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Abstract In this paper we consider game theoretic models of control on net-
works with application to marketing. We suppose that all strong subgroups
are determined in the stage of analysis of the influence digraph, and the
control impact is exerted only to the members of those subgroups because
they determine all stable final opinions. An agent’s opinion is interpreted as
his expenses for buying goods (services) of a firm. The following problem of
opinion control is being studied. A dynamic (difference) game in normal form
where the players solve the problem of maximization of the sum of opinions
of the members of a target audience by means of the closed-loop strategies
of impact to the current opinions of the members of strong subgroups. We
received the analytical solutions and conducted their comparative analysis.
Keywords: games in normal form, models of impact and control on net-
works, marketing.

1. Introduction

A basic model of influence in a social group was first considered in (French, 1956),
(Harary, 1959) and studied in more details in (De Groot, 1974). Then many gen-
eralizations and refinements of this model were considered: dynamic interactions,
conditions of convergence, speed of convergence, conditions of uniqueness of the final
opinion, and so on (De Marzo et al., 2003), (Golub and Jackson, 2010), (Hegselman
and Krause, 2002). One of the most detailed monographs on network modeling is
(Jackson, 2008); see also (Jackson and Wolinsky, 1996). An application of the net-
work models to the analysis of political processes is described in the monograph
(Aleskerov et al., 2007). The issues of communication and coordination in social
networks are analyzed in (Chwe, 2000). The (Godes D., Mayzlin, 2004), (Golden-
berg et al., 2001) are concerned with the "word of mouth". A detailed analysis of the
models of influence in networks is presented in (Gubanov, 2011), (Chkhartishvili et
al., 2019).

Together with models of influence, the models of control in social groups with
given structure of interactions are of even more interests (Chkhartishvili et al., 2019).
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In turn, it is natural here to differentiate the models of optimal control (the only con-
trol agent) and the models of conflict control (several interacting control agents with
different interests). A mathematical formalization of the latter models generates
game theoretic setups on networks (Novikov, 2014), (Jackson and Zenou, 2014).
The differential game theoretic models in marketing are presented in the mono-
graph (Jorgensen and Zaccour, 2004) and review (Jorgensen and Zaccour, 2014).

In this paper we investigate an opinion control problem with application to
marketing. This is a dynamic (difference) game in normal form, where the players
maximize the sum of opinions of the members of a target audience by the closed-loop
strategies of impact to the current opinions of the members of strong subgroups.
The analytical solutions are received, and their comparative analysis is made.

Lagrange multipliers method is used to find players’ strategies. This method is
used at each step of the iterative procedure for a control impact of the i-th firm to
the j-th agent in the ¢-th period of time.

2. The principal information

The basic model of influence in a social network is a weighted directed graph
in which the vertices correspond to the members of the social group (agents), and
the arcs describe their mutual interaction. Each vertex is ascribed a real value (an
opinion of the member of the group) that can change in time, and each arc is
ascribed another real value (a weight) that characterizes a degree of influence of
one agent to another (or, that is the same, a degree of trust of the latter agent to
the former one).

Thus, a network is modeled by a digraph D = (Y, A), where Y = {y1,...,yn}
is a set of agents (vertices); y; — x;(t), i = 1,...,n — the agent’s opinion; 2° =
(29,...,2%) — a vector of initial opinions of the agents; a;; — a coefficient of influence
of the i-th agent to the opinion of the j-th agent; A = ||a;;|| — a matrix of influences
(determines the set of arcs of the network model). The opinions dynamics is defined
by the rule

n

t+1 _ t .0 _ -

T —E aij T, T; = xj0, j=1,...,n (1)
i=1

In (Roberts, 1976) it is shown that all members of each i-th strong subgroup (a
nondegenerated strong component of the network that belongs to the vertex base
of its condensation) come with time to the common stable final opinion defined by
the formula

TP = Z w,(j)x,(;g, (2)
k=1

where w,(j) — a component of the stationary vector for the Markov chain with the
transition matrix A7, n; — a number of members of the i-th strong subgroup. The
final opinions of other agents that do not belong to any strong subgroup ("compan-

ions") are calculated as
T
i=1

where b;; — a probability of transition of the agent j to the strong subgroup ¢ as an
ergodic set of states of the Markov chain,  — a total number of strong subgroups
in the digraph of influences.
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Consider an application of the models of influence and control on net-works to
marketing. Our approach is presented in (Agieva et al., 2019), (Korolev and Ougol-
nitsky, 2020), (Agieva et al., 2020). There are m firms that are capable to exert
influence to a target audience for the change of its opinion to the desirable direc-
tion. At least one of the firms realizes marketing actions that are considered as an
impact to the opinions of the target audience. The pay-off of each firm consists
in the increase of the opinions. An agent’s opinion is treated as the total costs of
buying goods (services) of a firm - one of the agents of conflict control.

