

=) ()

By T, we denote the total game time for which the pursuer P is guarantees the
capture of player . If the inequality r» < 2l is fulfilled, the pursuer P guarantees
the capture of evader r F in a finite time. It is clear that » — 2[ (r < 2I) then
T — oco.

In case when T' < oo, the total game duration 7' can be minimized by choosing
the optimal turning moment ¢* and control u(-) (Fig. 2).

The conditions for the parameters of the game for guaranteed detection, numer-
ical optimization of turn time, and numerical construction of information sets in a
game with one pursuer player P; were considered in (Mestnikov and Petrov, 2018).
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Fig. 2. Guaranteed Player E Detection at Optimal Turn Time ¢

4. The Game, if Pursuers Team P Consist of Several Players

If r > 2[ of the pursuer P one player cannot guarantee the capture of player E.
Next, we consider a game with the team P = {P,..., Py}, k =2 for § = 0.

We define two piecewise constant strategies for the pursuer team P = {P;, P>},
where the initial position zy at the time ty = 0 is the same.

o () n-(0)

To do this, denote by z;(1,1+), i = 1,2, a straight line parallel and lying above
(to the left of the direction of movement) at a distance [ from the trajectory of the
first pursuer P;, in case 0 < t < t*, z;(2,14) — at t* < t < 0.

And through z;(1,1—), a straight line parallel and lying below (to the right of
the direction of movement) at a distance ! from the trajectory of the first pursuer
player P;, in the case 0 <t < t*, z;(2,l—) — at t* <t < oc.

We assume that the first pure strategy of the pursuer team P is the strategy
a; = (all,alg), where a1 = (l'o,ul(-)) and a2 = (,To,UQ(-)). _

We assume that the second pure strategy of a team of pursuers P is the strategy
ag = (CLQl,aQQ), where ag1 = (ZC(),Ug(')) and a2 = (Io,U3(')).

We define the motion of players according to these strategies.

Definition 1. Strategy a; for the pursuers team P = { Py, P»} is the strategy where
the first pursuer P; chooses control uq(+)

() = ur;, 0<t<tr,
U2, tF<t< oo,

_ [cospq _ [cosy
t = (sin <p1> P2 = (sinw1> ’
the angle o1 is chosen so that the line x1(1,+) touches the circle of uncertainty of
the evader E (the circle of radius r centered at yo). The second angle 1 is chosen

where
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so that the straight line x;(2,I+) passes through point D, where the point D is the
first intersection point of the straight line x1(1,1—) of the circle of radius r centered
at the point yo(Fig 3(a)).

The second pursuer P selects ua(+)

P
Uz, tF <t < 00,

where

the angle o is chosen in such a way that the line zo(1,{+) passes through point
B, where B is first intersection point of the line x1(2,{—) with a circle of radius r
centered at yo. The second angle 15 is chosen in such a way that the line xo(2,14)
passes through the point C or Z, where C' is the second intersection point of the line
x1(2,1—) with the circle of radius r centered at yo, and Z is the intersection point
of the line z1(2,{—) and line z5(1,{—). Moreover, if the point Z lies lower than the
straight line z2(2,[+) passing through the point C, then the straight line xo(2,1+)
passing through the point C is selected; otherwise, the straight line x4 (2, [+) passing
through the point Z is selected (Fig 3(b)).

P
Xo

FAY

a) the first pursuer b) the second pursuer

Fig. 3. First Strategy

Definition 2. The strategy a, for the pursuer team P = {P;, P,} is the strategy
where the first pursuer player P; chooses control us(-)

uz;, 0<t<tY,
uz(-) = .
uz2, t° <t < oo,

_ [cospy _ [cosy
st = (sin cpl) B2 = (sin 1211) ’
the angle ; is chosen so that the line z1(1,14) touches the circle of the uncertainty
of the evader E (the circle of radius r centered at yp). The second angle 11 is chosen
so that the line z1(2,1+) also touches the uncertainty circle of the evader E (Fig

4(a)).

The second pursuer P selects control u4(-)

where
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ug2, tF<t< oo,

COS 2 Cos Yo
tar = (sin <p2> yUa2 = (sinw2> ’

the angle ¢y is chosen in such a way that the line zo(1,{+) passes through point
B; or Z, where By is the second intersection point of the line x1(1,l—) of a circle
of radius r centered at yo, Z is the intersection point of the line x1(1,!—) and the
line x1(2,1+). Moreover, if the point Z is outside the circle of radius r centered at
the point yo, then the angle 2 is chosen so that the straight line z4(2,1+) passes
through the point By, otherwise, s so that the straight line z2(2,1+) passes through
the point Z (Fig.4(b)).

The second angle 9 is chosen in such a way that the line x2(2,l4) passes
through point D, where D is the second intersection point of the line x1(2,1—) of a
circle of radius r centered at yo(Fig 4(b)).