Let us study different game theoretic control problems setups. It is assumed that
the strong subgroups are already found, and only the members of strong subgroups
are influenced. Let us illustrate the solutions on the following test example (Fig.1).

Fig.1. A test example. The market consists of 9 buyers (agents). Their effects on each
other are shown by arrows. There are two strong subgroups (i = 1,2). There are two firms
(k = 1,2) that exert a control influence on the opinions of buyers. The control effect of
the k-th firm on the j-th member of the i-th strong subgroup is denoted by u;k

3. Dynamic model

The of impact in this model is to maximize the sum of opinions of the members of
target audience for the whole period from ¢ = 1 till ¢ = n. The impact in closed-loop
strategies is exerted on the current opinions of the members of strong subgroups.

3.1. Independent behavior of the players

There are N agents and m firms. Each i-th firm solves the following optimization

problem:
n

N m
Z [ep(tl) Z <x§ + Zué(t) (mé))] — max,
j=1 i=1

t=1
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N m
x§-+1 —Zalj<xf+2u§(t)(xf)>, x?:xjo, j=12,...,N, t=1,2,...,.n—1,
=1 i=1

z; e—Pt=1) Z |:u,;(t) (x;):l = Ry,
t= Jj=1

u(2h) >0, j=1,2,...,N, t=1,2,....n,

where u;(t) (:ZJ;) — a control impact of the i-th firm to the j-th agent in the ¢-th
period of time. This value is positive if the j-th agent enters into one of the strong
subgroups and is one of the agents in this subgroup who are impacted by the i-th
firm, otherwise u;-(t) (z%) = 0. The total (by all strong subgroups of the network)
number of agents impacted by the i-th firm is denoted by m;.

It is more convenient to describe the problem setup and its solution in a matrix

form. The problem for the i-th firm is

525t_1 (Xt + Bu“”) — max
t=1
Xt :AT[Xt—FBui(t)}, t=1,2,....n—1, X' = X,

w'® >0, t=1,2,...,n,

n N
;a*l ; ()" = e,

X p
) (a:t)) — a sum of the control impacts of

N
where T stands for transposing, > (uj j
j=1

the i-th firm in the ¢-th period. The matrix B consists of m blocks that is number of
firms. Each block B; describes impacts of the i-th firm and has dimension N x m;,
i.e. its number of rows is equal to the number of agents in the network, and the
number of columns is equal to the total number of members of the strong subgroups
that are impacted. The respective element of the matrix B is equal to one if the
impact holds, and to zero, otherwise. X — a column vector of the values of state
variables, u — a column vector of the control impacts of the firms, ¢ — a row vector
from units of the length N, § denotes a discount factor, i.e. d = e~*.

Consider a one-step game (the recursion base).The i-th firm maximizes the func-
tion

e{X + Bu} — max

with constraint

> (wi) = Re 4)

=1
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Solving this optimization problem we receive the relations

1 ul \p—1
L. ( ?1) (5)
1 uj,

for any agents j; and ja that are impacted by the i-th firm. Substituting (5) in (4),
we receive for all agents j impacted by the firm i:

Consider a two-step game. Each i-th firm solves the problem
€{X + Bu+ 5[AT(X + Bu) + Bu*} } — max,
where u* — the solution of the one-step game, with constraint

N P
3 (u]> ~ R, (6)

j=1
Solving this optimization problem we receive the relations

i \P!
1+ 5Aj1 . Ujy (7)
1+ 6Aj2 R ’

J2

for any agents j; and jo that are impacted by the i-th firm, where A; denotes the
sum of elements of the j-th row of the influence matrix A. Substitution of (7) to
(6) gives the solution

R;

wh= | & — (14 84;)77.
> (L+ 047
k=1

Consider a three-step game. Each i-th firm solves the problem
5{X+Bu+5[AT(X+Bu)+Bu**} 162 [AT (AT (X + Bu)+ Bu™) +Bu*} } s max
with constraint

N
AP

> (u) = R, (8)

j=1

where u* — the solution of the one-step game, u** — the solution of the two-step
game. The same actions as in the two-step case give the relations