€
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a) the first pursuer b) the second pursuer

ug, 0<t<tr,
ug(-) =

where

A A

Fig. 4. The Second Strategy

5. Sufficient Conditions for Guaranteed Detection of Strategies a; and

asz
For cases when the total search time for the pursuers team P = {Pi,..., P},
k =2 for =0 is unlimited T" — oo, strategies a; and as will look as follows (Fig
5, Fig 6).

Further, we analytically find sufficient conditions for guaranteed detection of the
evader E by pursuer team P for strategies a; and ay for 3 = 0 (immobile hider).
Search games for 5 > 0 are investigated only numerically, but not described in this
article.

We find sufficient conditions for the strategy ap. For this, it is necessary to find
the angular coefficient of the line tan ¢ passing through the point C(4+/rl/2 + 12;r—
41) and being tangent to the circle of radius I centered at xo(—2v/7l;7—1) (Fig 5(b))
using the formula

—2tan vVl — 4tan o\/rl/2 + 12 +3l‘
B Vtan? o+ 1

l
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v

a) the first pursuer

b) the second pursuer

Fig. 5. First Strategy pursuers team with infinite time

To find the coordinates of the point Z; we use the system

vy = tan(vy — Cy, ) + Chy,
vy

Vg = —
2 tan ¢

The coordinates of the point ) are the solutions of the system corresponding to the
schedule

2 _ .2 2
r° =vi +vi,

U1

Vg = —
tan ¢

Thus, the guaranteed detection of an evader E in a finite time 7" by a pursuer team
P is performed provided that the distance |QZ;| < 41.

To find a sufficient condition for detecting an evader E when players P =
{P1,..., Py} choose a strategy az, you need to find the angular coefficient of the
line passing through the point B(2v/rl — 12;r — 2), which is also tangent to a circle
of radius [ centered at xo(—2v/7l;7 — 1) (Fig 6(b)).

‘—2tan<p\/ﬁ— 2tan vl — 12 — l‘
l:
VtanZ o + 1

To find the coordinates of the point Z> we use the system

vy = tan(vy — By, ) + By,
(vl - DUl)

vy = A" Zu) p
2 tan ¢ + P

where are the coordinates of the point are D(—2+v/rl — 12,20 — ).

Thus, the guaranteed detection of an evader E by a search of pursuer players
P for a finite time when choosing the strategy as is performed under the condition
that the distance |QZ3] < 41.
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a) the first pursuer

b) the second pursuer

Fig. 6. Second Strategy pursuers team with infinite time

6. Numerical Comparison of the Guaranteed Detection of Strategies
a1 and as with the Same Game Parameters

We construct numerically informational sets with a pursuers team P = {Py,..., P}
for £ =2 and k = 3, using the developed computer program.

6.1.

To select the strategy a; for pursuers team P = {Pi,.

Total Time of Guaranteed Detection of Strategy a;

P, k=20t s

necessary for each player to set the turn time ¢* (Fig.7).

Parameters of the game 3 sewssysesings x
1 o|r w|al
@ 1/ B oldt| o5
Team of the pursuers
‘.s x v

Strategy Settings
First Strategy

kcoverage  4dd | +
Add pursuers according strategy
number of strategy (1~ set

set
number of pursuers |2~

draw

a) Define turn time

5 Simplesearch Game

1

«

Add pursuers according strategy

number of strategy

umber of pursuers |2~

Parameters of the game

w|r ) al w
8 o)d[ e
Team of the pursuers

kcoverage  4dd | +

|

draw B

Time  560.9619926062908

b) Build trajectory aq

Fig. 7. Setting initial parameters for the game when k& = 2

After constructing the trajectory of players from the team P, the total time of
the game 7" will be calculated To check the guaranteed detection of an evader E by
pursuers team P, it is necessary to start the game (Fig.8).

3 Sl SrchGame
Parameters of the game

1 | r[ w|al m

af 1B oldt| os
Team of the pursuers

kcoverage  4dd | +
Add pursuers according strategy

number of strategy

number of pursuers

= W

Time  560.9619926062908

5 Simplesearch Game

1

«

Parameters of the game

9| r ) al o
VB oldr[ 05
Team of the pursuers

k coverage Add ik ~F=

Add pursuers according strategy

number of strates

number of purs

Time  560.9619926062908

Fig. 8. Movement of pursuers P on selection a1
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Consider a search game with pursuer team P = {P,..

Fig.10).
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Py}, k = 3 (Fig.9,

Parameters of the game [ svesyseings x ers of the game
1 0| r 160 n 500 1 0| r 160 n 500
T T Strategy Seitings a 1]B[ ola[ o
First Strategy
Team of the pursuers P Team of the pursuers
id x % = id
PRE d
List of pursuers is empty & =
k coverage Add + k coverage Add +
Add pursuers according strategy Add pursuers according strategy
number of strategy 1~ st number of strategy 1~
number of pursuers 3~ number of pursuers 3~
draw draw
Time  658.2125471590616
a) Define turn time b) Build trajectory aq
Fig. 9. Setting initial parameters for the game when k£ =3

Parameters of the game
1 50| 7| 160 n 500

@ 1B o dt o
Team of the pursuers

kcoverage  Add | +
Add pursuers according strategy

number of strategy |1~
set
number of pursuers |3~

e

Time  658.2125471590616

Parameters of the game

1 0| 7| 160 n 500
@ 1B 0 dt o
Team of the pursuers 7
id v [

kcoverage  Add | +
Add pursuers according strategy

number of strategy |1~
set
number of pursuers |3~

e

Time  658.2125471590616

Fig. 10. Game with pursuers team P when k =3

6.2. Total Guaranteed Detection Time of Strategy as

To select the strategy as for the pursuer team P = {Pj,.

necessary for each player to set the turn time ¢* (Fig.11).

P k=2, it is

Parameters of the game W1 Strategy Settings X
1 so|r[ mla sw
Strategy Settings
af 1|B[ ola[ os &) &
= Second Strategy
Team of the pursuers
o [ )
a e
. 2 [m
kcoverage  4dd | +
Add pursuers according strategy
number of strategy |2~ set
set
number of pursuers |2~

draw

a) Define turn time

3 Sl s e
Parameters of the game

1 solr 1ol n| s00

af 1|B[ old| o5
Team of the pursuers

keoverage  Add | +

Add pursuers according strategy

number of strategy |2~
= set
number of pursuers |2~

draw

Time  561.2205417591199

b) Build trajectory a2

Fig. 11. Setting initial parameters for the game when k& = 2

After constructing the trajectory of players from team P, the total time of the
game T' will be calculated To check the guaranteed detection of an evader E by
pursuer team P you must start the game (Fig.12).
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W Simple Search Gome = x W Simple Search Gome - x
Parameters of the game Parameters of the game
1 so|r[ ol nl s0 1 so|r[ o al s0
a 1B oldt| os a 1| B olde| os
Team of the pursuers Team of the pursuers
id y id y
@0

kcoverage  Add | +

Add pursuers according strategy

kcoverage  dd | + ,/

A )

Add pursuers according strategy ( )
number of strategy |2~ /
set ,///

number of strategy (2~
= set =

number of pursuers |2~ number of pursuers |2~
i i

Time  561.2205417591199

Time  561.2205417591199

Fig. 12. Movement of pursuers P on selection as

Consider search game with pursuer team P = {Pi,..., P}, k = 3 (Fig.13,

Fig.14).

I 63 Simple Search Game. = X
| Parameters of the game W3 Stratiy Setings X Parameters of the game
1 50 | r 160 n 500 1 50 | r 160 n 500
Strategy Settings
af 1B olal os & & af 1B olal os
Second Strategy
Team of the pursuers Team of the pursuers
kcoverage  Add | + kcoverage  Add | +
Add pursuers according strategy Add pursuers according strategy
number of strategy |2~ e number of strategy |2~
number of pursuers |3~ ‘number of pursuers | 3
draw draw
Time 721.6738293556771
a) Define turn time b) Build trajectory a2
Fig. 13. Setting initial parameters for the game when k =3
Parameters of the game Parameters of the game
1 s0 r| 10| n| s 1 50 r| 160 m| 500
o« 1) B[ ola[ os al 1B ola[ os
Team of the pursuers Team of the pursuers

0o
100

e 1100

0o
100

keoverage  Add | +

keoverage  Add | +
Add pursuers according strategy

[ )
Add pursuers according strategy )
/
number of strategy 2~ %
set
number of pursuers |3~ /\

number of strategy [~
set

number of pursuers |3~

draw start

draw start

Time  721.6738293556771

Time  721.6738293556771

Fig. 14. Game with pursuer team P when k = 3

6.3. Comparison of Total Time for Strategies a; and as

Let us numerically compare the detection time for a; and as for the same rotation

time ¢* of the pursuer team P = {P,..., Py} for k = 2 and game parameters r, [,

a, 5 (Fig.15).
The histogram shows a comparison of the detection time of an evader E by

pursuer team P = {P}, ..., P, }or k = 2 for strategies a; and ay (Fig. 16).
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Fig. 15. Detection time chart where k = 2
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Fig. 16. Comparison of the Detection Time of two strategies when k = 2

For the case when P = {Py,..., P.}, k = 3, a comparison was also made of the
detection time (Fig. 17).

Comparison of the Detection Time
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Fig. 17. Comparison of the Detection Time of two strategies when k = 3
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7. Conclusion

In the considered game of simple search on the plane with pursuer team, we
compared the time of detection of an evader using two strategies. Sufficient condi-
tions were also found for guaranteed detection of strategies in games with infinite
time. The information sets for the games under consideration were numerically con-
structed.

Numerical calculations show that there are intervals of the values of radius of
uncertainty circle of evader in which (for equal values of the remaining parameters of
the game) the total detection time for first strategy is less than for second strategy
and vice versa in other cases.
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