1+ 64;, + 6242, (u] )”‘1

1+ 04;, +0242  \ui,

(9)

for any agents j; and jo that are impacted by the i-th firm, where A? denotes the
sum of elements of the j-th row of the square of the influence matrix. In general,
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denote by Aj the sum of elements of the j-th row of the s-th power of the matrix A.
The substitution of the received relations (9) into the budget con-straint (8) gives
the solution

uj = i (1464, +52A2)7r

;1(1 +0Ag + 02A2)75

Repeating this process, we receive for the n-step game

i

Uj =

Ri 1 (5A 52A2 5n_1An,1 %1
m; . ( +0A;+ et j )p
k=1

The summing by % in the denominator is made by all agents of strong subgroups
that are impacted by the i-th firm.

Let us write down the payoff of each firm. If any firm does not exert impact to
any agent, the payoff is equal to

e[1 40T + (AT 4+ 4 AT X = [T - (547)"| (1 - 64T) 7.

If at least one firm impacts to a set of agents from the strong subgroups then the
payoff of each firm increases. Let us calculate it sequentially. If in the first period
the ¢-th firm solves the n-step problem then the payoff of each firm increases by the
value

2§5s s }31'(1) (Z&SA@)P— _
j=1 5=0 ;(Z(gsAs)p’ s=1

:; "E(nl - (Z&A)

R, Zi Z 1
T - A3 =
> ( zlasAs) o -_1< )

\/> f:(sz(sw)p‘ ]

where R(l) -a budget of the i-th firm in the first period of time. Here and elsewhere
the denotatlon Z “,oor >0, means that the summing is made by all agents
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impacted by the i-th firm. Similarly, in the second period the é-th firm solves (n—1)-
step optimization problem, and all firms receive the additional payoff

{/a]3 (féA)]é

j=1 s=0

and so on. In the g-th period of time the i-th firm solves (n— g+ 1)-step optimization
problem,; and the payoff of each firm is augmented by the value

j=1 s=0

In the (n — 2)-th period of time the é-th firm solves the three-step optimization
problem,; and the payoff of each firm is augmented by the value

p—1
mi

P (n—Z) %1 B n—
R, lz (1404, +0242)" 1 53,
j=1

In the (n — 1)-th period of time the 4-th firm solves the two-step optimization
problem,; and the payoff of each firm is augmented by the value

p—1
m;

(Rl [Z (1 +5Aj)ppl] e

j=1

In the n-th period of time the i-th firm solves the one-step optimization problem,
and the payoff of each firm is augmented by the value

p—1

(/R (mi) 7o,

K3

Now it stays to allocate the budget between the time periods from the 1-st till
the n-th, i.e. to maximize the expression

p771 m; 1 _p ijl
i/r) bt (R o [Z (o)™ |+

j=1 s=0

my

n—1 e
Z ( 3 58,4;:) T
j=1  s=0

(/s ()" m

7

with constraint

n—

R0 5352) TR 5"—235 O 5"—11{2.(”) = R, (11)

)

The solution of this problem gives that for any ¢ = 1,2, ..., n the equality holds
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that implies that the budget should be allocated in time according the ratio

Ri(ql) _ ;251 (”2 6SAS>P 1

)

FIONES (nzj 5:43)" 7=

where 1 < ¢1,92 < n. Expressing the budgets of all periods by the first-period
budget and substituting in the common budget constraint (11), we receive

20

)

j=1 *s=0 + +5n—3J:1 s=0 +
my; my;

<% (Tlf 5SA§>% 5 (i (;SA;.)ﬁ

3 (s o)™

ygn-2d=L Ns=0

m;

+ 511—1) — Ri7
that gives the optimal allocation of the budget of the i-th firm in time periods

o le(z 55As>p .

R = — R. (12)
jil(zaw)ﬁ +o O 22(25%5)” +on1m;

The substitution of the expression (12) in the formula (10) gives a final payoff of
each firm when in the ¢-th (¢ = 1,2, ...,n) period the i-th firm solves (n— g+ 1)-step
optimization problem

p—1

[g(5em)"] o

S (Soag)”

Jj=1

ng (ni 5SA§)’%1 T D ( 5 65A§)% 4 g1y, -

s=0 j=1 \s=0

YR,

v*%(zaAﬁ“él

j=1

(3 (S o) e 8 (L) o

j=1

Summing the payoffs of each firm from the efforts of the i-th firm in control of the
target audience in all n periods of time, we receive

€/RT{ S (T ) b2 (Do) 5"1mi}

j=1 \s=0 j=1 \s=0

(/m (S 5) " v 8 (5 0a) ™ 4 0m

j=1 j=1
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i(z(ss/ﬁ)” SRS L ZZ(Z(SSAS)” f " m N
j=1  s=0 j=1 s=0

Summing the control efforts of all firms, we receive the payoff of each i-th firm

e [I + AT +6%(AT) .+ 5”‘1(AT)"_1] X — R+

(R E oSy o] )

j=1 s=0
(13)
Respectively, the total payoff of all firms is equal to

5{1+5AT+52(AT)+ o (AT)" } ZR1+

+§;{@[§<Z5SAS)“+ +5"QZ(Z g)p”l . r;l}

j=1 s=0 s=
3.2. Cooperative behavior of the players

There are N agents and m firms. A control body in the name of all firms solves
the following optimization problem:

n

N m
Z [e_p(t_l) Z <x§ + Zué(t) (ac;))] — max,
j=1 i=1

t=1

aitl = Zalj<xl+z i(t) (x)) W =aj0, j=1,2,...,N, t=1,2,...,n—1,

3

m N ) p m
{e_p(t_l) ZZ |:’U,;(t) (.’17;):| } = R, R = ZRZ7
=1 i=1 j=1 i=1

i(t) (.t . - _

ul (xj) >0, j=1,2,...,N,i=1,2,....m, t =1,2,....n,

where ué(t) (ac§>
period of time. This value is positive if the j-th agent enters into one of the strong

subgroups and is one of the agents in this subgroup who are impacted by the i-th

is the value of impact of the i-th firm on the j-th agent in the ¢-th

firm, otherwise u; it )( J) = (. Denote m; total number of agents im-pacted by the
i-th firm.

The cooperative solution is technically the same as in the case of independent
players, so we give at once the received evident result.

The total payoff is equal to

e|T+6AT +62(ATY? + ..+ 6”‘1(AT)"‘1}X S R+

i=1
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p—1

Z R, { 3 [i (nzl 6°45) NI i (leasA;) Pﬂ+5"—1mi] } .

i=1 Lj=1 s=0 j=1 s=0

The difference between the total payoffs in the cooperative and independent cases
is equal to

m n—1 P

| ZRi{i[mi (256145)’3 8" 22(5255145);7 g1 H .

i=1 Lj=1 s=0

SR S e ]

i=1 j=1 s=0 j=1 =0
(14)
Lemma 1. When p > 1 the value (14) is mnon-negative, and when p < 1 it is
non-positive.

Proof. Denote:

=L Si_f:(nzlasm)” RN 22(25%48)” T4 m

p j=1 s=0 j=1 =0

Then the expression (14) takes the form
m 1 m 1 m N 1
(Cr) (X)X @) s
i=1 i=1 i=1

According the Holder inequality, if p > 1 and % + é =1 then

S < () (20)
i=1 i=1 i=1
or, that is the same,
Sabeot < () ()"
i= i=1 i=1

Taking in the Holder inequality a; = R;, b; = S;, we receive when p > 1:

<§:Ri)%(§:5i)% - i(&-)%(s )i > 0.
=1 i=1 i=1

Accordingly, in the case of p < 1 from the Holder inequality, we have

(iRJ;(i&); i(RZ);(S)}; <0.

Thus, from the point of view of the total payoff the cooperation is more advan-
tageous than competition when the control cost is big, and vice versa, when the
control cost is small.



18 Movlatkhan T. Agieva, Alexey V. Korolev, Guennady A. Ougolnitsky

4. Conclusion

In this paper we consider game theoretic models of control on networks with
application to marketing. We suppose that all strong subgroups are determined in
the stage of analysis of the influence digraph, and the control impact is exerted only
to the members of those subgroups because they determine all stable final opinions.
An agent’s opinion is interpreted as his expenses for buying goods (services) of a
firm. The following problem of opinion control is studied. problems of the opinions
control on networks are studied. A dynamic (difference) game in normal form where
the players solve the problem of maximization of the sum of opinions of the members
of a target audience by means of the closed-loop strategies of impact to the current
opinions of the members of strong subgroups. We received the analytical solutions
and conducted their comparative analysis.

The following directions of the further research are seemed to be interesting:

- analysis of the Stackelberg games on networks that reflect a hierarchy in mar-
keting channels;

- analysis of the dynamic games in the form of characteristic function that model
the cooperation of players and the ways of allocation of the received income;

- development of the methods of identification of the game theoretic models in
specific applications.
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